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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from
lhttps://rulebasedintegration.org

The number of integrals in this report is [ 178 |. This is test number [ 158 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.
1. Mathematica 12.1 (64 bit) on windows 10.
2. Rubi 4.16.1 in Mathematica 12 on windows 10.
3. Maple 2020 (64 bit) on windows 10.
4. Maxima 5.43 on Linux. (via sagemath 8.9)
5. Fricas 1.3.6 on Linux (via sagemath 9.0)
6. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.
7. Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable in
the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automat-
ically and this special result is listed in the introduction section of each individual test
report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.
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The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes

System solved Failed

Rubi % 100. (178 ) %0.(0)
Mathematica | % 98.88 (176 ) %112 (2)

Maple % 82.58 (147 ) | % 17.42 (31)

Maxima % 29.78 (53 ) | % 70.22 (125)
Fricas % 61.8 (110 ) % 38.2 ( 68)
Sympy %787 (14) | %92.13 (164)
Giac % 26.97 (48) | % 73.03 (130)

the meaning of these grades.

grade

description

A

Integral was solved and antiderivative is optimal in quality and leaf size.

B

Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C

Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.

2. antiderivative contains a special function and the optimal an-
tiderivative does not.

3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table

summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 79.21 6.18 13.48 1.12
Maple 51.69 21.35 9.55 17.42
Maxima 28.65 1.12 0. 70.22
Fricas 56.18 5.62 0. 38.2
Sympy 7.87 0. 0. 92.13
Giac 26.97 0. 0 73.03




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.
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System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.5 206.92 0.75 134.5 1.
Mathematica 3.68 283.32 0.93 134.5 0.9
Maple 1.48 437.35 1.5 174. 1.2
Maxima 0.82 152.57 1.31 127. 1.35
Fricas 3.06 522.86 2.94 146.5 1.61
Sympy 0.19 2.64 0.08 0. 0.
Giac 0.05 2.62 0.08 0. 0.

1.4 list of integrals that has no closed form an-
tiderivative

{33,[34,85,[39} [40} 42} |43} [p4} [55} 61} [62, (67} [68, 73} [74) 121}, 122} 123} 124} [T125} 130} 131} 132} [133}
134, [135} 141} 142} 143} [144} [150, 15T} [152} [153} 159} [160} 161} 162} 168, [169, 170, 171} 172, 173] 177,
178}

1.5 list of integrals solved by CAS but has no

known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed

verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it easier to do
further investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {8}[16}[18}[19}[24}[25,[26][27}[28} |48} 511 [53} [57} [601,[75] [86}[87}[96}[97] 98} 99} [100] 101}
[102},[103}, 104}, L07}, [L08}, L09} .10} 11} 15} 116} [117, 118|128}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an I grade. The time used by failed
integrals due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 30 such integrals out of total 705, or about 4
percent. This pecrentage can be higher or lower depending on the specific input test file.

Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.
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from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-different-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and
XCAS syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for
this purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used

#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in-:

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35%len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*count_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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using input
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| Python script to run rubi-in-sympy : result tables
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SageMath/Python

. .
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q

One record (line) per one integral result. The line is CSV P ed. It ins 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) ngh level overview of the CAS
integer. Leaf size of result. . . .

integer. Leaf size of the optimal antiderivative. lndependent mtegratlon test
number. CPU time used to solve this integral. 0 if failed. build system

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. Mone s 018"
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.

LNV AEWNR
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Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

21.1 Rubi

A grade: {[1}[2)/3, 4[5} 617, 8l O} 10}[L1} L2} 13, 1415} 16} 17} 18| 19| [20} {21} 22} 23} 04} 25| 26, [27]
[28,[29,30}[31},32} 33} [34} 5} 36, [37,[38} [39} [40} 4T}, (42} 43[4 4 [45}, |46}, |47, [48, [49} 50} 51, 52, (63} [54)
(554564574 58, 594604 61162} 63} 64465466467, 68, 694 704 7172473, 74} 75476477, 78, 79,180} 81}
[82}[B3} /841851868788, 89,90} [91,[92}93,[94}95}96}97, 98, 99} 100} 101} 102 103} [104} 05} T0G},
[107, (108} [109} 110} 111} T2} 113|114} 115} [TT6} 117 (118} 119 [120} 121} 129} 123} 124} [125] 126] 127
128} [129}[130} [L31} 132} [133} 134} [L35} 136} 137} [138} (139} [140} [141] [142} [143| 144} [145] [146] [147] 148
[149,[150} [151] 152} [153| 154} [155] [156}[157} [158} [159, [160} 16} [162} 163} 164} 165} [166} 167, 168 169,
170, 71} 172} 173, 174 175} 176, 177, 178] }

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: {[1}[2[3 45} 617, Bl O} [10}[L1} L9} T3} 14} 15} 16} 17} [18| 19} 2} 21} 22} 03} 04} 06} [27) [28)
[29,30,[31}[32} 33, 34} 85136} 37, [38} [39} |40} (4 T}, (42} (43| 14} [45}, |46, [47} [48, 49} 50} 54} 55 [60} (61} [62}
(6616768473174} 75176177, 78,79} B0} 818283848586 87, 88,89} (90} 911,92} 93, 94, 95}, 96},
[97,[101}[108} 109} 110} T15} 116} 117} [119} [120} 121} 123} 123} 124} [125} 129} [130} 131} (132} 133} [134]
L35} (138} [139} 140} [141} 142 [143| 144} [145][147} [148} [149} 150} 151} 152 [153] 154} [156} [157, [158] 159,
[160}[161} 162, [163] 165} [166} 167} [168} 169} 170} 171} 172} 173} 174 I75} 176 77 [178] }

B grade: { 2553 72,08, 99, 100} 102 {108} 104 {0711}

C grade: (51}(52 56, 57 55,59 63 4 63 9 70} 71 105 12 L3 (.18, 126, 127 28} [5G} 157
4655164 )

F grade: {

2.1.3 Maple

A gt (10075 O TS T 5,7 635 7 60 7 05 0 3 77
54,55} 57,58} 59,160, 61 62, 63 161 653661 673 68 69,73} 74,76} 70, B0} BL, B2 B3, 52 85,86, 87,
[00, 0T} 92, 03, 04 95, 96, 97} 21} (122, (123} 124} 125}, (130} 131} 132} (133, [134} 130} 141} (142 143143,
[150} 151} 152,153, 159}, 160} 161} 162} 168,169,170, 171,172,173} 177,178}

B grade: {ll [26}[27,[28,[29},30} 31} 32} 44} 45, 48 49} 50}

E
B
e
&3
E
&

it
[k
<
&
E
&
5

w
oy
w
N
[uy
N

O
E
[\’J
N
I

P p2[56,[70,[71}[72,[75}[77,[78, 188} 189} 105} 112} 113] }
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C grade: {[98,[09}[100} [T01} [102}[103} 104} 106} [107} [108} 109} [T10} LT} [114} 115} T16,[T17 }

F grace: { 1) 10} 10,120, 20,127, 28, .2 136, 137} .38} T30} (.40, (.75 70 7 7 )
154,155, [156}[157,[158, 163,164,165}, [166} 167,174,175} [176] }

21.4 Maxima

A grade: {[1}[2}3}[4} 56} [7, [0} [10 [L4}[17}[20}[29} 33} 34} B3} [42} [43} [44]
[77, 78, 79, B0} [B11 |82} B3] 84 /85 [88, ;891 00} 01 02, 93, 94} 95, 168 160}, (170} 7T} 172

B grade: {}

C grade: { }

F grade: {51516} 9,21} 23|21 27) 26,27 25) 50 51, B2} 5, 7 55 5010} 11, 19, 5
[52}[53} 54} 55} [56} /57, [58} (59} [603 611 62} 63} [6 4} [65}[66} (67} (68} [69} 70}, (711, [72}[73},[7 4} [75} 186}, 87}, 06,
(07,08, 09}, {00} 107 102} {03, {104} 105} {106, 107} 108} {09}, {110, 111} {12, (13, (114} .15} 116}, 117
[118,[119, 120}, 121} 122,123} 124} 125} 126} 127,128, 129, 130} 131} 132}, 133} 134} 135} 136, 137] 138,
(139,140} 141} 142} [143| [144} [145}[146}[147}[148}[149}[150} 151} 152153} 154} 155,156,157, [158] 159
[160} 161} 162,163,164, 165} 166} 167,174, [175,[176] }

E
IE
E
E

(461 [47,[76)
73177178

B

[\
=

21.5 FriCAS

A grade: {[1}[2,[3}[4} 5} [6][9} (L0} [1T} [12][13] [14} [15} [20} [21} [22} 23} [29} [30} |31}, 32} 33} [34} [35], 39} 4T

P2 43, 4 15, 46} 54} 5 61} 623 [67 68, 73, 74 76 [77) 78, 79} B0, 1} /B2, 83, B4 85 88, 89,90, 1,
102,03, 04, 05, (105} (118} [0, (120, 121 122, (23, (124 [125} 128, 129, {130} 131} 132, (133} 134} T35 138,
[[30, (140} 14T, 42} (743, [T44 147} (48, (149} 150} T5T} (15 (153, 159} (60} (161} 162, 68} (169, T70] 177,
72, 173, 74178 }

B grade: { [ 77 E9) 50} (.2 (L3 56, 157, 158

C grade: { }

Fm@@llllﬁ%ﬁﬂllllmﬂ@mmm
[65,166}[69} [701 [71,[72} [75] |86} 87} (96} |97, 98} [99} [100}, 101} [102} 103} [104} 106} [T
114} [115}[116} 117} [126} 127 [136] 137} 145} [146} 154} 155} [163] [164} 165} [166} 167} 174} [175] [176]}

2.1.6 Sympy
A grade: { [}[33) 3% [B5) |20} 2} 3} 6T} [T, [124} [125} [T4 1}, [T44}, 177}

B grade: { }
Cgrade:{}
F grade: { [T} 2,3 ) 5,7} B [0} T, (L2 3} 4 1516, 7 T8 9, 204 21 22 25, 24,25 26,27
..-..E 6,67 58, 59, 60,

l.l@.I@..@.l..@@@.@t.l-ll.l..
[89190 01}, 92,93} 94} 959697 [98} [09}, 100}, [L01} 102} [L03| [T04} 105} 106} [T07 108} [L09} [110} 11T,
|112|,|113|,|114|,mumuﬁﬂ|118|,|119L|120memmmmmmmmm
136,137} (138} [139} [140} [142} 143} [145} [146} 147} 148, [[49} 150} [L51] [[52} 153} [154} (155} 156, [57] 158}
159, 160} 161}, 162} 163} 164} 165} 166} 167,168} 169, 170, {71} 172} 173} 174, 175} 176,178 }

2.1.7 Giac
A grade: {[7[33][34} 35,39 [67,[68}[73][74} 121} 122} 123 124} 125

(T30, (31} (132} [33} 134 (135} 41} 142, (143} 124} 150} (151} 152} 153} 150, {160} 161} 162, 168, 169 170
71172 173,177, 178]}
B grade: { }

C grade: { }
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F grade: { 1}[2,3}4}[5} 6} 819} [L0}[11} 12, 13} L 4}[15}[16} [17} [18} 19} (20} [21} 22} 23} 24} [25 26, 27
[28}29} 30} 31} [32} 36137} 38 11 44} 451,46, 48 49,504 51} 524 53} 56}, 57, 58, 594 604 63} 644 654 66}
(694704 [71}[72} 7576177, 78, 79} 80} 8182} 83,8485 864878889} 90} (91,9293} 94} 95496} 97,

[100},[101}[102],[103},[104} 105}, [106],[107,[108},[109, 110,111} 112} 113} 114} 115,116,117, [118]

[119}[120} 126} [127,[128,[129,[136},[137,[138}[139] 140} 145} 146|147} 148 149} 154155156}, 157] 158,

1163}/164}[165}[166},[167,[174}[175,[176] }

2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — — :
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 114 114 107 177 217 275 0 0
normalized size | 1 1. 0.94 1.55 1.9 241 0. 0.
time (sec) N/A 0.061 0.143 0.178 0.952 2.707 0. 0.
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 89 89 72 83 108 143 0 0
normalized size | 1 1. 0.81 0.93 1.21 1.61 0. 0.
time (sec) N/A 0.042 0.132 0.174 0957  2.464 0. 0.
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 89 89 97 150 178 248 0 0
normalized size | 1 1. 1.09 1.69 2. 2.79 0. 0.
time (sec) N/A 0.048 0.075 0177 0975  2.567 0. 0.
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 64 64 62 74 80 119 0 0
normalized size | 1 1. 0.97 1.16 1.25 1.86 0. 0.
time (sec) N/A 0.027 0.101 0177 0956  2.386 0. 0.
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Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 64 64 85 123 131 219 0 0
normalized size | 1 1. 1.33 1.92 2.05 3.42 0. 0.
time (sec) N/A 0.036 0.054 0178 0971 2475 0. 0.
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 39 39 50 65 49 90 0 0
normalized size | 1 1. 1.28 1.67 1.26 2.31 0. 0.
time (sec) N/A 0.012 0.024 0.171 0.985  2.329 0. 0.
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 31 31 58 37 72 154 0 63
normalized size | 1 1. 1.87 1.19 2.32 4.97 0. 2.03
time (sec) N/A 0.021 0.066 0169 0957  2.462 0. 1.095
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 64 64 53 140 0 0 0 0
normalized size | 1 1. 0.83 2.19 0. 0. 0. 0.
time (sec) N/A 0.085 0.03 0.257 0. 0. 0. 0.
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 32 32 41 63 45 62 37 0
normalized size | 1 1. 1.28 1.97 141 1.94 1.16 0.
time (sec) N/A 0.02 0.029 0.171 0.982 2.2 2.634 0.
Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 51 51 66 118 112 93 0 0
normalized size | 1 1. 1.29 2.31 2.2 1.82 0. 0.
time (sec) N/A 0.032 0.035 0.174 1.488 2177 0. 0.
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 60 60 59 75 78 97 0 0
normalized size | 1 1. 0.98 1.25 1.3 1.62 0. 0.
time (sec) N/A 0.038 0.065 0176 0977  2.238 0. 0.
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Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 76 76 78 147 169 122 0 0
normalized size | 1 1. 1.03 1.93 2.22 1.61 0. 0.
time (sec) N/A 0.045 0.061 0174 1479  2.292 0. 0.
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 82 82 69 83 103 123 0 0
normalized size | 1 1. 0.84 1.01 1.26 1.5 0. 0.
time (sec) N/A 0.049 0.085 0173 0978  2.269 0. 0.
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 101 101 88 174 223 150 0 0
normalized size | 1 1. 0.87 1.72 2.21 1.49 0. 0.
time (sec) N/A 0.062 0.102 0177 1473  2.246 0. 0.
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 107 107 124 208 266 339 0 0
normalized size | 1 1. 1.16 1.94 2.49 3.17 0. 0.
time (sec) N/A 0.106 0.223 0.225 2107  2.966 0. 0.
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 139 139 210 327 0 0 0 0
normalized size | 1 1. 1.51 2.35 0. 0 0 0.
time (sec) N/A 0.119 1.339 0.352 0. 0 0 0.
Problem 17 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 55 55 89 133 113 266 0 0
normalized size | 1 1. 1.62 242 2.05 4.84 0. 0.
time (sec) N/A 0.07 0.146 0.222  1.002  2.219 0. 0.
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 84 84 147 196 0 0 0 0
normalized size | 1 1. 1.75 2.33 0. 0. 0. 0.
time (sec) N/A 0.068 0.202 0.266 0. 0. 0. 0.
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Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 91 91 137 361 0 0 0 0
normalized size | 1 1. 1.51 3.97 0. 0. 0. 0.
time (sec) N/A 0.123 0.142 0.295 0. 0. 0. 0.
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 50 50 71 118 107 140 0 0
normalized size | 1 1. 1.42 2.36 2.14 2.8 0. 0.
time (sec) N/A 0.061 0.147 0.219  1.002  1.874 0. 0.
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 88 88 102 191 0 196 0 0
normalized size | 1 1. 1.16 2.17 0. 2.23 0. 0.
time (sec) N/A 0.078 0.116 0.214 0. 2.031 0. 0.
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 102 102 108 154 266 224 0 0
normalized size | 1 1. 1.06 1.51 2.61 2.2 0. 0.
time (sec) N/A 0.096 0.225 0.219 211 2.014 0. 0.
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 134 134 148 265 0 275 0 0
normalized size | 1 1. 11 1.98 0. 2.05 0. 0.
time (sec) N/A 0.112 0.175 0.228 0. 1.883 0. 0.
Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 207 207 285 510 0 0 0 0
normalized size | 1 1. 1.38 2.46 0. 0. 0. 0.
time (sec) N/A 0.217 0.86 0.408 0. 0. 0. 0.
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 220 220 580 648 0 0 0 0
normalized size | 1 1. 2.64 2.95 0. 0. 0. 0.
time (sec) N/A 0.188 7.751 0.446 0. 0. 0. 0.
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Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 126 126 182 349 0 0 0 0
normalized size | 1 1. 1.44 2.77 0. 0 0 0.
time (sec) N/A 0.147 0.467 0.33 0. 0 0 0.
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 144 144 265 437 0 0 0 0
normalized size | 1 1. 1.84 3.03 0. 0 0 0.
time (sec) N/A 0.112 0.294 0.319 0. 0 0 0.
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 124 124 242 666 0 0 0 0
normalized size | 1 1. 1.95 5.37 0. 0 0 0.
time (sec) N/A 0.143 0.213 0.333 0. 0 0 0.
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 80 80 135 199 198 238 0 0
normalized size | 1 1. 1.69 2.49 2.48 2.98 0. 0.
time (sec) N/A 0.086 0.201 0.25 1.027  2.378 0. 0.
Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 125 125 186 315 0 342 0 0
normalized size | 1 1. 1.49 2.52 0. 2.74 0. 0.
time (sec) N/A 0.105 0.211 0.26 0. 2.259 0. 0.
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 170 170 204 299 0 401 0 0
normalized size | 1 1. 1.2 1.76 0. 2.36 0. 0.
time (sec) N/A 0.15 0.3 0.261 0. 2.352 0. 0.
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 208 208 283 472 0 512 0 0
normalized size | 1 1. 1.36 2.27 0. 2.46 0. 0.
time (sec) N/A 0.176 0.34 0.268 0. 2.385 0. 0.
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Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 14 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.015 2.896 1.02 0. 0. 0. 0.
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 12 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.006 3.366 0.371 0. 0. 0. 0.
Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 16 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.024 0.285 0.729 0. 0. 0. 0.
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 47 47 43 48 0 0 0 0
normalized size | 1 1. 0.91 1.02 0. 0. 0. 0.
time (sec) N/A 0.106 0.081 0.214 0. 0. 0. 0.
Problem 37 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 63 63 56 58 0 0 0 0
normalized size | 1 1. 0.89 0.92 0. 0. 0. 0.
time (sec) N/A 0.134 0.077 0.214 0. 0. 0. 0.
Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 117 117 91 102 0 0 0 0
normalized size | 1 1. 0.78 0.87 0. 0. 0. 0.
time (sec) N/A 0.229 0.172 0.218 0. 0. 0. 0.
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 18 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.024 5.503 2.495 0. 0. 0. 0.
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Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 18 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.024 3.582 2.259 0. 0. 0. 0.
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 66 66 83 0 0 0 0 0
normalized size | 1 1. 1.26 0. 0. 0. 0. 0.
time (sec) N/A 0.043 0.173 2.089 0. 0. 0. 0.
Problem 42 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 18 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.026 0.391 1.878 0. 0. 0. 0.
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 18 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.026 0.778 1.842 0. 0. 0. 0.
Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 167 167 165 485 363 633 0 0
normalized size | 1 1. 0.99 2.9 217 3.79 0. 0.
time (sec) N/A 0.402 0.305 0.138  1.046  3.767 0. 0.
Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 123 123 122 361 267 462 0 0
normalized size | 1 1. 0.99 2.93 217 3.76 0. 0.
time (sec) N/A 0.277 0.185 0.141 1.003  2.872 0. 0.
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 83 83 113 140 124 302 0 0
normalized size | 1 1. 1.36 1.69 1.49 3.64 0. 0.
time (sec) N/A 0.167 0.196 0.18 1.001 2197 0. 0.
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Problem 47, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 31 31 58 37 72 154 0 63
normalized size | 1 1. 1.87 1.19 2.32 4.97 0. 2.03
time (sec) N/A 0.023 0.053 0173 0977  2.073 0. 1.13
Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 257 257 411 881 0 0 0 0
normalized size | 1 1. 1.6 3.43 0. 0. 0. 0.
time (sec) N/A 0.406 0.658 0.417 0. 0. 0. 0.
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 102 102 141 214 0 960 0 0
normalized size | 1 1. 1.38 21 0. 941 0. 0.
time (sec) N/A 0.155 0.221 0.263 0. 2.369 0. 0.
Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 172 172 250 1007 0 2223 0 0
normalized size | 1 1. 1.45 5.85 0. 12.92 0. 0.
time (sec) N/A 0.292 0.515 0.174 0. 6.219 0. 0.
Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-2) F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 496 693 870 1222 0 0 0 0
normalized size | 1 1.4 1.75 2.46 0. 0. 0. 0.
time (sec) N/A 2.827 13.909 0.285 0. 0. 0. 0.
Problem 52, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-2) F(-1) F(@1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 404 502 368 836 0 0 0 0
normalized size | 1 1.24 0.91 2.07 0. 0. 0. 0.
time (sec) N/A 2.195 1.614 0.281 0. 0. 0. 0.
Problem 53 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A F(-2) F(-1) F(1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 315 315 657 388 0 0 0 0
normalized size | 1 1. 2.09 1.23 0. 0. 0. 0.
time (sec) N/A 0.485 13.262 0.273 0. 0. 0. 0.
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Problem 54 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.071 17.512 5.796 0. 0. 0. 0.
Problem 55 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0 0 0.
time (sec) N/A 0.076 7.997 4.339 0. 0 0 0.
Problem 56 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-2) F(-1) F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 372 372 333 810 0 0 0 0
normalized size | 1 1. 0.9 2.18 0. 0 0 0.
time (sec) N/A 0.755 1.423 0.278 0. 0 0 0.
Problem 57 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-2) F(-1) F(1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 714 714 873 1248 0 0 0 0
normalized size | 1 1. 1.22 1.75 0. 0 0 0.
time (sec) N/A 2.589 13.747 0.286 0. 0 0 0.
Problem 58 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-2) F(-1) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 530 530 784 862 0 0 0 0
normalized size | 1 1. 1.48 1.63 0. 0. 0. 0.
time (sec) N/A 1.907 13.573 0.276 0. 0. 0. 0.
Problem 59 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-2) F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 344 344 289 412 0 0 0 0
normalized size | 1 1. 0.84 1.2 0. 0. 0. 0.
time (sec) N/A 1.6 1.429 0.278 0. 0. 0. 0.
Problem 60 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 212 212 243 254 0 0 0 0
normalized size | 1 1. 1.15 1.2 0. 0. 0. 0.
time (sec) N/A 0.319 3.5 0.272 0. 0. 0. 0.
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Problem 61 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.072 6.289 3.53 0. 0. 0. 0.
Problem 62 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.079 8.757 4.408 0. 0. 0. 0.
Problem 63 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-2) F(-1) F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 551 551 814 890 0 0 0 0
normalized size | 1 1. 1.48 1.62 0. 0. 0. 0.
time (sec) N/A 2.474 13.83 0.281 0. 0. 0. 0.
Problem 64 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-2) F(-1) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 369 369 750 441 0 0 0 0
normalized size | 1 1. 2.03 1.2 0. 0. 0. 0.
time (sec) N/A 1.814 13.676 0.278 0. 0. 0. 0.
Problem 65| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-2) F(-1) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 238 238 226 277 0 0 0 0
normalized size | 1 1. 0.95 1.16 0. 0. 0. 0.
time (sec) N/A 1.575 1.74 0.276 0. 0. 0. 0.
Problem 66 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 119 119 124 217 0 0 0 0
normalized size | 1 1. 1.04 1.82 0. 0. 0. 0.
time (sec) N/A 0.225 0.203 0.27 0. 0. 0. 0.
Problem 67, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.089 11.07 4.336 0. 0. 0. 0.
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Problem 68 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.094 13.905 3.789 0. 0. 0. 0.
Problem 69 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-2) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 602 602 887 1077 0 0 0 0
normalized size | 1 1. 1.47 1.79 0. 0. 0. 0.
time (sec) N/A 2.896 13.935 0.288 0. 0. 0. 0.
Problem 70 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-2) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 440 440 856 1038 0 0 0 0
normalized size | 1 1. 1.95 2.36 0. 0. 0. 0.
time (sec) N/A 2.185 13.789 0.289 0. 0. 0. 0.
Problem 71 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-2) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 314 314 345 913 0 0 0 0
normalized size | 1 1. 11 291 0. 0. 0. 0.
time (sec) N/A 2.001 1.649 0.286 0. 0. 0. 0.
Problem 72, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B F(-2) F(-1) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 298 298 725 886 0 0 0 0
normalized size | 1 1. 2.43 2.97 0. 0. 0. 0.
time (sec) N/A 0.409 13.513 0.279 0. 0. 0. 0.
Problem 73 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.088 25.151 3.867 0. 0. 0. 0.
Problem 74 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.101 25.371 4.704 0. 0. 0. 0.
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Problem 75 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F(1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 540 637 1002 1640 0 0 0 0
normalized size | 1 1.18 1.86 3.04 0. 0. 0. 0.
time (sec) N/A 0.752 14.053 0.296 0. 0. 0. 0.
Problem 76 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 206 206 140 338 400 459 0 0
normalized size | 1 1. 0.68 1.64 1.94 2.23 0. 0.
time (sec) N/A 0.125 0.231 0182 0987  4.597 0. 0.
Problem 77, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 161 161 121 282 313 398 0 0
normalized size | 1 1. 0.75 1.75 1.94 247 0. 0.
time (sec) N/A 0.108 0.166 0.184 0987  3.564 0. 0.
Problem 78 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 109 109 149 194 207 327 0 0
normalized size | 1 1. 1.37 1.78 1.9 3. 0. 0.
time (sec) N/A 0.051 0.261 0184  1.017  3.453 0. 0.
Problem 79 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 87 87 104 136 120 288 0 0
normalized size | 1 1. 1.2 1.56 1.38 3.31 0. 0.
time (sec) N/A 0.065 0.119 0186 0989  2.908 0. 0.
Problem 80 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 105 105 69 121 127 157 0 0
normalized size | 1 1. 0.66 1.15 1.21 1.5 0. 0.
time (sec) N/A 0.078 0.104 0187 0983  2.603 0. 0.
Problem 81 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 152 152 94 140 185 217 0 0
normalized size | 1 1. 0.62 0.92 1.22 1.43 0. 0.
time (sec) N/A 0.092 0.16 0185 0973  2.626 0. 0.
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Problem 82 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 197 197 110 158 232 273 0 0
normalized size | 1 1. 0.56 0.8 1.18 1.39 0. 0.
time (sec) N/A 0.118 0.165 0.19 0979  2.523 0. 0.
Problem 83 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 196 196 115 152 247 304 0 0
normalized size | 1 1. 0.59 0.78 1.26 1.55 0. 0.
time (sec) N/A 0.15 0.227 0.182 0.98 3.008 0. 0.
Problem 84 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 153 153 97 134 192 247 0 0
normalized size | 1 1. 0.63 0.88 1.25 1.61 0. 0.
time (sec) N/A 0.122 0.206 0183 0992 2916 0. 0.
Problem 85 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 138 138 78 115 132 192 0 0
normalized size | 1 1. 0.57 0.83 0.96 1.39 0. 0.
time (sec) N/A 0.096 0.095 0178  1.003  2.783 0. 0.
Problem 86 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 124 124 103 198 0 0 0 0
normalized size | 1 1. 0.83 1.6 0. 0. 0. 0.
time (sec) N/A 0.286 0.128 0.554 0. 0. 0. 0.
Problem 87 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 137 137 137 201 0 0 0 0
normalized size | 1 1. 1. 1.47 0. 0 0. 0
time (sec) N/A 0.302 0.414 0.384 0. 0 0. 0
Problem 88 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 252 252 184 494 545 641 0 0
normalized size | 1 1. 0.73 1.96 2.16 2.54 0. 0.
time (sec) N/A 0.237 0.35 0.184  1.037  6.069 0. 0.
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Problem 89 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 191 191 151 371 400 547 0 0
normalized size | 1 1. 0.79 1.94 2.09 2.86 0. 0.
time (sec) N/A 0.114 0.236 0.183 0.969  4.948 0. 0.
Problem 90 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 163 163 134 286 266 502 0 0
normalized size | 1 1. 0.82 1.75 1.63 3.08 0. 0.
time (sec) N/A 0.13 0.194 0187 0977  3.892 0. 0.
Problem 91 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 157 157 125 254 213 501 0 0
normalized size | 1 1. 0.8 1.62 1.36 3.19 0. 0.
time (sec) N/A 0.132 0.268 0189 0995  3.296 0. 0.
Problem 92 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 183 183 127 191 244 302 0 0
normalized size | 1 1. 0.69 1.04 1.33 1.65 0. 0.
time (sec) N/A 0.16 0.262 0.194 1.027  2.694 0. 0.
Problem 93 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 241 241 153 223 325 401 0 0
normalized size | 1 1. 0.63 0.93 1.35 1.66 0. 0.
time (sec) N/A 0.197 0.261 0.191 1.017  2.569 0. 0.
Problem 94 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 242 242 159 214 342 431 0 0
normalized size | 1 1. 0.66 0.88 1.41 1.78 0. 0.
time (sec) N/A 0.223 0.319 0.186 1.014  3.361 0. 0.
Problem 95 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 195 195 124 182 255 336 0 0
normalized size | 1 1. 0.64 0.93 1.31 1.72 0. 0.
time (sec) N/A 0.144 0.281 0.188 1.002  3.043 0. 0.
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Problem 96 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 186 186 157 301 0 0 0 0
normalized size | 1 1. 0.84 1.62 0. 0. 0. 0.
time (sec) N/A 0.422 0.364 1.038 0. 0. 0. 0.
Problem 97, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 189 189 187 276 0 0 0 0
normalized size | 1 1. 0.99 1.46 0. 0. 0. 0.
time (sec) N/A 0.43 0.64 0.7 0. 0. 0. 0.
Problem 98 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B C F(-2) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 565 565 1260 407 0 0 0 0
normalized size | 1 1. 2.23 0.72 0. 0. 0. 0.
time (sec) N/A 1.257 1.696 1.534 0. 0. 0. 0.
Problem 99 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B C F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 507 507 1123 401 0 0 0 0
normalized size | 1 1. 2.21 0.79 0. 0. 0. 0.
time (sec) N/A 1.139 0.367 0.422 0. 0. 0. 0.
Problem 100 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B C F(-2) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 529 529 1068 272 0 0 0 0
normalized size | 1 1. 2.02 0.51 0. 0. 0. 0.
time (sec) N/A 0.87 0.381 0.94 0. 0. 0. 0.
Problem 101 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 479 479 407 2875 0 0 0 0
normalized size | 1 1. 0.85 6. 0. 0. 0. 0.
time (sec) N/A 0.9 0.857 0.57 0. 0. 0. 0.
Problem 102 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B C F(-2) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 572 572 1241 332 0 0 0 0
normalized size | 1 1. 2.17 0.58 0. 0. 0. 0.
time (sec) N/A 1.1 1.62 1.537 0. 0. 0. 0.
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Problem 103 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B C F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 628 628 1480 729 0 0 0 0
normalized size | 1 1. 2.36 1.16 0. 0. 0. 0.
time (sec) N/A 1.321 5.614 0.734 0. 0. 0. 0.
Problem 104 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B C F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 590 590 1442 541 0 0 0 0
normalized size | 1 1. 2.44 0.92 0. 0. 0. 0.
time (sec) N/A 1.238 2.045 0.536 0. 0. 0. 0.
Problem 105 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F A F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 131 131 286 354 0 833 0 0
normalized size | 1 1. 2.18 2.7 0. 6.36 0. 0.
time (sec) N/A 0.121 0.726 0.276 0. 3.463 0. 0.
Problem 106 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 566 566 0 3036 0 0 0 0
normalized size | 1 1. 0. 5.36 0. 0. 0. 0.
time (sec) N/A 1.161 41.937 0.839 0. 0. 0. 0.
Problem 107 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B C F(-2) F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 803 803 1634 1888 0 0 0 0
normalized size | 1 1. 2.03 2.35 0. 0. 0. 0.
time (sec) N/A 2.4 6.153 10.047 0. 0. 0. 0.
Problem 108 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 765 765 1482 1722 0 0 0 0
normalized size | 1 1. 1.94 2.25 0. 0. 0. 0.
time (sec) N/A 1.255 2.338 1.572 0. 0. 0. 0.
Problem 109 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 759 759 1477 1716 0 0 0 0
normalized size | 1 1. 1.95 2.26 0. 0. 0. 0.
time (sec) N/A 2.288 2.559 1.395 0. 0. 0. 0.
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Problem 110 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 806 806 1525 1784 0 0 0 0
normalized size | 1 1. 1.89 2.21 0. 0 0 0.
time (sec) N/A 2.364 2.468 10.007 0. 0 0 0.
Problem 111 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B C F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 727 727 2053 1498 0 0 0 0
normalized size | 1 1. 2.82 2.06 0. 0 0 0.
time (sec) N/A 1.442 7.565 0.842 0. 0 0 0.
Problem 112 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 157 157 390 1870 0 2093 0 0
normalized size | 1 1. 2.48 11.91 0. 13.33 0. 0.
time (sec) N/A 0.182 1.058 0.29 0. 6.485 0. 0.
Problem 113 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 193 193 385 1840 0 1839 0 0
normalized size | 1 1. 1.99 9.53 0. 9.53 0. 0.
time (sec) N/A 0.191 0.878 0.283 0. 6.341 0. 0.
Problem 114 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 704 704 0 5294 0 0 0 0
normalized size | 1 1. 0. 7.52 0. 0 0 0.
time (sec) N/A 1.318 60.225 1.979 0. 0 0 0.
Problem 115 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1144 1144 2067 3175 0 0 0 0
normalized size | 1 1. 1.81 2.78 0. 0. 0 0.
time (sec) N/A 1.6 6.19 2.188 0. 0. 0 0.
Problem 116 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1144 1144 2075 2329 0 0 0 0
normalized size | 1 1. 1.81 2.04 0. 0. 0. 0.
time (sec) N/A 3.069 6.128 2.568 0. 0. 0. 0.
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Problem 117 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1134 1134 2060 3166 0 0 0 0
normalized size | 1 1. 1.82 2.79 0. 0. 0. 0.
time (sec) N/A 4.049 6.061 2.95 0. 0. 0. 0.
Problem 118 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-2) A F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 403 403 365 0 0 3779 0 0
normalized size | 1 1. 0.91 0. 0. 9.38 0. 0.
time (sec) N/A 1.312 0.648 6.16 0. 41.437 0. 0.
Problem 119 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) A F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 294 294 326 0 0 3036 0 0
normalized size | 1 1. 1.11 0. 0. 10.33 0. 0.
time (sec) N/A 0.409 0.721 5.756 0. 16.403 0. 0.
Problem 120 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 195 195 265 0 0 2427 0 0
normalized size | 1 1. 1.36 0. 0. 12.45 0 0
time (sec) N/A 0.212 0.463 3.025 0. 6.778 0 0
Problem 121 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 25 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0 0
time (sec) N/A 0.102 5.346 6.236 0. 0. 0 0
Problem 122 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 25 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0 0
time (sec) N/A 0.107 5.688 1.717 0. 0. 0 0
Problem 123 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 25 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.096 9.034 5.807 0. 0. 0. 0.
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Problem 124 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.034 6.109 5.31 0. 0. 0. 0.
Problem 125 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 25 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.087 1.682 4.628 0. 0. 0. 0.
Problem 126 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-2) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 328 328 247 0 0 0 0 0
normalized size | 1 1. 0.75 0. 0. 0. 0. 0.
time (sec) N/A 0.432 0.627 9.214 0. 0. 0. 0.
Problem 127 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-2) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 453 453 325 0 0 0 0 0
normalized size | 1 1. 0.72 0. 0. 0. 0. 0.
time (sec) N/A 0.62 0.698 7.089 0. 0. 0. 0.
Problem 128 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-2) A F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 374 374 339 0 0 3768 0 0
normalized size | 1 1. 0.91 0. 0. 10.07 0. 0.
time (sec) N/A 0.538 0.601 3.198 0. 38.959 0. 0.
Problem 129 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 262 262 304 0 0 3006 0 0
normalized size | 1 1. 1.16 0. 0. 11.47 0. 0.
time (sec) N/A 0.288 0.715 1.773 0. 16.302 0. 0.
Problem 130 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 25 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.116 5.962 1.941 0. 0. 0. 0.
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Problem 131 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 25 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.122 4.794 1.263 0. 0. 0. 0.
Problem 132 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 25 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.124 9.565 3.258 0. 0. 0. 0.
Problem 133 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.045 6.676 2.795 0. 0. 0. 0.
Problem 134 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 25 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.106 12.612 3.097 0. 0. 0. 0.
Problem 135 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 25 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.107 6.427 6.571 0. 0. 0. 0.
Problem 136 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-2) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 416 416 303 0 0 0 0 0
normalized size | 1 1. 0.73 0. 0. 0. 0. 0.
time (sec) N/A 0.573 0.658 5.984 0. 0. 0. 0.
Problem 137 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-2) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 554 554 383 0 0 0 0 0
normalized size | 1 1. 0.69 0. 0. 0. 0. 0.
time (sec) N/A 0.891 0.852 5.132 0. 0. 0. 0.
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Problem 138 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) A F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 321 321 328 0 0 3063 0 0
normalized size | 1 1. 1.02 0. 0. 9.54 0. 0.
time (sec) N/A 1.048 0.745 6.129 0. 20.082 0. 0.
Problem 139 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) A F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 225 225 271 0 0 2449 0 0
normalized size | 1 1. 1.2 0. 0. 10.88 0. 0.
time (sec) N/A 0.327 0.515 6.874 0. 8.089 0. 0.
Problem 140 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-1) A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 132 132 210 0 0 1928 0 0
normalized size | 1 1. 1.59 0. 0. 14.61 0. 0.
time (sec) N/A 0.151 0.223 4.49 0. 4.3 0. 0.
Problem 141 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 25 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0 0 0.
time (sec) N/A 0.097 1.67 5.735 0. 0 0 0.
Problem 142 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 25 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0 0 0.
time (sec) N/A 0.111 13.024 1.263 0. 0 0 0.
Problem 143 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 25 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0 0 0.
time (sec) N/A 0.092 12.98 4.946 0. 0 0 0.
Problem 144 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.031 0.986 4.268 0. 0. 0. 0.
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Problem 145 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 247 247 140 0 0 0 0 0
normalized size | 1 1. 0.57 0. 0. 0. 0. 0.
time (sec) N/A 0.266 0.187 4.654 0. 0. 0. 0.
Problem 146 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-2) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 362 362 249 0 0 0 0 0
normalized size | 1 1. 0.69 0. 0. 0. 0. 0.
time (sec) N/A 0.569 0.658 8.776 0. 0. 0. 0.
Problem 147 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) A F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 252 252 302 0 0 3167 0 0
normalized size | 1 1. 1.2 0. 0. 12.57 0. 0.
time (sec) N/A 1.074 0.608 3.643 0. 7.196 0. 0.
Problem 148 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) A F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 156 156 220 0 0 2364 0 0
normalized size | 1 1. 1.41 0. 0. 15.15 0. 0.
time (sec) N/A 0.321 0.349 3.068 0. 4.971 0. 0.
Problem 149 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-1) A F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 79 79 96 0 0 625 0 0
normalized size | 1 1. 1.22 0. 0. 7.91 0. 0.
time (sec) N/A 0.117 0.145 1.764 0. 3.675 0. 0.
Problem 150 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 25 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.125 18.216 3.144 0. 0. 0. 0.
Problem 151 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 25 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.136 23.796 1.072 0. 0. 0. 0.
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Problem 152 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 25 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.113 9.31 2.306 0. 0. 0. 0.
Problem 153 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 25 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.102 4.774 2.06 0. 0. 0. 0.
Problem 154 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 108 108 112 0 0 0 0 0
normalized size | 1 1. 1.04 0. 0. 0. 0. 0.
time (sec) N/A 0.091 0.192 1.883 0. 0. 0. 0.
Problem 155 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-2) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 275 275 213 0 0 0 0 0
normalized size | 1 1. 0.77 0. 0. 0. 0. 0.
time (sec) N/A 0.318 0.477 3.06 0. 0. 0. 0.
Problem 156 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) B F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 243 243 311 0 0 4487 0 0
normalized size | 1 1. 1.28 0. 0. 18.47 0. 0.
time (sec) N/A 1.057 0.552 3.697 0. 7.852 0. 0.
Problem 157 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) B F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 163 163 173 0 0 1378 0 0
normalized size | 1 1. 1.06 0. 0. 8.45 0. 0.
time (sec) N/A 0.246 0.265 3.102 0. 5.39 0. 0.
Problem 158 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) B F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 138 138 157 0 0 1188 0 0
normalized size | 1 1. 1.14 0. 0. 8.61 0. 0.
time (sec) N/A 0.135 0.206 1.777 0. 52 0. 0.
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Problem 159 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 25 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.123 34.161 1.883 0. 0. 0. 0.
Problem 160 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 25 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.14 43.148 1.093 0. 0. 0. 0.
Problem 161 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 25 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.121 13.406 3.532 0. 0. 0. 0.
Problem 162 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 25 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.11 11.675 2.412 0. 0. 0. 0.
Problem 163 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 276 276 185 0 0 0 0 0
normalized size | 1 1. 0.67 0. 0. 0. 0. 0.
time (sec) N/A 0.283 0.278 2.079 0. 0. 0. 0.
Problem 164 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 296 296 249 0 0 0 0 0
normalized size | 1 1. 0.84 0. 0. 0. 0. 0.
time (sec) N/A 0.238 0.554 1.879 0. 0. 0. 0.
Problem 165 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 585 566 402 0 0 0 0 0
normalized size | 1 0.97 0.69 0. 0. 0. 0. 0.
time (sec) N/A 2.405 1.672 8.362 0. 0. 0. 0.
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Problem 166 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 371 352 293 0 0 0 0 0
normalized size | 1 0.95 0.79 0. 0. 0. 0. 0.
time (sec) N/A 0.432 0.845 4.826 0. 0. 0. 0.
Problem 167 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 215 202 171 0 0 0 0 0
normalized size | 1 0.94 0.8 0. 0. 0. 0. 0.
time (sec) N/A 0.194 0.511 3.074 0. 0. 0. 0.
Problem 168 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 25 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.075 1.923 2.106 0. 0. 0. 0.
Problem 169 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 25 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.074 2.643 2.455 0. 0. 0. 0.
Problem 170 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 27 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.115 1.084 3.12 0. 0. 0. 0.
Problem 171 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 27 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.097 0.108 5.697 0. 0. 0. 0.
Problem 172 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 27 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.1 1.407 7.631 0. 0. 0. 0.
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Problem 173 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 27 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.117 1.637 4121 0. 0. 0. 0.
Problem 174 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F(-2) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 401 401 194 0 0 0 0 0
normalized size | 1 1. 0.48 0. 0. 0. 0. 0.
time (sec) N/A 2.527 0.291 22.796 0. 0. 0. 0.
Problem 175 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F(-2) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 268 268 159 0 0 0 0 0
normalized size | 1 1. 0.59 0. 0. 0. 0. 0.
time (sec) N/A 2.027 0.401 7.663 0. 0. 0. 0.
Problem 176 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F(-2) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 126 135 138 0 0 0 0 0
normalized size | 1 1.07 11 0. 0. 0. 0. 0.
time (sec) N/A 0.212 0.176 3.027 0. 0. 0. 0.
Problem 177 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 28 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.089 0.398 6.214 0. 0. 0. 0.
Problem 178 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 28 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.101 3.436 1.84 0. 0. 0. 0.

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules

column is the number of unique rules used. The integrand size column is the leaf size of
number of rules

the integrand. Finally the ratio is given. The larger this ratio is, the harder

integrand size
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the integral was to solve. In this test, problem number [69] had the largest ratio of [ 0.8571

]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ——
# grade steps unique antideri\‘/ative . atogrand Teaf se
used rules leaf size

1 A 7 5 1. 12 0.417
2 A 4 3 1. 12 0.25
3 A 6 5 1. 12 0.417
4 A 3 3 1. 12 0.25
5 A 5 5 1. 12 0.417
6 A 2 2 1. 10 0.2
7 A 5 4 1. 8 0.5
3 A 6 6 1. 12 0.5
9 A 2 2 1. 12 0.167
10 A 4 4 1. 12 0.333
11 A 4 3 1. 12 0.25
12 A 5 4 1. 12 0.333
13 A 4 3 1. 12 0.25
14 A 6 4 1. 12 0.333
15 A 5 5 1. 14 0.357
16 A 8 6 1. 14 0.429
17 A 4 4 1. 12 0.333
18 A 7 5 1. 10 0.5
19 A 6 6 1. 14 0.429
20 A 4 3 1. 14 0.214
21 A 4 3 1. 14 0.214
22 A 5 5 1. 14 0.357
23 A 5 3 1. 14 0.214
24 A 10 10 1. 14 0.714
25 A 11 8 1. 14 0.571
26 A 7 7 1. 12 0.583
27 A 9 6 1. 10 0.6
28 A 7 7 1. 14 0.5
29 A 5 3 1. 14 0.214
30 A 6 6 1. 14 0.429
31 A 8 6 1. 14 0.429
32 A 10 6 1. 14 0.429
33 A 0 0 0. 0 0.
34 A 0 0 0. 0 0.
35 A 0 0 0. 0 0.
36 A 4 4 1. 14 0.286
37 A 6 6 1. 14 0.429
38 A 9 5 1. 14 0.357
39 A 0 0 0. 0 0.
40 A 0 0 0. 0 0.
41 A 3 3 1. 14 0.214

Continued on next page
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number of numjber of no‘rma,.lize.d integrand ——
# grade steps unique antldem‘zatlve leaf size togrand leaf size
used rules leaf size

42 A 0 0 0. 0 0.
43 A 0 0 0. 0 0.
44 A 11 9 1. 16 0.562
45 A 10 9 1. 16 0.562
46 A 9 9 1. 14 0.643
47 A 5 4 1. 8 0.5
48 A 4 2 1. 16 0.125
49 A 7 7 1. 16 0.438
50 A 8 8 1. 16 0.5
51 A 31 16 1.4 21 0.762
52 A 24 15 1.24 19 0.79
53 A 15 11 1. 18 0.611
54 A 0 0 0. 0 0.
55 A 0 0 0. 0 0.
56 A 22 13 1. 18 0.722
57 A 27 17 1. 21 0.81
58 A 20 15 1. 21 0.714
59 A 14 13 1. 19 0.684
60 A 9 9 1. 18 0.5
61 A 0 0 0. 0 0.
62 A 0 0 0. 0 0.
63 A 23 15 1. 21 0.714
64 A 16 13 1. 21 0.619
65 A 11 11 1. 19 0.579
66 A 6 6 1. 18 0.333
67 A 0 0 0. 0 0.
68 A 0 0 0. 0 0.
69 A 31 18 1. 21 0.857
70 A 25 17 1. 21 0.81
71 A 19 14 1. 19 0.737
72 A 12 11 1. 18 0.611
73 A 0 0 0. 0 0.
74 A 0 0 0. 0 0.
75 A 19 14 1.18 18 0.778
76 A 7 7 1. 19 0.368
77 A 6 7 1. 19 0.368
78 A 5 5 1. 16 0.312
79 A 4 5 1. 19 0.263
80 A 4 5 1. 19 0.263
81 A 5 6 1. 19 0.316
82 A 6 6 1. 19 0.316
383 A 5 5 1. 19 0.263
84 A 5 5 1. 19 0.263
85 A 6 5 1. 17 0.294

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma,.lize.d integrand ——
# grade steps unique antldem‘zatlve leaf size togrand leaf size
used rules leaf size

86 A 11 11 1. 19 0.579
87 A 13 13 1. 19 0.684
88 A 7 8 1. 21 0.381
389 A 6 7 1. 18 0.389
90 A 6 7 1. 21 0.333
91 A 6 7 1. 21 0.333
92 A 5 6 1. 21 0.286
93 A 6 7 1. 21 0.333
94 A 5 6 1. 21 0.286
95 A 6 5 1. 19 0.263
96 A 12 13 1. 21 0.619
97 A 14 15 1. 21 0.714
98 A 25 12 1. 21 0.571
99 A 26 9 1. 19 0.474
100 A 19 7 1. 18 0.389
101 A 19 7 1. 21 0.333
102 A 24 10 1. 21 0.476
103 A 31 14 1. 21 0.667
104 A 29 12 1. 21 0.571
105 A 7 5 1. 19 0.263
106 A 24 10 1. 21 0.476
107 A 51 15 1. 21 0.714
108 A 27 10 1. 21 0.476
109 A 47 11 1. 18 0.611
110 A 50 13 1. 21 0.619
111 A 33 13 1. 21 0.619
112 A 6 7 1. 21 0.333
113 A 8 6 1. 19 0.316
114 A 28 11 1. 21 0.524
115 A 35 11 1. 21 0.524
116 A 63 12 1. 21 0.571
117 A 81 12 1. 18 0.667
118 A 12 12 1. 23 0.522
119 A 11 12 1. 23 0.522
120 A 9 9 1. 21 0.429
121 A 0 0 0. 0 0.
122 A 0 0 0. 0 0.
123 A 0 0 0. 0 0.
124 A 0 0 0. 0 0.
125 A 0 0 0. 0 0.
126 A 11 11 1. 23 0.478
127 A 12 12 1. 23 0.522
128 A 12 12 1. 23 0.522
129 A 10 10 1. 21 0.476

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma,.lize.d integrand ——
# grade steps unique antldem‘zatlve leaf size togrand leaf size
used rules leaf size

130 A 0 0 0. 0 0.
131 A 0 0 0. 0 0.
132 A 0 0 0. 0 0.
133 A 0 0 0. 0 0.
134 A 0 0 0. 0 0.
135 A 0 0 0. 0 0.
136 A 12 12 1. 23 0.522
137 A 13 12 1. 23 0.522
138 A 11 12 1. 23 0.522
139 A 10 12 1. 23 0.522
140 A 8 8 1. 21 0.381
141 A 0 0 0. 0 0.
142 A 0 0 0. 0 0.
143 A 0 0 0. 0 0.
144 A 0 0 0. 0 0.
145 A 11 11 1. 23 0.478
146 A 11 12 1. 23 0.522
147 A 10 11 1. 23 0.478
148 A 9 11 1. 23 0.478
149 A 4 4 1. 21 0.19
150 A 0 0 0. 0 0.
151 A 0 0 0. 0 0.
152 A 0 0 0. 0 0.
153 A 0 0 0. 0 0.
154 A 5 5 1. 20 0.25
155 A 10 11 1. 23 0.478
156 A 10 11 1. 23 0.478
157 A 7 8 1. 23 0.348
158 A 5 5 1. 21 0.238
159 A 0 0 0. 0 0.
160 A 0 0 0. 0 0.
161 A 0 0 0. 0 0.
162 A 0 0 0. 0 0.
163 A 10 10 1. 23 0.435
164 A 10 11 1. 20 0.55
165 A 6 7 0.9 23 0.304
166 A 6 7 0.95 23 0.304
167 A 5 6 0.94 21 0.286
168 A 0 0 0. 0 0.
169 A 0 0 0. 0 0.
170 A 0 0 0. 0 0.
171 A 0 0 0. 0 0.
172 A 0 0 0. 0 0.
173 A 0 0 0. 0 0.

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized .
# grade steps unique antiderivative I?etzfg:;d %
used rules leaf size

174 A 16 11 1. 26 0.423
175 A 13 11 1. 26 0.423
176 A 8 9 1.07 26 0.346
177) A 0 0 0. 0 0.

178 A 0 0 0. 0 0.
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Chapter 3

Listing of integrals

3.1 f x© (a +besc! (cx)) dx

Optimal. Leaf size=114

1 1 h_
/ szz 4 1 @ 5bx2 ll_m 5btanh- ( szz)

168¢3 112¢° 112¢7

(a +b csc‘l(cx)

[Out] (5*%bxSqrt[1 - 1/(c™2%x72)]1*x72)/(112*%c”™5) + (5*b*Sqrt[l - 1/(c”™2xx"2)]*x"4)
/(168%c~3) + (b*Sqrt[l - 1/(c™2*x"2)]1*x76)/(42xc) + (x"7*x(a + b*ArcCsc[c*x]
))/T7 + (5xbxArcTanh[Sqrt[1 - 1/(c™2*x72)1]1)/(112%c"7)

Rubi [A] time = 0.0614145, antiderivative size = 114, normalized size of antiderivative
= 1., number of steps used = 7, number of rules used = 5, integrand size = 12, number of rules

= 0.417, Rules used = {56221, 266, 51, 63, 208}

6 11— @ 4 11— ﬁ 5hx? [1_ _2 5btanh™ (\[ szz)

168¢3 112¢5 112¢7

integrand size

(a +b csc‘l(cx)

Antiderivative was successfully verified.

[In] Int[x"6%(a + bxArcCsclc*x]),x]

[Out] (BxbxSqrt[l - 1/(c”2*x72)]1*x72)/(112%c”5) + (5xb*Sqrt[1 - 1/(c”™2*x"2)]*x74)
/(168%c~3) + (b*Sqrt[1 - 1/(c™2*x"2)]1*x76)/(42xc) + (x"7*(a + b*ArcCsc[c*x]
))/T7 + (5xbxArcTanh[Sqrt[1 - 1/(c™2*x72)1]1)/(112%c"7)

Rule 5221

Int[((a_.) + ArcCscl(c_.)*(x_)I*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl((d*x)~(m + 1)*(a + bxArcCsclc*x]))/(d*x(m + 1)), x] + Dist[(bxd)/(cx(m +
1)), Int[(d*x)"(m - 1)/Sqrt[1 - 1/(c"2*x~2)]1, x], x] /; FreeQ[{a, b, c, d,
m}, x] && NeQ[m, -1]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 51
49



Int[((a_.) + (b_.)*(x D))" (m )*((c_
m+n+ 2))/((bxc - axd)*x(m + 1)),
1 /; FreeQ[{a, b,
[n, -1] && (EqQ[a, 0] ||

ntLinearQ[a, b,

(NeQ[c,

c, d, m, n, xJ

Rule 63

Int[((a_.) + (b_
{p
(d*x~p)/b)"n, x],

D*(x_)) " (m_)*((c_

x, (a + b*x)~(1/p)],

[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1,
c, d, m, n, x]

ominator[m]] && IntLinearQ[a, b,

D)o+ (d_

D*x(x_))"(n),
(@ + b*x)"(m + 1)*(c + d*x)"(n + 1))/ ((bxc - axd)*(m + 1)),
Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
c, d, n}, x] && NeQ[b*c - ax*d, 0] && LtQ[m,
0] &% LtQ[m - n, 0] && IntegerQ[n]))) && I

Do+ @d_D*x))" (),
= Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*(c - (axd)/b +
x]] /; FreeQ[{a, b,
n, 0] && LeQ[Denominator([n],

;> Simp[(Rt[-(a/b),

50

x_Symbol] :> Simp[
x] - Dist [(d*(

-1] && ' (LtQ

x_Symbol] :> With[

c, d}, x] && NeQ

Den

2] *ArcTanh [x/

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]

Rt[-(a/b), 2]1)/a, x] /; FreeQl[{a, b}, x] && NegQ[a/b]
Rubi steps

bf

(a +besc! (cx)) +

1
fx6 (a + bcsc‘l(cx)) dx = §x7

1o—
C2X2

7c

bSubst(f ; !

1 _
= §x7 (a +besc l(cx)) -

u +bese 1(cx))

14c

(5b)Subst(f—d,x :
Gt

84¢3
\/7 \/7 (5b) Subst (f > 1_1 dx, x, %]
s a +b csc‘l(cx)) 503 2
\/—————x V[————— \/_____x6 - ) (5b)Subst[f;
11285 168c3 B t7¥ Brbescien) - ———
5by[1 - o3  5by[1- ,/ =1 L (sb)Subst (-
112c5 168c3 o 7 rbescen) s ————
5b4/1 - x 5b4/1 - 1/ x6 1, B 5btanh ™} (\/17
112c5 16803 Ze 7 arbesclen) + ——

Mathematica [A]

ax c2x2 — 5x*

c2x2-1
=)

time = 0.142633, size = 107, normalized size = 0.94

5blog (x (
+

5x2 X0 )

1
+
7 c2x? (16803 112¢>  42c

Antiderivative was successfully verified.

[In] Integrate[x~6*(a + b*ArcCsc[c*x]),x]

112¢7

+ ;bx7 cseHex)
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[Out] (axx~7)/7 + b*Sqrt[(-1 + c™2xx72)/(c™2*xx72) ]*x((5%xx72)/(112%c”5) + (5*x74)/(
168%c~3) + x76/(42%c)) + (b*x"7*ArcCsclc*x])/7 + (5xb*Log[x*(1 + Sqrt[(-1 +
c™2xx72) /(c™2xx72)]1)]1) / (112%c~7)

Maple [A] time = 0.178, size = 177, normalized size = 1.6

7 bx” bx® 1 bx* 1 5 bx? 1 5b 1 5b
x'a . x’arccsc (cx) N bx® N X N X i V22 1ln (
7 7 42 ¢ 2x2-1 168 C3 2x2-1 336 C5 c2x2-1 112 C7 2x2-1 112 C8x
c2x2 c2x2 c2x2 c2x2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~6%(a+b*arccsc(c*x)),x)

[Out] 1/7*x"T7*xa+1/7*bxx~T*arccsc(c*x)+1/42/cxb/((c™2*xx"2-1)/c"2/x72) " (1/2)*x"6+1/
168/c”3xb/ ((c™2xx"2-1)/c"2/x72) " (1/2) *x~4+5/336/c"5*b/ ((c"2*x"2-1) /c~2/x"2)
~(1/2)*x"2-5/112/c"7*b/ ((c™2*x"2-1) /c"2/x"2) "~ (1/2)+5/112/c~8*b* (c"2*x"2-1) "
(1/2)/((cm2%x"2-1)/c"2/x"2)~(1/2) /x*1n(c*xx+(c"2*xx"2-1) " (1/2))

Maxima [A] time = 0.952431, size = 217, normalized size = 1.9

5 3
2 15(— . )2—40 . 2+33‘/
Cx

1 1
;LZJ(J + 6172 96 17 arcesc (Cx) N C6(C2x2 1) +3C6(c2 ) +3¢ ( )+c6 :

, 1 / 1
15 IOg( —ﬁ+1+1) 15 log( _ﬂ*—l_l)

c® cé

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x”6*(at+b*arccsc(c*x)),x, algorithm="maxima")

[Out] 1/7*axx”7 + 1/672*%(96*xx"7xarccsc(c*x) + (2x(15x(-1/(c™2*x72) + 1)°(5/2) - 4
0x(-1/(c™2%x72) + 1)7(3/2) + 33*sqrt(-1/(c”2*x72) + 1))/(c”6%x(1/(c"2*%x"2) -

1)73 + 3%c76%(1/(c™2%x72) - 1)72 + 3*%c76x(1/(c™2*x72) - 1) + c76) + 15xlog
(sqrt(-1/(c™2*x72) + 1) + 1)/c”6 - 15*%log(sqrt(-1/(c™2*x"2) + 1) - 1)/c”6)/
c)*b

Fricas [A] time = 2.70702, size = 275, normalized size = 2.41

48 ac’x” — 96 bc” arctan (—cx + Vc2x2 - 1) +48 (bc7x7 - bc7) arcesc (cx) —15blog (—cx +Vc2x2 - 1) + (8 bedx® +

336¢7
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~6x(at+b*arccsc(c*x)),x, algorithm="fricas")

[Out] 1/336%(48%axc”7*x~7 - 96xb*c”7*arctan(-c*x + sqrt(c™2*x72 - 1)) + 48%(b*c”7
*x~7 - bxc~7)*arccsc(cxx) - 15xbxlog(-cxx + sqrt(c™2*x”2 - 1)) + (8*%bxc~b*x
"5 + 10%b*c”3*x73 + 15xbxc*x)*sqrt(c”2*x”2 - 1))/c77
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Sympy [F] time = 0., size = 0, normalized size = 0.

f 26 (a + bacse (cx)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**6*(at+b*acsc(c*x)),x)

[Out] Integral(x**6+*(a + b*acsc(c*x)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (barcesc (cx) + a)x® dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x”6x(a+b*arccsc(c*x)),x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)*x~6, x)
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3.2 f x° (a +besc! (cx)) dx

Optimal. Leaf size=89

5 11— 3 J1- h--L
bx’\J1 = 55 . 2bx°[1 = 73 N 4bx\1 - 5
30c

1
6 -1
gx (a + bcsc (cx)) + 153 1505

[Out] (4xbxSqrt[1 - 1/(c™2%x72)]*x)/(45%c”5) + (2%b*Sqrt[l - 1/(c”™2*x"2)]1*x~3)/(4
5xc~3) + (b*Sqrt[l - 1/(c™2*x"2)]1*x75)/(30%c) + (x76%(a + bxArcCscl[c*x]))/6

Rubi [A] time = 0.0418436, antiderivative size = 89, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 3, integrand size = 12, number of rules_

integrand size
0.25, Rules used = {5221, 271, 191}

, 1 , 1 1
+bx5 1—(:27+2bx3 1—@ 4bx 1—@

+
30c 45¢3 45¢5

%x6 (a +b csc‘l(cx))

Antiderivative was successfully verified.

[In] Int[x"5%(a + b*ArcCsclc*x]),x]

[Out] (4xbxSqrt[1 - 1/(c”2*x"2)]*x)/(45%c”5) + (2%b*Sqrt[1 - 1/(c™2*x"2)]1*x73)/(4
5xc”3) + (b*Sqrt[l - 1/(c”2*x"2)]1*x75)/(30%c) + (x76%(a + bxArcCsclc*x]))/6

Rule 5221

Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :> Sim
pL((d*x)~(m + 1)*(a + b*ArcCsclc*x]))/(d*(m + 1)), x] + Dist[(b*d)/(c*(m +
1)), Int[(d*x)"(m - 1)/Sqrt[1 - 1/(c"2*x~2)]1, x], x] /; FreeQ[{a, b, c, d,
m}, x] && NeQ[m, -1]

Rule 271

Int[(x_)"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x~(m + 1)*(
a+ bxx™n)"(p + 1))/(a*x(m + 1)), x] - Dist[(b*(m + nx(p + 1) + 1))/(ax(m +
1)), Int[x"(m + n)*(a + b*x™n)"p, x], x] /; FreeQ[{a, b, m, n, p}, x] && IL
tQ[Simplify[(m + 1)/n + p + 1], 0] && NeQ[m, -1]

Rule 191
Int[((a ) + (b_.)*(x_ )" (n_))"(p_), x_Symbol] :> Simp[(x*(a + bxx"n)~(p + 1)

)/a, x] /; FreeQ[{a, b, n, p}, x] && EqQ[1/n + p + 1, 0]

Rubi steps
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fo (a + bcsc‘l(cx)) dx = %x6 (a +besc! (cx)) +

2b) [

1.5 /
b 1—@3( B c2x2

1
_ 6 1
= 300 + gx (a + bcsc (cx)) 1503
(4b) [ dx
wa[ 1[ sz 1 W)
6 -1 =X

= 45c3 0c + gx (a + besc (cx)) 155

4b4/1 - —Zx 2b4J1 - x bwll .
= 1505 45c3 + x a +bcsc (cx))

Mathematica [A] time = 0.131926, size = 72, normalized size = 0.81

ax® 2x2 -1 ( 23 4x x°

+ =bx®csc!
6 22 \253 | 4565 30) X ese(en)

Antiderivative was successfully verified.

[In] Integrate[x~5%(a + b*ArcCsc[c*x]),x]

[Out] (a*xx"6)/6 + b*Sqrt[(-1 + c~2*x72)/(c™2%x72)1*((4*x)/(45%c”5) + (2%x73)/(45%
c™3) + x75/(30%c)) + (b*x~6*xArcCscl[c*x])/6

Maple [A] time = 0.174, size = 83, normalized size = 0.9

6,6

1[x% | CxCarcese (cx) s (c2x? —1) (3C4x4 +40%% + 8) 1

ol 6 6 90 cx [T
2x2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~5*(a+b*xarccsc(c*x)),x)

[Out] 1/c”6%x(1/6%xc™6xx"6%a+b*(1/6%c”6*x"6*%arccsc(cxx)+1/90% (c™2%x"2-1) *(3*c~4*xx"4
+4%xc™2xx~248) / ((c™2%x~2-1)/c~2/x"2) ~(1/2) /c/x))

Maxima [A] time = 0.957131, size = 108, normalized size = 1.21

5 3
3c4x5(—ﬁ + 1)2 + 10c2x3(—ﬁ + 1)2 +150y /-5 +1

C5

1
—ax® + — [15x® arcesc (cx) +

6 90

b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~5*(a+b*arccsc(c*x)),x, algorithm="maxima")
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[Out] 1/6*axx”"6 + 1/90*(15xx~6*arccsc(c*x) + (3xc™4*x"5*x(-1/(c"2*x"2) + 1)7(5/2)
+ 10%c™2xx73*%(-1/(c™2%x72) + 1)7(3/2) + 1b*x*sqrt(-1/(c™2*xx"2) + 1))/c"B)*b

Fricas [A] time = 2.4637, size = 143, normalized size = 1.61

15 bcbx® arcese (cx) + 15 actx® + (3 bctx* + 4bc*x® + 8 b)\/czx2 -1
90 ®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~5%(atb*arccsc(c*x)),x, algorithm="fricas")

[Out] 1/90%(15*b*xc~6*x " 6xarccsc(c*x) + 15*a*xc™6*x"6 + (3*xb*c™4*x"4 + 4*xb*xc™2%x™2
+ 8*b)*sqrt(c™2*x"2 - 1))/c”6

Sympy [F] time = 0., size = 0, normalized size = 0.

f x° (a + bacsc (cx)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**5*(atb*acsc(c*x)),x)

[Out] Integral(x**5x(a + bxacsc(c*x)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (barcesc (cx) + a)x° dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~5*(atb*arccsc(c*x)),x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)*x”~5, x)
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3.3 f xt (a +besc (cx)) dx

Optimal. Leaf size=89

\/? 2 /1_? 3btanh” (‘/ szz)

40c3 40c>

(a +bese 1(cx)

[Out] (3*bxSqrt[l - 1/(c”2*x"2)]1*x72)/(40%c”3) + (b*Sqrt[l - 1/(c™2*xx"2)]1*x"4)/(2
Oxc) + (x7"5x(a + bxArcCsclc*x]))/5 + (3*bxArcTanh[Sqrt[1 - 1/(c™2*x"2)]1])/(
40%*c”5)

Rubi [A] time = 0.0475787, antiderivative size = 89, normalized size of antiderivative =
1., number of steps used = 6, number of rules used = 5, integrand size = 12, number of rules_

0.417, Rules used = {56221, 266, 51, 63, 208}

4\/1_? bz/il_ﬁ 3htanh”™ ({1 - 25

40c3 40c5

integrand size

1
=¥ (a +b csc‘l(cx)

Antiderivative was successfully verified.

[In] Int[x"4*(a + b*ArcCsclc*x]),x]

[Out] (3*bxSqrt[1 - 1/(c™2*x72)]1*x72)/(40*c~3) + (b*Sqrt[l - 1/(c™2*xx"2)]*x"4)/(2
O*xc) + (x75%(a + bxArcCsclc*x]))/5 + (3*b*ArcTanh[Sqrt[1l - 1/(c™2%x72)]]1)/(
40%c”5)

Rule 5221

Int[((a_.) + ArcCsc[(c_.)*x(x_)I*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl((d*x)"(m + 1)*(a + b*ArcCsclc*x]))/(d*(m + 1)), x] + Dist[(b*d)/(c*x(m +

1)), Int[(d*x)"(m - 1)/Sqrt[1 - 1/(c"2*x~2)]1, x], x] /; FreeQ[{a, b, c, d,

m}, x] && NeQ[m, -1]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 51

Int[((a_.) + (b_D)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+b*x)"(m + D*x(c + d*xx)"(n + 1))/ ((b*xc - a*d)*(m + 1)), x] - Dist[(d*(
m+n+ 2))/((bxc - axd)*x(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], x
1 /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQlc, 0] && LtQ[m - n, 0] && IntegerQ[n]))) && I
ntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]
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Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]
Rubi steps

bf
fx4 (a + bcsc‘l(cx)) dx = éxS (u +b csc‘l(cx)) +

- C2X2

5c
b Subst L dx,x,
1, B o (fx3 -5 7 xz]
—gx (a+bcsc (cx))— 10
1 1
\/7 (3b) Subst (f xz\/@ dx,x,x—z]

a +besc! (cx)) 103

(3b) Subst (f —dx,x,
3bw[1 - ’[ x4 v h-x x2
%x5 (a +b csc‘l(cx)) - 2 :

40c3 20c 80c>

3 /1__ b1 - g ] _ (Sb)Subst(fmdxx\ﬁ

1
40c3 20c + gx (a + bcsc (cx)) + 100

W lo e b1 = 1 sbtanh™ (y1- 55)

-1
4003 20c + gx (a + bcese (cx)) + 1005

Mathematica [A] time = 0.0750523, size = 97, normalized size = 1.09

3b1 e
LA c2x2—1(3x2 x4) 8 \¥(Vaz ¥
—+ +—|+

5 c2x2 \40c3  20c 40c°

+ gbx5 cseHex)

Antiderivative was successfully verified.

[In] Integrate[x~4*(a + bxArcCsc[c*x]),x]

[Out] (a*xx"5)/5 + b*Sqrt[(-1 + c™2%x72)/(c™2*x72)]*((3*x~2)/(40%c~3) + x~4/(20%c)
) + (bxx"5*xArcCsclcxx])/5 + (3*%bxLogl[x*(1 + Sqrt[(-1 + c™2%x72)/(c"2%x72)])
1)/(40%c”5)

Maple [A] time = 0.177, size = 150, normalized size = 1.7

5

x5
ax? N barccsc(cx) b - 3b 1 3b V&2 1ln (cx+ m) 1

5 5 20 c /czxz 1 40 3 [z 4065 [z 40 cx c2x2-
T2 2x2 T2 2x?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~4*(atb*arccsc(c*x)),x)

[Out] 1/5%a*x~5+1/5%x"5%xb*arccsc(c*x)+1/20/c*xb/((c™2%x"2-1)/c"2/x"2)"(1/2)*x"4+1/
40/c”3%b/((c™2*x"2-1)/c"2/x"2) " (1/2)*x~2-3/40/c"5xb/ ((c™2%x"2-1) /c"2/x"2) " (
1/2)43/40/c”6xbx (c™2xx~2-1)"(1/2)/ ((c™2%x"2-1)/c"2/x"2) "~ (1/2) /x*1n(c*x+(c”2
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*x72-1)7(1/2))

Maxima [A] time = 0.97463, size = 178, normalized size = 2.

3
1 2 1
2[3('ﬂ+1) N 'ﬂ”] 3log(1/——212+1+1) 310g(‘/——212+1—1)
ceXe X

- +
a1 Va2l 1)t
C + (m— +C

ct c4
C2X2

—ax® + — [16 x° arcesc (cx) —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4x(at+b*arccsc(c*x)),x, algorithm="maxima"

[Out] 1/5*%a*x”5 + 1/80*(16*x 5*arccsc(c*x) - (2x(3*x(-1/(c™2%x"2) + 1)7(3/2) - b*s
qrt(-1/(c™2*x72) + 1))/(c™4*x(1/(c™2*x"2) - 1)72 + 2%c™4*x(1/(c™2*x72) - 1) +

c™4) - 3*log(sqrt(-1/(c™2%x72) + 1) + 1)/c”4 + 3*log(sqrt(-1/(c™2%x72) + 1

) - 1)/c”4)/c)*b

Fricas [A] time = 2.56734, size = 248, normalized size = 2.79

8 ac®x® — 16 bc® arctan (—cx +Ve2x2 - 1) +8 (bc5x5 - bc5) arcesc (cx) — 3blog (—cx + Vc2x2 - 1) + (2 bedx® +3 bcx)\
40¢°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4x(a+b*arccsc(c*x)),x, algorithm="fricas")

[Out] 1/40%(8*axc™b*x~5 - 16%bxc b*arctan(-c*x + sqrt(c™2*x"2 - 1)) + 8*(bxc™5b*x"
5 - bxc”b)*arccsc(c*x) - 3*b*log(-c*x + sqrt(c™2*x72 - 1)) + (2*b*c™3*x"3 +
3*b*c*x) *sqrt (c™2*x72 - 1)) /c”5

Sympy [F] time = 0., size = 0, normalized size = 0.

f x* (a + bacsc (cx)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**4*(atb*acsc(c*x)),x)

[Out] Integral(x**4x(a + bxacsc(c*x)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (barcesc (cx) + a)x* dx



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x”4x(a+b*arccsc(c*x)),x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)*x~4, x)

59
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3.4 f x° (a +besc (cx)) dx

Optimal. Leaf size=64

bx® \/ —ﬂ bx\/l—%
6c3

x (a +b csc‘l(cx)) + oo

[Out] (b*Sqrt[l - 1/(c”2*x72)]1*x)/(6%c~3) + (b*Sqrt[1l - 1/(c™2*x72)]1*x73)/(12%c)
+ (x74*x(a + bxArcCsclc*x]))/4

Rubi [A] time = 0.0265763, antiderivative size = 64, normalized size of antiderivative
1., number of steps used = 3, number of rules used = 3, integrand size = 12, number of rules _

0.25, Rules used = {56221, 271, 191}
bx3 \/1— 53 bx\/l—ﬁ
6c3

12¢

integrand size

(a +b csc‘l(cx)

Antiderivative was successfully verified.

[In] Int[x~3*(a + b*ArcCscl[c*x]),x]

[Out] (b*Sqrtl[l - 1/(c”2*x72)]*x)/(6%c”3) + (b*Sqrt[1 - 1/(c™2%x72)]1*x73)/(12%c)
+ (x74*(a + bxArcCsclc*x]))/4

Rule 5221

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :> Sim
pL((d*x)~(m + 1)*(a + b*ArcCsclc*x]))/(d*(m + 1)), x] + Dist[(b*d)/(c*(m +
1)), Int[(d*x)"(m - 1)/Sqrtl[1 - 1/(c"2*x~2)], x], x] /; FreeQ[{a, b, c, d,
m}, x] && NeQ[m, -1]

Rule 271

Int[(x_)"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x~(m + 1)*(
a + bxx™n)"(p + 1))/(ax(m + 1)), x] - Dist[(b*(m + n*x(p + 1) + 1))/(a*x(m +
1)), Int[x"(m + n)*(a + bxx™n)"p, x], x] /; FreeQ[{a, b, m, n, p}, x] && IL
tQ[Simplify[(m + 1)/n + p + 1], 0] && NeQ[m, -1]

Rule 191
Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n)~(p + 1)

)/a, x] /; FreeQ[{a, b, n, p}, x] & EqQ[i/n + p + 1, 0]

Rubi steps

fx3 (a +b csc‘l(cx)) dx = ix‘l (a + bcsc‘l(cx)) +

1e—o
CZXZ

csc‘l(cx)) + =

+
N

a +besc 1(cx))
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Mathematica [A] time = 0.101153, size = 62, normalized size = 0.97

1
+ be‘* cseex)

—_ 4+
6c3  12c

ax* 22 -1( «x x3
4 c2x2

Antiderivative was successfully verified.

[In] Integrate[x~3x(a + b*ArcCsc[cxx]),x]

[Out] (a*x~4)/4 + b*Sqrt[(-1 + c™2%x72)/(c”2*x"2)]1*(x/(6%c~3) + x73/(12*c)) + (bx*
x"4xArcCsclc*x]) /4

Maple [A] time = 0.177, size = 74, normalized size = 1.2

1| c*x*a ctx*arcesc (cx) (C2X2 - 1) (c2x2 + 2) 1

— +b +

ct 4 4 12 cx c2x2-1
2.2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*x(a+b*arccsc(c*x)),x)

[Out] 1/c”4*x(1/4xc”4xx"4xa+b*(1/4*xc 4xx " 4dxarccsc(c*x)+1/12%x(c™2%xx"2-1)*(c™2*x"2+2
)/ ((c™2%x"2-1)/c"2/x"2)"(1/2) /c/x))

Maxima [A] time = 0.956258, size = 80, normalized size = 1.25

3
1 2 [ 1
1 1 sza(—ﬁ +1) +3x ) +1
4 4 ceXx ceXxe
—ax* + — [ 3x*arccsc (cx) +

4 12 3

b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccsc(c*x)),x, algorithm="maxima"

[Out] 1/4*xa*x"4 + 1/12*%(3*x"4*arccsc(cxx) + (c™2xx"3x(-1/(c™2%x"2) + 1)°(3/2) + 3
xx*sqrt (-1/(c™2*x72) + 1))/c”3)*Db

Fricas [A] time = 2.3862, size = 119, normalized size = 1.86

3bctx* arcesc (cx) + 3actx* + (bczx2 +2 b)\/czx2 -1
12¢*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3x(a+b*arccsc(c*x)),x, algorithm="fricas")

[Out] 1/12%(3*bxc~4*x"4*arccsc(c*x) + 3*a*xc™4*xx"4 + (b*c™2*x™2 + 2%b)*sqrt(c”2*x”
2 -1))/c"4
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Sympy [F] time = 0., size = 0, normalized size = 0.

f 3 (a + bacse (cx)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*(at+b*acsc(c*x)),x)

[Out] Integral(x**3*(a + b*acsc(c*x)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (barcesc (cx) + a)x> dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3x*(a+b*arccsc(c*x)),x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)*x~3, x)
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3.5 f x? (a +besc! (cx)) dx

Optimal. Leaf size=64

-1 1
+bx2 ll—ﬁ +btanh (\/1—@)

6c 6¢3

%x3 (a +b csc‘l(cx))

[Out] (b*Sqrt[l - 1/(c™2xx72)]*x72)/(6*c) + (x"3*(a + b*ArcCsclc*x]))/3 + (b*ArcT
anh[Sqrt[1 - 1/(c™2%x72)]])/(6%c~3)

Rubi [A] time = 0.035954, antiderivative size = 64, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 12, e

0.417, Rules used = {5221, 266, 51, 63, 208}

-1 1
) bx2 ll—ﬁ . btanh (w/l—@)

6¢ 6c3

integrand size

%x‘q’ (a +b csc‘l(cx))

Antiderivative was successfully verified.

[In] Int[x"2%(a + b*ArcCsc[c*x]),x]

[Out] (b*Sqrt[1 - 1/(c™2*x72)]1*x72)/(6%c) + (x73x(a + bxArcCscl[c*x]))/3 + (b*ArcT
anh[Sqrt[1 - 1/(c™2*x~2)]1]1)/(6%c~3)

Rule 5221

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :> Sim
pL((d*x)~(m + 1)*(a + bxArcCsclc*x]))/(d*(m + 1)), x] + Dist[(b*d)/(c*x(m +
1)), Int[(d*x)~(m - 1)/Sqrtll - 1/(c"2*xx"2)], x], x] /; FreeQ[{a, b, c, d,
m}, x] && NeQ[m, -1]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 51

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a +bxx)"(m + 1)x(c + d*x)"(n + 1))/ ((b*c - a*xd)*(m + 1)), x] - Dist[(dx(
m+n+ 2))/((bxc - a*xd)*(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], x
1 /; FreeQl[{a, b, c, d, n}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && ! (LtQ
[n, -1] && (EqQ[a, 0] || (NeQlc, 0] && LtQ[m - n, 0] && IntegerQ[n]))) && I
ntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*x_)) " (m )*x((c_.) + (d_)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

bf —dx
-
fxz (a + bCSC_l(Cx)) dx = %x3 (u + bcsc‘l(cx)) + #
bSubst(f > L = dx,x,xlz]

bSubst| [ —— dx, x, 1l
2x2 1 (f X Il—ciz xz)

2
= Tcx + §x3 (a +b csc‘l(cx)) - 03
b2 bSubst ( [ ootz v, \1 - 253
=" +-x (u + bcsc‘l(cx)) +
6c 3 6c

-1 1
b 1_ﬁx2 1 btanh (wll—@)

= 4 §x3 (a + bcsc‘l(cx)) + =

Mathematica [A] time = 0.0536283, size = 85, normalized size = 1.33

252 _
axd b &°1 blog (x( \ % * 1))
— + +

3 6¢ 6¢3

+ gbx3 escHex)
Antiderivative was successfully verified.
[In] Integrate[x~2*(a + b*ArcCsc[c*x]),x]

[Out] (a*x73)/3 + (bxx"2xSqrt[(-1 + c™2*x72)/(c"2%x72)])/(6%c) + (b*x~3*ArcCsc[c*
x])/3 + (b*Loglx*(1 + Sqrt[(-1 + c™2*x72)/(c™2%x72)]1)])/(6%c~3)

Maple [B] time = 0.178, size = 123, normalized size = 1.9

3 3 2
x°a  x°barccsc(cx) bx 1 b 1 b 1
—+—()+— -— + chxz—lln(cx+\/c2x2—1)—
3 3 6c [221 603 [T 6c%x c2x2-1
szz szz CZXZ
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~2*(a+b*xarccsc(c*x)),x)

[Out] 1/3*x"3*a+1/3*x"3*b*arccsc(c*x)+1/6/cxb/((c™2¥%x"2-1)/c"2/x72)"(1/2)*x"2-1/6
/c”3%b/ ((c™2*x"2-1)/c™2/x72) " (1/2)+1/6/c 4*xbx (c™2*xx~2-1)~(1/2) / ((c"2%*x~2-1)
/c”2/x72)"(1/2) /xx1n(cxx+(c™2*xx"2-1)"(1/2))
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Maxima [A] time = 0.971402, size = 131, normalized size = 2.05

[ 1 [ 1 [ 1
2 _ﬂ+1 log( _ﬁ+1+1) lOg( —m+]—1)

) + Cz B C2

1 1
—ax® + — |4x3arcesc (cx) +
3 12 c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccsc(c*x)),x, algorithm="maxima")

[Out] 1/3%a*xx”3 + 1/12%(4xx"3*arccsc(c*xx) + (2*xsqrt(-1/(c™2*x72) + 1)/(c™2x(1/(c”
2xx72) - 1) + c72) + log(sqrt(-1/(c”2*x72) + 1) + 1)/c”2 - log(sqrt(-1/(c"2
*x72) + 1) - 1)/c”2)/c)*Db

Fricas [A] time = 2.47486, size = 219, normalized size = 3.42

2acdx3 — 4 bc® arctan (—cx + V22 — 1) + Ve2x2 — 1bex + 2 (bc3x3 - bc3) arcesc (cx) — blog (—cx + Vc2x? - 1)

6c3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2x(a+b*arccsc(c*x)),x, algorithm="fricas")

[Out] 1/6%(2%a*c™3*x~3 - 4*bxc~3*arctan(-c*x + sqrt(c™2*x"2 - 1)) + sqrt(c™2*x72
- 1)*bxcxx + 2x(b*c™3%x73 - bxc~3)*arccsc(c*x) - bkxlog(-cxx + sqrt(c™2*x"2

- 1)))/c"3

Sympy [F] time = 0., size = 0, normalized size = 0.

f x% (a + bacsc (cx)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*(at+b*acsc(c*x)),x)

[Out] Integral(x**2x(a + bxacsc(c*x)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (barcesc (cx) + a)x? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccsc(c*x)),x, algorithm="giac")

[Out] integrate((bxarccsc(c*x) + a)*x72, x)
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3.6 fx (a +b csc‘l(cx)) dx

Optimal. Leaf size=39

[ 1
+bx 1—@

%xz (a +b csc‘l(cx)) o

[Out] (b*Sqrt[l - 1/(c™2*x72)]*x)/(2*c) + (x72*(a + b*ArcCsclc*x]))/2

Rubi [A] time = 0.0119133, antiderivative size = 39, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 10, e e =

0.2, Rules used = {5221, 191}

1 bx\/1 - L
Exz (a +b csc‘l(cx)) PR B

2c

integrand size

Antiderivative was successfully verified.

[In] Int[x*(a + b¥ArcCsclc*x]),x]
[Out] (b*Sqrt[1 - 1/(c™2*x72)1*x)/(2*c) + (x"2*(a + b*ArcCsclc*x]))/2

Rule 5221

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :> Sim
pL((d*x)~"(m + 1)*(a + b*ArcCsclc*x]))/(d*(m + 1)), x] + Dist[(b*d)/(c*(m +
1)), Int[(d*x)~(m - 1)/Sqrtll - 1/(c"2*xx"2)], x], x] /; FreeQ[{a, b, c, d,
m}, x] && NeQ[m, -1]

Rule 191
Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n)~(p + 1)

)/a, x] /; FreeQ[{a, b, n, p}, x] & EqQ[i/n + p + 1, 0]

Rubi steps

fx (a +b csc‘l(cx)) dx = %xz (a +besc! (cx)) +

/ 1
b 1—@3(

1
_ 2 -1
= 7 + Ex (a + besc (cx))

Mathematica [A] time = 0.024409, size = 50, normalized size = 1.28

2 bx c2x2-1 1
ax \ 2z
- 2—:2"2 + bez csc(cx)

Antiderivative was successfully verified.

[In] Integratel[x*(a + b*ArcCsc[c*x]),x]
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[Out] (a*xx72)/2 + (bxxxSqrt[(-1 + c™2*x72)/(c"2*x72)])/(2*c) + (b*x"2*ArcCsc[c*x]
)/2

Maple [A] time = 0.171, size = 65, normalized size = 1.7

1 | c?x%a c®x?arcesc (cx) x> -1 1

=+

2l 2 2 2cx 2x2-1
c2x2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(atb*arccsc(c*x)),x)

[Out] 1/c”2x(1/2*%xc™2*x"2xa+b*(1/2*%c”2xx " 2*xarccsc(cxx)+1/2/((c™2*xx"2-1)/c"2/x72) " (
1/2)/c/x*x(c™2%x72-1)))

Maxima [A] time = 0.984624, size = 49, normalized size = 1.26

1
ozatl
2 X ¥
C

1
—ax® + 5 |¥* arcese (cx) +

2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*arccsc(c*x)),x, algorithm="maxima")

[Out] 1/2*a*x”2 + 1/2*%(x"2*arccsc(c*xx) + x*xsqrt(-1/(c™2*x72) + 1)/c)*Db

Fricas [A] time = 2.32893, size = 90, normalized size = 2.31

bc?x? arcesc (cx) + ac®x? + Ve2x2 —1b

2¢2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*arccsc(c*x)),x, algorithm="fricas")

[Out] 1/2*(b*c™2*x"2%arccsc(c*x) + a*xc™2xx"2 + sqrt(c™2*x72 - 1)*b)/c"2

Sympy [F] time = 0., size = 0, normalized size = 0.

f x (a + bacsc(cx)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*acsc(c*x)),x)

[Out] Integral(x*(a + b¥acsc(c*x)), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

f (barccsc (cx) + a)x dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*arccsc(c*x)),x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)*x, x)
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3.7 f (a +besc! (cx)) dx

Optimal. Leaf size=31

btanh ™ (,11 - ﬁ)

ax + + bx csc™(cx)
c

[Out] a*x + b*xxArcCscl[c*x] + (bxArcTanh[Sqrt[1 - 1/(c™2*x72)1])/c

Rubi [A] time = 0.0205758, antiderivative size = 31, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 8, e

integrand size
0.5, Rules used = {5215, 266, 63, 208}

btanh ™ (Jl - ﬁ)

ax + + bx csc™ (cx)
c

Antiderivative was successfully verified.

[In] Int[a + b*ArcCsclc*x],x]
[Out] axx + b*x*ArcCsc[c*x] + (b*ArcTanh[Sqrt[1 - 1/(c"2%x"2)]])/c

Rule 5215

Int[ArcCsc[(c_.)*(x_)], x_Symbol] :> Simp[x*ArcCsc[c*x], x] + Dist[1/c, Int
[1/(x*Sqrt[1 - 1/(c”2*x"2)]), x], x] /; FreeQlc, x]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]]1)/a, x] /; FreeQl{a, b}, x] && NegQ[a/b]

Rubi steps
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f (a +b csc‘l(cx)) dx=ax+b fcsc‘l(cx) dx
b [ ———dx

1
1-5—5«x
2x2

= ax + bx csc(cx) +

1 1
—xdx,x, ;]

x 1-5
2

b Subst ( f

= ax + bx csc™(cx) — o

1 1
= ax + bx csc™1(cx) + (bc) Subst (f v dx, x,4[1 - ﬁ)

btanh ™ (wll - ﬁ)

C

= ax + bx csc(ex) +

Mathematica [A] time = 0.0657152, size = 58, normalized size = 1.87

1 -1 cx
bxy[1 - @tanh (m)

ax +
Ve2x2 -1

+ bx esc™ (cx)

Antiderivative was successfully verified.

[In] Integratel[a + b*ArcCsc[c*x],x]

[Out] a*x + bxxxArcCsclc*x] + (b*Sqrt[1l - 1/(c”2*x"2)]*x*ArcTanh[(c*x)/Sqrt[-1 +
c™2xx72]])/Sqrt[-1 + c~2*x"2]

Maple [A] time = 0.169, size = 37, normalized size = 1.2

b 1
ax + bxarcesc (cx) + —Infex + cxq[1 - ——
c c2x

Verification of antiderivative is not currently implemented for this CAS.

[In] int(at+b*arccsc(c*x),x)

[Out] a*x+b*x*arccsc(c*x)+b/c*x1ln(cxx+cxx*x(1-1/c"2/x72)"(1/2))

Maxima [A] time = 0.956712, size = 72, normalized size = 2.32

(2cxarccsc (cx) + log (w/_é +1+ 1) —log (—‘/—ﬁ +1+ 1))b

ax +
2¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atb*arccsc(c*x),x, algorithm="maxima"

[Out] a*x + 1/2x(2*xcxx*arccsc(c*x) + log(sqrt(-1/(c”2*x72) + 1) + 1) - log(-sqrt(
-1/(c™2%x72) + 1) + 1))*b/c
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Fricas [B] time = 2.46162, size = 154, normalized size = 4.97

acx — 2 bc arctan (—cx + Ve2x? - 1) + (bex — be) arcesc (cx) — blog (—cx + Vc2x2 — 1)

c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atb*arccsc(c*x),x, algorithm="fricas")

[Out] (a*xc*x - 2%bkxckarctan(-c*x + sqrt(c™2*x”2 - 1)) + (b*cxx - b*c)*arccsc(c*x)
- bxlog(-c*x + sqrt(c™2*x"2 - 1)))/c

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + bacsc(cx)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atb*acsc(c*x),x)

[Out] Integral(a + bxacsc(c*x), x)

Giac [A] time = 1.09465, size = 63, normalized size = 2.03

1 clog (|—x|c| + Ve2x2 — 1|)
xarcsin(a) -

b+ ax
lcl’sgn (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atb*arccsc(c*x),x, algorithm="giac")

[Out] (x*arcsin(1/(c*x)) - c*log(abs(-x*abs(c) + sqrt(c™2*x"2 - 1)))/(abs(c) "2*sg

n(x)))*b + ax*xx
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-1
38 fa+bcsc (cx) dx

X

Optimal. Leaf size=64

i(a +besc™ (cx))2

2b

%ibPolyLog (2, e CSC?l(C")) + ~log (1 — % CSC&(C")) (a +bescl (cx))

[Out] ((I/2)*(a + b*ArcCsclc*x])~2)/b - (a + b*ArcCsc[c*x])*Log[l - E~((2*I)*ArcC
sclc*x])] + (I/2)*b*PolyLogl[2, E~((2+I)*ArcCsclcxx])]

Rubi [A] time = 0.0847952, antiderivative size = 64, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 12, /T

integrand size
0.5, Rules used = {5219, 4625, 3717, 2190, 2279, 2391}

i(a +besc™l (cx))2

1 -
; 2
EszolyLog (Z,e rese (Cx)) + T

~log (1 -~ eZicscfl(Cx)) (a +besc (cx))

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCsclc*x])/x,x]

[Out] ((I/2)*(a + b*ArcCsclc*x])~2)/b - (a + b*ArcCsc[c*x])*Log[l - E~((2%I)*ArcC
sclc*xx])] + (I/2)*bxPolyLogl[2, E~((2*I)*ArcCsclc*x])]

Rule 5219

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b
*ArcSin([x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rule 4625

Int[((a_.) + ArcSin[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[(
a + bxx)n/Tan[x], x], x, ArcSin[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O]

Rule 3717

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2xI, Int[((c + d*x)~
m*E” (2% Ixk*Pi) *E~ (2%Ix (e + f*x)))/(1 + E~(2%Ixk*Pi)*E~ (2%Ix(e + f*x))), x],
x] /; FreeQl{c, d, e, f}, x] && IntegerQ[4xk] && IGtQ[m, 0]

Rule 2190

Int [(C(F_)~((g_)*((e_.) + (£_D*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_I)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"mxLog[1l + (b*(F~(g*(e + f*x)))™n)/al)/(bxf*gxn*Logl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))°n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]
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Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x_ )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rubi steps

X X

o a+bsin™ (2 1
fwdx:_subst(f—(c)dxfx';]

— _Subst ( f (a + bx) cot(x) dx, x, csc-l(cx))

_ i(u + bczslj—l(cx))2 ) zisubst( (Qiqu,—;ix) i, csC_l(Cx))

_ i (a +b Czslj_l(cx))z - (a +b csc‘l(cx)) log (1 —~ eZiCSC_l(Cx)) + b Subst (f log (1 - €2ix) dx, x,
. ) 2

_ z(a + bc;; 1(cx)) ~ (a N bcsc‘l(cx)) log (1 B eZicsc’l(cx)) 3 %(ib) Subst (f log(i— x) dx,

_ i(a +b (:Zslj—l(cx))2 ) (a + b ese-l (Cx)) log (1 B ezicsc-l(cx)) n %ibLiz (ezicsc—l(cx))

Mathematica [A] time = 0.0299711, size = 53, normalized size = 0.83

1 . -
§ib (CSC_l(Cx)Z + PolyLog (2, el ese 1(Cx))) + alog(x) — besc™(cx) log (1 — gricse 1(”‘))

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcCsc[c*x])/x,x]

[Out] -(b*ArcCsclc*x]*Logl[l - E~((2*I)*ArcCsclc*x])]) + axLogl[x] + (I/2)*b*(ArcCs
clc*x]~2 + PolyLog[2, E~((2*I)*ArcCsclc*x])])

Maple [A] time = 0.257, size = 140, normalized size = 2.2

. . 1 . 1
aln (cx) + ib (arccsc (cx))2 —barccsc (cx) In|1 - L \/1 - 5= |- barccsc(cx)In|1 + L + 4 /1 — —— | + ibpol:
2 cx c2x? cx c2x?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*x))/x,x)

[Out] a*1ln(c*x)+1/2*%I*b*arccsc(c*x) " 2-b*arccsc(c*x)*1n(1-I/c/x-(1-1/c"2/x~2)"(1/2
))-b*xarccsc(cxx)*1n(1+I/c/x+(1-1/c"2/x72)~(1/2) ) +I*b*polylog(2,-I/c/x-(1-1/
c"2/x72)"(1/2))+I*bxpolylog(2,I/c/x+(1-1/c"2/x72)"(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

c*x3 — c2x

[Cz f Vex +1Vex ~1log (v dx + arctan (1, Vex +1Wex - 1) log (x)]b +alog (x)
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*arccsc(c*x))/x,x, algorithm="maxima"

[Out] (c"2xintegrate(sqrt(c*x + 1)*sqrt(c*x - 1)*log(x)/(c™4*x"3 - c™2*x), x) + a
rctan2(1, sqrt(c*x + 1)*sqrt(c*x - 1))*log(x))*b + a*xlog(x)

Fricas [F] time = 0., size = 0, normalized size = 0.

. barccsc (cx) + a )
integral , X

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x,x, algorithm="fricas")

[Out] integral((bxarccsc(c*x) + a)/x, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

a + bacsc(cx)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(c*x))/x,x)

[Out] Integral((a + b*acsc(c*x))/x, Xx)

Giac [F] time = 0., size = 0, normalized size = 0.

barccsc(cx) +a
f ” dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x,x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)/x, x)
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-1
39 fa+bcsc (cx) dx

x2

Optimal. Leaf size=32

+besct / 1
_a+besc (cx) P
x c2x?

[Out] -(b*cxSqrt[l - 1/(c™2*xx72)]) - (a + bxArcCsclc*x])/x

Rubi [A] time = 0.0197825, antiderivative size = 32, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 12, "> —

0.167, Rules used = {5221, 261}

+besc™? 1
LatbescMen) [T
X c2x?

Antiderivative was successfully verified.

integrand size

[In] Int[(a + bxArcCsclc*x])/x"2,x]

[Out] -(b*cxSqrtl[1 - 1/(c”2%¥x72)]) - (a + b*ArcCsclc*x])/x

Rule 5221

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl((d*x)"(m + 1)*(a + b*ArcCsclc*x]))/(d*(m + 1)), x] + Dist[(b*d)/(c*x(m +
1)), Int[(d*x)"(m - 1)/Sqrt[1 - 1/(c"2*x~2)]1, x], x] /; FreeQ[{a, b, c, d,
m}, x] && NeQ[m, -1]

Rule 261

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (b*xnx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rubi steps
b [ ———dx
1
f a+besc(cx) P a+besc(cx) Vimzz®
-  Tdx=- —
x2 x c

b /1 1 a+ b csc™(cx)
c2x? x
Mathematica [A] time = 0.0287449, size = 41, normalized size = 1.28

a c2x2 -1 bescHcx)
2 e -
X c2x X

Antiderivative was successfully verified.

[In] Integratel[(a + b*ArcCsclcxx])/x"2,x]
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[Out] -(a/x) - bxcxSqrt[(-1 + c™2*x72)/(c"2*x72)] - (b*ArcCsc[c*x])/x

Maple [A] time = 0.171, size = 63, normalized size = 2.

a arcesc(cx) -1 1
o i i T T 22
cx cx cex c2x2-1
CZXZ

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*x))/x"2,x)

[Out] c*(-1/c/x*a+b*x(-1/c/x*arccsc(cxx)-1/((c™2*%x"2-1)/c”"2/x"2)"(1/2)/c"2/x"2*x(c”
2%x72-1)))

time = 0.982462, size = 45, normalized size = 1.41

B /_L 14 arcesc (cx) b a
c2x? x x

Verification of antiderivative is not currently implemented for this CAS.

Maxima [A]

[In] integrate((atb*arccsc(c*x))/x"2,x, algorithm="maxima")

[Out] -(c*sqrt(-1/(c™2*x72) + 1) + arccsc(c*x)/x)*b - a/x

Fricas [A] time = 2.20002, size = 62, normalized size = 1.94

barcesc (cx) + Ve2x2 —1b+a

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x"2,x, algorithm="fricas")

[Out] -(b*arccsc(c*x) + sqrt(c™2*x”2 - 1)*b + a)/x

time = 2.6338, size = 37, normalized size = 1.16

{_z_bc,/l_g_bacscw forc 0
X ceX X

Sympy [A]

a+&b .
. otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(c*x))/x**2,x)

[Out] Piecewise((-a/x - b*cxsqrt(l - 1/(c**2*xx**2)) - b*acsc(c*x)/x, Ne(c, 0)), (

-(a + zooxb)/x, True))
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Giac [F] time = 0., size = 0, normalized size = 0.

barccsc (cx) +a
f 5 dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x"2,x, algorithm="giac")

[Out] integrate((bxarccsc(c*x) + a)/x"2, x)
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310 f a+b csc™(cx) dx

x3
Optimal. Leaf size=51

1
a+bescl(cx) byl =23

2x2 4x

1
+ ZbCZ esc(cx)

[Out] -(b*cxSqrt[l - 1/(c™2%xx72)])/(4*x) + (b*c~2*ArcCsclc*x])/4 - (a + bxArcCscl[
c*x])/(2*x72)

Rubi [A] time = 0.0315293, antiderivative size = 51, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 12, number of rules_

0.333, Rules used = {56221, 335, 321, 216}

1
a+bescl(cx) beyl- =2z

1
™ ™ <y Zbcz escex)

integrand size

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCsclc*x])/x"3,x]

[Out] -(b*cxSqrt[l - 1/(c™2%x72)])/(4*x) + (bxc~2*ArcCsclc*x])/4 - (a + b*ArcCsc[
c*x])/ (2%x72)

Rule 5221

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :> Sim
pL((d*x)~(m + 1)*(a + bxArcCsclc*x]))/(d*(m + 1)), x] + Dist[(b*d)/(c*x(m +
1)), Int[(d*x)"(m - 1)/Sqrt[1 - 1/(c™2*x~2)], x], x] /; FreeQ[{a, b, c, d,
m}, x] && NeQ[m, -1]

Rule 335

Int[(x )" (m_.)*x((a_) + (b_D)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n) "p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] &% Int
egerQ [m]

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 216
Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr

tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rubi steps
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b [ ———dx
f a+besc(cx) PR besc(cx) Vizz?
X3 r= 2x2 2c
2
b Subst f = dx, x,l
2 x
_a+bescHex) .\ -7
B 2x2 2c
B bcvl—% a+besc(cx) 1 1) Sub 1 p 1
= - ™ - 2 +Z( c) Subst f—xZ x,x,;
V-2
C
1
bey 1= 55 a+bescHex)

1
=Y o, Zbcz csc(ex) -

4x 2x2

Mathematica [A] time = 0.0346294, size = 66, normalized size = 1.29

c2x2-1 1 1 b _1( )

a 22 v . 1 csc (ex

_— T 4} - - 7
2x? 4x g (cx) 2x?

Antiderivative was successfully verified.

[In] Integratel[(a + b*ArcCsclc*x])/x"3,x]

[Out] -a/(2*x~2) - (b*cxSqrt[(-1 + c™2*x72)/(c"2*x72)])/(4*x) - (b*ArcCsclc*x])/(
2*¥x72) + (b*c™2xArcSin[1/(cxx)])/4

Maple [B] time = 0.174, size = 118, normalized size = 2.3

a  barcesc(cx) cb 1 1 cb 1 b 1
———¥+—Vc2x2—larctan -— +
2x? 2x? 4x V22 —1) [E21 dx [221 0 dexd [2e-d
22 22 22
Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*x))/x"3,x)

[Out] -1/2*%a/x"2-1/2*%b/x"2*%arccsc(c*x)+1/4*cxb*x(c™2xx"2-1)"(1/2)/((c"2%x"2-1)/c"2
/x72)~(1/2) /x*arctan(1/(c™2*%x"2-1) " (1/2))-1/4%c*b/ ((c"2*x"2-1) /c~2/x~2) "~ (1/
2)/x+1/4/cxb/ ((c™2%x"2-1)/c”2/x"2)~(1/2)/x"3

Maxima [A] time = 1.48814, size = 112, normalized size = 2.2

4 1

c*x -5 +1
252 3 1
———— —C arctan |cx %3 +1
1 szz(—z—l)—l 2 arccsc (cx) a

b & _ -2

c x2 2 x2

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*arccsc(c*x))/x"3,x, algorithm="maxima")

[Out] 1/4%bx((c”4xx*sqrt(-1/(c™2*x72) + 1)/(c™2*x"2%x(1/(c™2%x72) - 1) - 1) - c™3x%
arctan(c*x*sqrt(-1/(c™2xx"2) + 1)))/c - 2*arccsc(c*x)/x"2) - 1/2*a/x"2

Fricas [A] time = 2.17711, size = 93, normalized size = 1.82

(bczx2 -2 b) arcesc (cx) — Ve2x2 —1b - 2a

4 x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x"3,x, algorithm="fricas")

[Out] 1/4*((b*c™2*x"2 - 2x%b)*arccsc(c*xx) - sqrt(c™2*x72 - 1)*b - 2xa)/x"2

Sympy [F] time = 0., size = 0, normalized size = 0.

f a+ bacsc(cx) i

3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(c*x))/x**3,x)

[Out] Integral((a + b*acsc(c*x))/x**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

barccsc (cx) +a
f 3 dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x"3,x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)/x"3, x)
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311 [ Cii_l(”‘) dx

Optimal. Leaf size=60

a+bescl(exr) 1 1?1 1
e e ok (1-— | -2y [1- =
3x3 97" ( c2x2) 3" c2x?

[Out] -(b*c™3*Sqrt[l1 - 1/(c™2*x72)]1)/3 + (b*c™3*(1 - 1/(c™2%x72))~(3/2))/9 - (a +
bxArcCsc[c*x])/(3*x73)

Rubi [A] time = 0.0379044, antiderivative size = 60, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 12, e =

0.25, Rules used = {5221, 266, 43}

integrand size

+besc ! 1 1\? 1 1
_w+§bcs( ) _La )

11— — -
3x3 c2x2 c2x2

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCsclc*x])/x"4,x]

[Out] -(b*c™3*Sqrt[1l - 1/(c™2*x72)])/3 + (b*c™3*(1 - 1/(c"2%x72))7(3/2))/9 - (a +
b*ArcCsc [c*x])/(3*x73)

Rule 5221

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :> Sim
pL((d*x)~(m + 1)*(a + bxArcCsclc*x]))/(d*(m + 1)), x] + Dist[(b*d)/(c*x(m +
1)), Int[(d*x)~(m - 1)/Sqrt[1 - 1/(c™2*xx"2)], x], x] /; FreeQ[{a, b, c, d,
m}, x] && NeQ[m, -1]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps
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1
b [ dx
f a+besc(cx) p a+besc(cx) vV 1_c21xe5
_ tdx=- —

x4 3x3 3c
b Subst f - —dx, x, 12]
_a+besc(cx) . 1-5 *
B 3x3 6¢
2
b Subst f( — - 2 1—%) dx,x,iz]
_ a+bescTN () s -5 ‘ *
3x3 6¢c
32 1
1 1 1 1 a+ bcsc(cx)
= —~b3y[1 - —— + =bc3 1 - -
3¢ 22 9" c2x? 3x3

Mathematica [A]

time = 0.0650652, size = 59, normalized size = 0.98

“ Ly 23 ¢ c2x2 -1  besc(cx)
3x3 9 9x? c2x? 3x3

Antiderivative was successfully verified.

[In] Integratel[(a + b*ArcCsc[cxx])/x"4,x]

[Out] -a/(3*x73) + b*x((-2*%c~3)/9 - c/(9*x72))*Sqrt[(-1 + c™2*xx72)/(c"2*xx"2)] - (b
xArcCsc[c*x])/(3%x73)

Maple [A]

time = 0.176, size = 75, normalized size = 1.3

3 a

_ | _areese (cx) (c2x2 - 1) (2 22 4 1)
3c3x8

1
3343

9 c4xt [T
c2x?

Verification of antiderivative is not currently implemented for this CAS

[In] int((at+b*arccsc(c*x))/x"4,x)

[Out] c™3*x(-1/3%a/c”3/x"3+b*(-1/3/c"3/x " 3*arccsc(c*x)-1/9% (c™2*x"2-1) % (2*c™2*xx "2+
1)/((c™2xx72-1)/c™2/x72)~(1/2) /c"4/x"4))

Maxima [A]

time = 0.977066, size = 78, normalized size = 1.3

3

1 2 1
1b C4(—@ +1) —304 —@ +1
9

c

3 arccsc (cx) a

x3 3x8

Verification of antiderivative is not currently implemented for this CAS

[In] integrate((atb*arccsc(c*x))/x"4,x, algorithm="maxima"
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[Out] 1/9%bx((c™4x(-1/(c™2%x72) + 1)7(3/2) - 3*c 4*sqrt(-1/(c™2*x"2) + 1))/c - 3%
arccsc(c*x)/x~3) - 1/3%a/x"3

Fricas [A] time = 2.23779, size = 97, normalized size = 1.62

3barcesc (cx) + (2 bc?x? + b)\/c2x2 -1+3a
- 93

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x"4,x, algorithm="fricas")

[Out] -1/9%(3*b*arccsc(c*x) + (2%b*c™2*x"2 + b)*sqrt(c™2*x”2 - 1) + 3*a)/x"3

Sympy [F] time = 0., size = 0, normalized size = 0.

f a+ bacsc(cx) i

A
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(c*x))/x**4,x)

[Out] Integral((a + b*acsc(c*x))/x**x4, x)

Giac [F] time = 0., size = 0, normalized size = 0.

barccsc(cx) +a
f 1 dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x"4,x, algorithm="giac")

[Out] integrate((bxarccsc(c*x) + a)/x"4, x)
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319 f a+b csc™(cx) dx

0

Optimal. Leaf size=76

a+besc () 36 \/ - ﬁ bc\/l - @
4x* 32x 63 32

bc csc(cx)

[Out] -(b*c*Sqrtl[1 - 1/(c”2*x72)]1)/(16%x~3) - (3*b*c~3*Sqrt[1 - 1/(c™2*x~2)])/(32
*x) + (3*bxc~4*ArcCsclc*x])/32 - (a + bxArcCsclc*x])/(4*x~4)

Rubi [A] time = 0.0449829, antiderivative size = 76, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 12, e o e =

0.333, Rules used = {5221, 335, 321, 216}

integrand size

_a¥bose 1(cx) b \/1 _ ﬁ - bC\/l _ @ bc csc(cx)

4x4 32x 16x3

Antiderivative was successfully verified.

[In] Int[(a + bxArcCsclc*x])/x"5,x]

[Out] -(b*cxSqrt[l - 1/(c™2xx72)])/(16%x~3) - (3*%bxc~3*Sqrt[l - 1/(c™2xx"2)])/(32
*xx) + (3xbxc"4xArcCsclc*x])/32 - (a + bxArcCsclc*x])/(4*x~4)

Rule 5221

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :> Sim
pL((d*x)~(m + 1)*(a + b*ArcCsclc*x]))/(d*(m + 1)), x] + Dist[(b*d)/(c*(m +
1)), Int[(d@*x)"(m - 1)/Sqrtl[1 - 1/(c"2*x~2)], x], x] /; FreeQ[{a, b, c, d,
m}, xJ] && NeQ[m, -1]

Rule 335

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 321

Int[(Cc_)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c~(
n - Dx(cxx)"(m - n + 1)*(a + bxx™n) " (p + 1))/ (b*x(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + nx*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 216
Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr

tla]l/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQla, 0] && NegQ[b]

Rubi steps
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bf
a+ besc(cx) a+besc(cx) Y 1_ﬂx6

arhese ) = - -
f x5 X 4x4 4c
4
b Subst f = dx/ X, 1
Xz x
a+ besc(cx) 2
__ +
4x4 4c
bc\/l—? a+bcsc 1(CX) b x? 1
S e @ subs| [ — vy
2
1 3
16X3 32x 4-x4 3 *
1-5
1 3 1
_ _bc\/l—? ) 3bc\1- 55 s ibc‘*csc‘l(cx) 3 M
1623 32x 32 e

Mathematica [A] time = 0.0606642, size = 78, normalized size = 1.03

a ( 3¢ c ) c2x2-1 3 _1(1) b esc(cx)

LI + 2 pet
4x4 32x  16x3 c2x2 32 ¢ sin cx 4x4

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcCsc[cx*x])/x75,x]

[Out] -a/(4*x~4) + bx(-c/(16%x73) - (3*%c~3)/(32xx))*Sqrt[(-1 + c™2%x72)/(c"2%x"2)
1 - (bxArcCsclc*x])/(4*x~4) + (3*bxc 4xArcSin[1/(c*x)])/32

Maple [B] time = 0.174, size = 147, normalized size = 1.9

a  barcecsc (cx) 3¢ NEwmt 1 1 3¢ c 1 1
_— 1arct -~ + +
42t it oy N T MO Ga o) Jaaa 32x [@ea 320 [2ea 1600 2k
C2x2 C2x2 szz 7

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*x))/x"5,x)

[Out] -1/4*a/x"4-1/4xb/x"4*arccsc(c*x)+3/32%c™3*bx(c™2*x"2-1)"(1/2)/((c"2xx"2-1)/
c”2/x72)"(1/2) /x*arctan(1/(c™2*%x"2-1)"(1/2))-3/32%c"3*xb/ ((c"2%x"2-1) /c~2/x~
2)"(1/2) /x+1/32%cxb/ ((c™2%x"2-1)/c”2/x"2) " (1/2) /x~3+1/16/c*b/ ((c™2*x"2-1) /c

~2/x72)7(1/2)/x75

Maxima [A] time = 1.47882, size = 169, normalized size = 2.22

3
s 1 3C8 3(—ﬁ+1)2+5c x,[—%+l
3¢’ arctan (cxw/—ﬁ + 1) +
chet ( ) 2‘32"2(2_‘1) | Barcese (cx) a

b
32 c xt 4 x4
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x"5,x, algorithm="maxima"

[Out] -1/32%b*x((3*c~5*arctan(cxx*sqrt(-1/(c™2*x72) + 1)) + (3*c™8*x"3x(-1/(c™2*x"
2) + 1)7(3/2) + bxcT6*xxsqrt(-1/(c™2xx72) + 1))/(c™4*x"4x(1/(c™2*x"2) - 1)~
2 - 2%c72%x72x(1/(c”2*%x72) - 1) + 1))/c + 8xarccsc(c*x)/x74) - 1/4xa/x"4

Fricas [A] time = 2.29235, size = 122, normalized size = 1.61

(3 betx* -8 b) arcesc (cx) — (3 be2x? +2 b)\/czx2 -1-8a
32 x4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x"5,x, algorithm="fricas")

[Out] 1/32%((3*b*c™4*x"4 - 8%b)*arccsc(cxx) - (3*%bxc™2*%xx"2 + 2%b)*sqrt(c™2*x"2 -
1) - 8*a)/x"4

Sympy [F] time = 0., size = 0, normalized size = 0.

fa + bacsc (cx) P
——dx

5
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(c*x))/x**5,x)

[Out] Integral((a + b*acsc(c*x))/x**5, x)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

barccsc(cx) +a
f x°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x"5,x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)/x”5, x)
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313 f a+b csc™(cx) dx

x6

Optimal. Leaf size=82

+bese! 1 1\”? 2 1\ 1 1
Jatboesee) 1ysfo L)y 2s(io ) C e oL
5x5 25 c2x2 15 c2x2 5 c2x2

[Out] -(b*c™B*Sqrt[l - 1/(c™2%x72)]1)/5 + (2¥b*c™5x(1 - 1/(c™2%x72))~(3/2))/15 - (
bxc”5x(1 - 1/(c”2%x72))~(5/2))/25 - (a + bxArcCsclc*x])/(5%x"5)

Rubi [A] time = 0.0491578, antiderivative size = 82, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 12, e =

0.25, Rules used = {5221, 266, 43}

+bescl 1 1\? 2 1\ 1 1
Jatbose@) 1sfio L)y 2s(io L) Sl oL
5x5 25 c2x2 15 c2x2 5 c2x2

Antiderivative was successfully verified.

integrand size

[In] Int[(a + b*ArcCsclc*x])/x"6,x]

[Out] -(b*c™5*Sqrt[1 - 1/(c™2%x72)]1)/5 + (2%b*c™5*x(1 - 1/(c™2%x72))~(3/2))/15 - (
bxc™ 5% (1 - 1/(c™2%x72))~(5/2))/25 - (a + bxArcCsc[c*x])/(5*xx"5)

Rule 5221

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :> Sim
pL((d*x)~(m + 1)*(a + bxArcCsclc*x]))/(d*(m + 1)), x] + Dist[(b*d)/(c*x(m +
1)), Int[(d*x)~(m - 1)/Sqrt[1 - 1/(c™2*xx"2)], x], x] /; FreeQ[{a, b, c, d,
m}, x] && NeQ[m, -1]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps
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1
b [ dx
1
f a+besc(cx) i a+besc(cx) VizzY
_  dx=- -
x© 5x° 5¢
x2 1
b Subst dx, x, =
_a+besc(cx) . f V-3 xz}
- 5x5 10c
" 32
b Subst f( —__2ct -5+t (1- 12) / ] dx,x,iz)
_a+bescHex) .\ 1-5 € ¢ X

5x5 10c

3/2 5/2 _
2_11905 /1—L+£bc5 1_L —lbc5 1- 1 _a+bcsc Lex)
5 c2x2 15 c2x? 25 2x2 55

Mathematica [A] time = 0.0850999, size = 69, normalized size = 0.84

a 4 8 ¢ c2x2 -1  besc(cx)
5x° 75x2 75 25x* c2x? 5x°

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcCsc[c*x])/x76,x]

[Out] -a/(5*x75) + b*x((-8%c~5)/75 - c/(25%x~4) - (4%c~3)/(75%x"2))*Sqrt[(-1 + c~2
*xx72)/(c™2xx72)] - (b*ArcCsclc*x])/(5*x~5)

Maple [A] time = 0.173, size = 83, normalized size = 1.

5 a N arcesc (cx) (c2x2 - 1) (8 At + 4022 + 3) 1
- — _
5c5x5 5c5x5 75 coxb 221
c2x2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*x))/x"6,x)

[Out] c¢~5*x(-1/5%a/c”5/x"5+b*x(-1/5/c”5/x 5*xarccsc(cxx)-1/75%(c™2xx"2-1) % (8*c " 4*xx"4
+4%xc™2%xx"2+3) / ((c™2%xx"2-1) /c"2/x"2)~(1/2) /c”6/x76))

Maxima [A] time = 0.978024, size = 103, normalized size = 1.26

5 3
of 1 2 a6 1 2 6 [__L
3¢ ( +1) 10¢ ( 22 "‘1) +15¢ a2 tl . 15 arcesc (cx) a

75 c x5 55

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x"6,x, algorithm="maxima"
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[Out] -1/75%bx((3*c™6%(-1/(c™2*x72) + 1)7(5/2) - 10*c”6*x(-1/(c™2*x"2) + 1)7(3/2)
+ 16xc”6*xsqrt(-1/(c™2*x"2) + 1))/c + 1b*arccsc(c*x)/x"5) - 1/b*a/x"b

Fricas [A] time = 2.26885, size = 123, normalized size = 1.5

15barcesc (cx) + (8 bctx* + 4bc*x® + 3 b)\/czx2 -1+15a
75 x°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x"6,x, algorithm="fricas")

[Out] -1/75%(15%b*arccsc(c*x) + (8*b*xc™4*x"4 + 4xb*c™2*%x"2 + 3xb)*sqrt(c™2*x"2 -
1) + 16%a)/x"5

Sympy [F] time = 0., size = 0, normalized size = 0.

fa + bacsc (cx) p
—dx

26
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(c*x))/x**6,x)

[Out] Integral((a + b*acsc(c*x))/x**6, x)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

barccsc(cx) +a
f x®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x"6,x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)/x"6, x)
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3 14 fa+b cscL(ex) dx

x/
Optimal. Leaf size=101

M- — 31— — /
61+bCSC 1(cx) 5be” 1 232 Shey! c2x? bc - CZ"Z +ibc6 cscH(ex)

144x3 36x° 96

[Out] -(b*c*Sqrt[1 - 1/(c™2*x72)]1)/(36%x75) - (5*bxc~3*Sqrt[1 - 1/(c™2*x~2)]1)/(14
4xx~3) - (5¥bxc™5*Sqrt[1 - 1/(c™2*%x72)])/(96%x) + (5xbxc~6*xArcCsclc*x])/96
- (a + bxArcCsclc*x])/(6%x76)

Rubi [A] time = 0.0624712, antiderivative size = 101, normalized size of antiderivative
= 1., number of steps used = 6, number of rules used = 4, integrand size = 12, number of rules

= 0.333, Rules used = {5221, 335, 321, 216}

a+ bcsc 1(cx) 5bc® \/1 - ﬁ 5be 3\/1 - ﬁ bey1 - szz

144x3 36x°

integrand size

c® csc(cx)

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCsclc*x])/x"7,x]

[Out] -(b*c*Sqrt[l - 1/(c™2*x72)])/(36*x75) - (Bxbxc™3*Sqrt[l - 1/(c"2*x72)]1)/(14
4xx7~3) - (B*bxc™b*Sqrt[1 - 1/(c™2*%x72)]1)/(96%*x) + (5xbxc~6*ArcCsclc*x])/96
- (a + bxArcCsclc*x])/(6%x76)

Rule 5221

Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl((d*x)"(m + 1)*(a + b*ArcCsclc*x]))/(d*(m + 1)), x] + Dist[(b*d)/(c*x(m +
1)), Int[(d*x)~(m - 1)/Sqrtl[l - 1/(c"2*x"2)], x], x] /; FreeQ[{a, b, c, d,
m}, x] && NeQ[m, -1]

Rule 335

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n) p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 216
Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr

tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[bl

Rubi steps
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bf
f a+ besc(cx) PR b csc(cx) N 1_ﬂ

X7 6x° 6¢c
b Subst f dx, x,
a+bescl(ex) -5
= +
6x6 6c
bc\ll_ _a+besc 1(cx) !
- t
3625 626 (5bc) Subs f = dx, x,
1-2
1 1
bey1- 22 Bb\1 - 55 _a+besc! () ,
c%x 2y
= — 36x5 144x3 6x6 4 Sbc SU.bSt f \/: dx x,
boyl— o SbA\1 - 5bSJ1— - :
e 22 22 c 22 a+besc (cx) 5b S bst f
T 365 14453 96x 66 ¢®) Subs \/
bl - - 5b\1 - o 5bSJ1— - .
_ " ¢ ‘ c2x2 ¢ 22 S be® esc1(cx) a+ besc(cx)
= 36x5 144x3 96x 96 C~ CSC cX 6x6

Mathematica [A] time = 0.10211, size = 88, normalized size = 0.87

22 96 cx

a 5¢3  5¢° c 2x2-1 5 (1) bescew)
— b - + —bcbsin” | — | - ———
6x0 144x3  96x 36x° 6x°

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcCsc[cx*x])/x77,x]

[Out] -a/(6*x76) + bx(-c/(36*%x75) - (5*%c~3)/(144*x73) - (5%c”~5)/(96%x))*Sqrt[(-1
+ ¢c72xx72) /(c™2xx72)] - (b*ArcCsclc*x])/(6*xx76) + (5xbxc”™6*ArcSin[1/(c*x)])
/96

Maple [A] time = 0.177, size = 174, normalized size = 1.7

b 5 5b 1 1 5 5b 1 5¢b 1 i
_a_ barcesc (cx) o mamtan _5¢ C N b
6 x° 6 x© Ve 21 \/c2x2 1 Za 28800 [ | 144x0 \/E
c2x2 c2x2 c2x2 (

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+bx*arccsc(c*x))/x"7,x)

[Out] -1/6*a/x"6-1/6*b/x"6*arccsc(c*x)+5/96*c ™ 5xb*x(c™2*xx"2-1)"(1/2)/((c"2*x"2-1)/
c”2/x72)"(1/2) /x*arctan(1/(c"™2%x"2-1)"(1/2))-5/96*c~5%b/ ((c~2*x"2-1)/c~2/x"
2)7(1/2) /x+5/288*%c~3*b/ ((c™2%x"2-1) /c~2/x72) " (1/2) /x~3+1/144%c*b/ ((c™2*x~2-
1)/c”2/x72)~(1/2) /x75+1/36/cxb/ ((c™2*x"2-1) /c"2/x72)~(1/2) /x~7
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Maxima [A] time = 1.47346, size = 223, normalized size = 2.21

5
15612x5(—%+1)2+40010x3(— 212+1)2+33c8x1 |- +1
7 1 c4x c4x c2x:
15¢” arctan (cx1 /——szz + 1) - 3 5
1 1 1
c6x6(——1) —3c4x4(——1) +3c2x2(—czx2—1)—1 48 arccsc (cx) a
+

czxz szz
x6 6 x6

W

—— b
288 c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x"7,x, algorithm="maxima"

[Out] -1/288*b*((15*c~7*arctan(c*x*sqrt(-1/(c™2*xx72) + 1)) - (16%xc™12*x"5*(-1/(c”
2xx72) + 1)7(5/2) + 40*%c™10*x"3*(-1/(c™2%x72) + 1)7(3/2) + 33*c ™ 8*x*sqrt(-1
/(c72%x72) + 1))/(c76*x"6%(1/(c™2*x72) - 1)73 - 3xc™4*x~4*x(1/(c™2%x72) - 1)
T2 + 3xcT2xx72%(1/(c72%x72) - 1) - 1))/c + 48*arccsc(c*x)/x"6) - 1/6%a/x"6

Fricas [A] time = 2.24553, size = 150, normalized size = 1.49

3 (5 bcbx® - 16 b) arcesc (cx) — (15 betx* +10bc*x® + 8 b)Vc2x2 -1-48a
288 x°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x~7,x, algorithm="fricas")

[Out] 1/288*(3*(5xbxc”6*x"6 - 16%*b)*arccsc(c*x) - (15%bxc”4*xx"4 + 10%b*xc™2*xx"2 +
8xb)*xsqrt(c™2%x"2 - 1) - 48%a)/x"6

Sympy [F] time = 0., size = 0, normalized size = 0.

a + bacsc(cx)
f ————dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(c*x))/x**7,x)

[Out] Integral((a + b*acsc(c*x))/x**7, x)

Giac [F] time = 0., size = 0, normalized size = 0.

barccsc (cx) +a
f > dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x"7,x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)/x"7, x)
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315 [« (a+besc(en) dx

Optimal. Leaf size=107

b3 \J1 - ﬁ (a + bcsc‘l(cx)) bxA[1 - ﬁ (a + bcsc‘l(cx)) 1

2
4 -1
o + 3 + Zx (a + bcsc (cx)) +

b2x? . b?log(x)
12¢2 3ct

[Out] (b7™2%x72)/(12*%c™2) + (b*Sqrt[1l - 1/(c™2*x72)]*x*(a + b*ArcCsclc*x]))/(3%c”3
) + (bxSqrt[l - 1/(c™2xx72)]*x"3*(a + bxArcCsclc*x]))/(6%c) + (x"4*x(a + b*A
rcCsclc*xx])~2)/4 + (b~ 2xLoglx])/(3*xc~4)

Rubi [A] time = 0.106237, antiderivative size = 107, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 14, e .

0.357, Rules used = {5223, 4410, 4185, 4184, 3475}

b3 |1 - ﬁ (a + bcsc‘l(cx)) bxf1 - ﬁ (ﬂ + bCSC_l(Cx)) 1 (a b csc‘l(cx))z s b’x?  b?log(x)

+ +—x* +
60 33 1" 22T T 34

integrand size

Antiderivative was successfully verified.

[In] Int[x"3%(a + b*xArcCsclc*x])~2,x]

[Out] (b~2%x72)/(12*%c”2) + (b*Sqrt[1 - 1/(c™2*x"2)]*x*(a + b*ArcCsc[c*x]))/(3*c~3
) + (b*Sqrt[1 - 1/(c™2*x72)]1*x"3*(a + bxArcCsclc*x]))/(6*c) + (x74*(a + b*A
rcCsclc*xx])"2)/4 + (b~ 2*Loglx])/(3*xc™4)

Rule 5223

Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.)) " (n_)*(x_)"(m_.), x_Symbol] :> -Dist[
(c(m + 1))°(-1), Subst[Int[(a + b*x) n*Csc[x] (m + 1)*Cot[x], x], x, ArcCs
clexx]], x] /; FreeQ[{a, b, c}, x] && IntegerQ[n] && IntegerQ[m] && (GtQ[n,
0] Il LtQm, -11)

Rule 4410

Int[Cotl[(a_.) + (b_.)*x(x_)]1"(p_.)*Cscl(a_.) + (b_.)*(x_)]1"(n_.)*((c_.) + (d
_)*(x )" (m_.), x_Symbol] :> -Simp[((c + d*x)"m*Cscla + b*x]"n)/(b*n), xI]
+ Dist[(d*m)/(b*n), Int[(c + d*x)~(m - 1)*Cscl[a + b*x]"n, x], x] /; FreeQ[{
a, b, ¢, d, n}, x] & EqQlp, 1] && GtQ[m, 0]

Rule 4185

Int[(cscl(e_.) + (£_)*x)I*M_.))"( )*((c_.) + (d_.)*(x_)), x_Symbol] :>
-Simp[(b™2x(c + dxx)*Cot[e + fxx]*(b*Cscle + f*x])"(n - 2))/(f*x(n - 1)), x
] + (Dist[(®™2%(n - 2))/(n - 1), Int[(c + d*x)*(b*Cscl[e + f*x])~(n - 2), x]
, x] - Simp[(b~2*xd*(b*Cscle + f*x])"(n - 2))/(f"2x(n - Dx*(n - 2)), x]) /;

FreeQ[{b, c, d, e, £}, x] && GtQ[n, 1] && NeQ[n, 2]

Rule 4184

Int[csc[(e_.) + (£_)*(x_)]172x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pl((c + d*x) m*xCot[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + f*x], x]1, x] /; FreeQl{c, d, e, £}, x] && GtQ[m, O]

Rule 3475
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Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQl[{c, d}, x]

Rubi steps

Subst ( [ (a + bx)? cot(x) csct(x) dx, x, csc‘l(cx))

fx3 (a + bcsc‘l(cx))2 dx =

A
1 2 bSubst ( [(a + bx) csc(x) dx, x, Csc‘l(cx))
_ 1. -1
= Zx (a + bcsc (cx)) - 2
B2x2 le—ﬁ;ﬁ@erm*@m) 14( ) 1()f bSMmdfm+b@C%%
= + +=x*(a+bescHex)) -
12¢2 6¢c 4 3¢t
P2 byl- ﬁx (a +b csc‘l(cx)) by/1 - Cszx3 (a +b csc‘l(cx)) 1, ( )
— + + X + —x*{a+besc™
12¢2 3¢3 6¢c 4
22 byfl— ox (a +b csc‘l(cx)) b/l — 5523 (u +b csc‘l(cx)) 1
= + X + — + —x* (a+bcsc‘1¢
12¢2 3¢3 6¢c 4

Mathematica [A] time = 0.222909, size = 124, normalized size = 1.16

cx (3azc3x3 +2aby[1 - — (c2x2 + 2) + bzcx) + 2bex cscH(cex) (3uc3x3 +byf1 - o (c2x2 + 2)) + 3b2ctxt ese7Hex)? +
ceXx cex

12c4

Antiderivative was successfully verified.

[In] Integratel[x~3*(a + b*ArcCsclc*x])~2,x]

[Out] (cxx*x(b™2xc*x + 3*a”2%c”3*x™3 + 2*a*xbxSqrt[l - 1/(c™2*x72)]1*(2 + c™2%x72))
+ 2xbxckx* (3*%a*c™3*%x"3 + b*kSqrt[1 - 1/(c™2*xx72)]1*(2 + c¢™2*x~2))*ArcCsc[c*x]
+ 3%b72%c74*x"4*ArcCsccxx] "2 + 4%b~2+Logl[x])/(12%c™4)

Maple [B] time = 0.225, size = 208, normalized size = 1.9

a’xt .\ b2 (arcesc (cx))® x4 s Parcesc (cx)x® [c2x2 -1  bPx*  bParcesc(cx)x [c2x2 -1 b? l ( 1 ) s abx*arc
2,2 ,
c2x ‘

+ + —1In|—
4 4 6¢ c2x2 12 c? 3¢3 3¢t 1 cx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*(at+b*arccsc(c*x))”2,x)

[Out] 1/4*a”2*x"4+1/4*b~2*arccsc(c*x) "2*x"4+1/6/c*xb"2*arccsc(c*x) *x~3* ((c™2*xx"2-1
)/c”2/x72) " (1/2)+1/12%b"2*x"2/c"2+1/3/c"3*b" 2*xarccsc (c*x) *x* ((c™2*xx"2-1) /c~
2/x72)7(1/2)-1/3/c”4xb"2x1n(1/c/x)+1/2*a*b*x"4*arccsc(cxx)+1/6/c*xa*xb/ ((c™2%*
x"2-1)/c"2/x72) " (1/2)*x"3+1/6/c”3*axb/ ((c™2*xx~2-1) /c"2/x"2) " (1/2)*x-1/3/c”5
*axb/((c™2*x"2-1)/c"2/x72)~(1/2) /x

Maxima [B] time = 2.10654, size = 266, normalized size = 2.49

3
23~ 4 1) 43y 41
1 » 1 cx( sz2+1) +3xy-55 +1

1
~ Pt arcesc (cx)? + = a?x* + = | 3x* arcese (cx) +
1 r (cx) 1 3 r (cx) 3

(2 c*x*arctan (1, Vex +1-

ab +
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccsc(c*x))~2,x, algorithm="maxima"

[Out] 1/4*b~2xx"4*arccsc(c*x) ™2 + 1/4%a”2*x"4 + 1/6%(3*x"4*arccsc(cxx) + (c™2%x73
*x(-1/(c™2%x72) + 1)7(3/2) + 3xx*sqrt(-1/(c™2*x72) + 1))/c”3)*a*b + 1/12x(2x*
c”4*x"4xarctan2(l, sqrt(c*x + 1)*sqrt(cxx - 1)) + 2xc™2*x " 2*arctan2(l, sqrt

(c*xx + D)*sqrt(exx - 1)) + (c72*%x72 + 2xlog(x~2))*sqrt(cxx + 1)*sqrt(c*xx -

1) - 4xarctan2(1l, sqrt(c*x + 1)*sqrt(cxx - 1)))*b~2/(sqrt(c*kx + 1)*sqrt(c*x

- 1)*c”4)

Fricas [A] time = 2.96616, size = 339, normalized size = 3.17

3b2ctxt arcesc (cx)? + 3 a?ctxt — 12 abct arctan (—cx +Ve2x2 - 1) +b2c2x? +4b%log (x) + 6 (abc4x4 -~ abc4) arccs

12 ¢4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccsc(c*x))~2,x, algorithm="fricas")

[Out] 1/12*(3*b~2*c~4*x"4*arccsc(c*x) ™2 + 3*a”~2*xc"4*xx"4 - 12*axb*c 4*arctan(-c*x
+ sqrt(c™2%x72 - 1)) + b72%c72xx72 + 4*b"2*log(x) + 6x(axb*c™4*x"4 - axbxc”
4)*xarccsc(cxx) + 2% (axb*c™2*x72 + 2*xaxb + (b72%c”2%x"2 + 2*b~2)*arccsc(c*x)
)*sqrt(c™2*x"2 - 1))/c™4

Sympy [F] time = 0., size = 0, normalized size = 0.
f 3 (a + bacsc (cx))? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*(atb*acsc(c*x))**2,x)

[Out] Integral(x*+*3*(a + b*acsc(c*x))**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (barcese (cx) + a)°x3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccsc(c*x))~2,x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)~2*x~3, x)
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316  [x(a+besc(cw) dx

Optimal. Leaf size=139

ib?PolyLog (2, —eiCSC_l(”‘)) ib?PolyLog (2, eicsc_l(‘”‘)) bx?\[1 - ﬁ (11 +Db csc‘l(cx)) 2btanh™’ (eicsc_l(cx)) (a -
- 3¢3 " 3¢3 " 3¢ " 3¢3

[Out] (b72x*x)/(3*%c”2) + (b*Sqrt[l - 1/(c™2*x"2)]*x"2*(a + b*ArcCsclc*x]))/(3*c) +

(x73*%(a + b*ArcCsclc*x])~2)/3 + (2*bx(a + b*ArcCsc[c*x])*ArcTanh [E~(I*ArcC
scle*xx])]1)/(3xc™3) - ((I/3)*b~2*PolyLog[2, -E~(I*ArcCsclc*x])])/c”3 + ((I/3
)*b~2*PolyLog[2, E~(I*ArcCsclc*x])])/c~3

Rubi [A] time = 0.119006, antiderivative size = 139, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 6, integrand size = 14, e e =

0.429, Rules used = {5223, 4410, 4185, 4183, 2279, 2391}

integrand size

ib*PolyLog (2, —eiCSC?l(C")) ib?PolyLog (2, e"cs‘fl(“‘)) bx?4[1 - ﬁ (a +b csc_l(cx)) 2btanh™ (e"cscfl(cx)) (a -
- + + +
3c3 3c3 3¢ 3¢3

Antiderivative was successfully verified.

[In] Int[x"2*(a + b*ArcCsclc*x])"2,x]

[Out] (b72x*x)/(3*%c”2) + (b*Sqrt[l - 1/(c™2*x72)]*x"2*(a + b*ArcCsclc*x]))/(3*c) +

(x73*%(a + b*ArcCsclc*x])"2)/3 + (2*bx(a + b*ArcCsc[c*x])*ArcTanh [E~(I*ArcC
sclc*x]1)1)/(3xc™3) - ((I/3)*b~2%PolyLog[2, -E~(I*ArcCsclc*x])])/c™3 + ((I/3
)*b~2*%PolyLog[2, E~(I*ArcCsclc*x])])/c™3

Rule 5223

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))"(n )*(x_)"(m_.), x_Symbol] :> -Dist[
(c™(m + 1))~ (-1), Subst[Int[(a + b*x) n*Csc[x] " (m + 1)*Cot[x], x], x, ArcCs
clexx]], x] /; FreeQ[{a, b, c}, x] && IntegerQ[n] && IntegerQ[m] && (GtQ[n,
0] Il LtQ[m, -11)

Rule 4410

Int[Cot[(a_.) + (b_.)*(x_ )] (p_.)*Cscl(a_.) + (b_)*xx )] "(n_.)*((c_.) + (d
_)*(x )" (m_.), x_Symbol] :> -Simp[((c + d*x) "m*Cscl[a + b*x]"n)/(b*n), x]
+ Dist[(d*m)/(b*n), Int[(c + d*x)~(m - 1)*Cscla + b*x]"n, x], x] /; FreeQ[{
a, b, ¢, d, n}, x] && EqQlp, 1] && GtQ[m, 0]

Rule 4185

Int[(cscl(e_.) + (f£_)*(x_)I*(M_.))"(n_)*((c_.) + (d_.)*(x_)), x_Symbol] :>
-Simp[(b™2x(c + d*x)*Cot[e + fxx]x(bxCscle + fxx])"(n - 2))/(f*x(n - 1)), x
] + (Dist[(d™2*x(n - 2))/(n - 1), Int[(c + d*x)*(b*Cscl[e + f*x])"(n - 2), x]
, x] - Simp[(b~2*d*(b*Cscle + f*x])"(n - 2))/(f"2x(n - D*(n - 2)), x]) /;

FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && NeQ[n, 2]

Rule 4183

Int[cscl(e_.) + (£_)*(x )I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2*%(c + d*x) “m¥ArcTanh[E~(I*(e + f*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + 4
*x)"(m - 1)*Log[l - E"(I*x(e + fx*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
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(m - D*Logll + E"(Ix(e + f*xx))], x], x]) /; FreeQl[{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcxd, 1]

Rubi steps

Subst ( [(a + bx)? cot(x) csc(x) dx, x, csc‘l(cx))

f x? (a + bcsc‘l(cx))2 dx =

3

1 2 (2b) Subst ( [(a +bx) csc3(x) dx, x, csc‘l(cx))
_ 1.3 -1
= gx (a + bcsc (cx)) - 33

B2y  baJ1- %xz (a +b Csc_l(cx)) 1 5 b ese-1 > bSubst (f(a + bx) cs
=32 + o + 3% (a +bcsc (cx)) - P

Ry byl- ﬁxz (a +b Csc_l(cx)) 1, a2 2b (a +b csc‘l(cx)) té
=32 + ” + gx (a + bcsc (cx)) + 33

Ry byfl- ﬁxz (a +b csc‘l(cx)) 1 2 2b (u +b csc‘l(cx)) t
= — + + =3 (a + bcsc‘l(cx)) +

3c2 3c 3 3c3

P2y byl- ﬁxz (a +b csc‘l(cx)) 1 > 2b (a +b csc‘l(cx)) t
= — + + = (a + bcsc‘l(cx)) +

3c? 3¢ 3 3c3

Mathematica [A] time = 1.33869, size = 210, normalized size = 1.51

17 (iPolyLog (2, eiCSC_l(C")) + 3x3 esc7(ex)? + esc7 (cx) (szzw /1- ﬁ ~log (1 -~ eiCSC_l(C")) +log (1 + efoseTHex

3 c3

Warning: Unable to verify antiderivative.

[In] Integrate[x~2*(a + b*ArcCsclc*x])~2,x]

[Out] (a”2#x73 + 2*axb*x~3xArcCsc[c*x] + (axb*(-(c*x) + c73*x"3 + Sqrt[-1 + c™2*x
~2]*ArcTanh[(c*x)/Sqrt[-1 + c™2*x"2]]))/(c”4*Sqrt[1l - 1/(c”™2*x"2)]*x) - (Ix
b~2*PolyLog[2, -E~(I*ArcCsclc*x])])/c™3 + (b~2*(c*x + c~3*x"3*ArcCsc[c*x] "2

+ ArcCsclc*x]*(c™2xSqrt[1 - 1/(c”2*x72)]*x"2 - Log[1l - E~(I*ArcCsclc*x])]
+ Log[1l + E~(IxArcCsclc*x])]) + I*PolyLog[2, E~(I*ArcCsclc*x])]))/c~3)/3

Maple [B] time = 0.352, size = 327, normalized size = 2.4

Ba?  x3F? (arcese (cx))®  BParcese(cx)x® [c2x2 -1 b?x  bParcesc (cx) i 1 ébz
+ + +—+————n|1+ — +4/1 - — | - =—pol;
3 3 3¢ c2x? 3¢? 3¢3 cx c2x2 c3
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*x(a+b*arccsc(c*x))”2,x)

[Out] 1/3*x"3*a”~2+1/3*x"3*b~2*arccsc(c*xx) "2+1/3/cxb™2x ((c™2%x"2-1)/c"2/x72)~(1/2)
xarccsc(c*x)*x"2+1/3*%b"2%x/c"2+1/3/c~3*b"2*xarccsc(cxx) *1n(1+I/c/x+(1-1/c~2/
x72)7(1/2))-1/3%I*xb"2*polylog(2,-I/c/x-(1-1/c~2/x72)"(1/2))/c~3-1/3/c~3%b"2
xarccsc(c*x)*1n(1-I/c/x-(1-1/c"2/x72) 7 (1/2) ) +1/3*I*b~2*polylog(2,I/c/x+(1-1
/c”2/x72)7(1/2)) /c”3+2/3*x"3*axb*arccsc(c*x)+1/3/cxaxb/ ((c™2%x"2-1) /c"2/x72

)~ (1/2)*x"2-1/3/c”3*%axb/ ((c™2*x"2-1)/c"2/x72) " (1/2)+1/3/c " 4xaxb*x (c"2*x"2-1)
~(1/2)/((c™2xx72-1) /c"2/x72) " (1/2) /x*1n(c*xx+(c™2*xx~2-1) ~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(a+b*arccsc(c*x))”2,x, algorithm="maxima")

[Out] 1/3*%a”2*x"3 + 1/6%(4*x"3*arccsc(c*x) + (2xsqrt(-1/(c™2*xx"2) + 1)/(c”™2*%(1/(c
“2%x72) - 1) + ¢c72) + log(sqrt(-1/(c™2*x72) + 1) + 1)/c”2 - log(sqrt(-1/(c”
2xx72) + 1) - 1)/c”2)/c)*axb + 1/12%(4*x"3*arctan2(1l, sqrt(c*x + 1)*sqrt(cx
X - 1))72 - x"3*%1log(c™2%x72)72 - 2xc”2x(2x(c™2%x”3 + 3*x)/c”4 - 3*log(c*x +
1)/c”5 + 3*log(c*x - 1)/c”5)*xlog(c)”2 + 36*%c™2*integrate(1/3*x"4*xlog(c™2*x
~2)/(c”2*%x72 - 1), x)*log(c) - 72xc”2*xintegrate(1/3*x"4xlog(x)/(c™2*x"2 - 1
), x)*log(c) + 36%c™2xintegrate(1/3*x"4*xlog(c™2*x"2)*log(x)/(c”2*x"2 - 1),
x) - 36*c”2xintegrate(1/3*x"4*xlog(x)~2/(c™2*%x"2 - 1), x) + 12xc”2*integrate
(1/3*%x74*log(c™2%xx72) /(c™2%x"2 - 1), x) + 6%(2*x/c”2 - log(c*x + 1)/c”3 + 1
og(cxx - 1)/c”3)*log(c)”2 - 36*xintegrate(1/3*x"2*log(c™2*x72)/(c™2*x"2 - 1)
, x)*log(c) + 72xintegrate(1/3*x"2*log(x)/(c”™2*x~2 - 1), x)*log(c) + 24xint
egrate(1/3*sqrt(cxx + 1)*sqrt(c*x - 1)*x"2*arctan(1l/(sqrt(cxx + 1)*sqrt(c*x
- 1)))/(c”2*x”2 - 1), x) - 36*integrate(1/3*x"2xlog(c 2*x"2)*log(x)/(c ™ 2*x
"2 - 1), x) + 36xintegrate(1/3*x"2xlog(x)~2/(c™2%x"2 - 1), x) - 12*integrat
e(1/3*x72xlog(c™2*x72) /(c™2*x"2 - 1), x))*b"2

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (b2x2 arcesc (cx)® + 2 abx? arcesc (cx) + a2x2, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccsc(c*x))~2,x, algorithm="fricas")

[Out] integral(b~2*x"2%arccsc(c*x)”2 + 2%axb*x~2*arccsc(cxx) + a™2%x72, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f 2 (a + bacsc (cx))* dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x**2*(atb*acsc(c*x))**2,x)

[Out] Integral(x**2*(a + b*acsc(c*x))**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (barcese (cx) + a)°x2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x”2*(a+b*arccsc(c*x))”2,x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)~2*x"2, x)
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3.17 f X (a +besc! (cx))2 dx

Optimal. Leaf size=55

T S SR

2
+ —x
c 2 c?

[Out] (b*Sqrt[1l - 1/(c™2*x72)]*x*(a + b*ArcCsclc*x]))/c + (x"2x(a + bxArcCsc[c*x]
)"2)/2 + (b~ 2*Log[x])/c"2

Rubi [A] time = 0.0700716, antiderivative size = 55, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 12, number of rules _

0.333, Rules used = {5223, 4410, 4184, 3475}

bx\/l—? (a+bescier) 1

2
; + Exz (a +b csc‘l(cx)) +

integrand size

b?log(x)
2

Antiderivative was successfully verified.

[In] Int[x*(a + bxArcCsclcx*x])~2,x]

[Out] (b*Sqrtl[l - 1/(c™2*x72)]*x*(a + b*ArcCsclc*x]))/c + (x72*(a + b¥ArcCsc[c*x]
)"2)/2 + (b~2*Log[x])/c"2

Rule 5223

Int[((a_.) + ArcCscl[(c_.)*(x_)I*(b_.)) " (n_)*(x_)~(m_.), x_Symbol] :> -Distl[
(c(m + 1))°(-1), Subst[Int[(a + b*x) n*Csc[x] (m + 1)*Cot[x], x], x, ArcCs
clexx]], x] /; FreeQ[{a, b, c}, x] && IntegerQ[n] && IntegerQ[m] && (GtQ[n,
0] Il LtQ[m, -11)

Rule 4410

Int[Cotl[(a_.) + (b_.)*x(x_)]"(p_.)*Cscl(a_.) + (b_.)*x(x_)]"(n_.)*((c_.) + (d
_)*(x )" (m_.), x_Symbol] :> -Simp[((c + d*x)"m*Cscla + b*x]"n)/(b*n), x]
+ Dist[(d*m)/(b*n), Int[(c + d*x)~(m - 1)*Cscl[a + b*x]~n, x], x] /; FreeQ[{
a, b, ¢, d, n}, x] & EqQlp, 1] && GtQ[m, 0]

Rule 4184

Int[csc[(e_.) + (£_)*(x )]172x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pL((c + d*x)"m*Cot[e + f*xx])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + f*xx], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 3475
Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d

*xx], x]1/d, x] /; FreeQ[{c, d}, xI

Rubi steps
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Subst ( (a + bx)? cot(x) csc?(x) dx, x, csc™ (cx))
_ =
b Subst ( [ (a + bx) csc?(x) dx, x, csc™ (cx))

c2

fx (a + bcsc‘l(cx))2 dx =

= %xz (a +besc! (cx))2 -

_ byl - ﬁx (aC+ b csc‘l(cx)) .\ 1x2 (a + boged (cx))2 ~ b? Subst (f cot(x) dx, x, csc™!

1 -
N 73X (a + bcesc 1(cx)) 1 2 P?log(x)

_ 2 -1
= . + Ex (a + bcsc (cx)) + 2

c2

N

Mathematica [A] time = 0.14625, size = 89, normalized size = 1.62

acx (acx +2b4f1 - ﬁ) + 2bcx csc™cex) (acx + D41 - #) + b2c?x? esc™Hex)? + 202 log(cx)

2c2

Antiderivative was successfully verified.

[In] Integratel[x*(a + b*ArcCsc[c*x])~2,x]

[Out] (axcxx*(2xb*Sqrt[1 - 1/(c™2*x72)] + akxcxx) + 2xbxc*x*x(b*Sqrt[1 - 1/(c™2*x"2
)] + axckxx)xArcCsclc*x] + b72%c™2xx " 2*ArcCsccxx] "2 + 2*b~2xLoglc*x])/(2%c™
2)

Maple [B] time = 0.222, size = 133, normalized size = 2.4

——=1n + abx?arcesc (cx) + — —— - — ——
2 2 c c2x? c? c [Z2m1 SBx [

c2x2 c2x2

a2x? .\ X212 (arcesc (cx)) . b2arcesc (cx)x  [c2x2 -1 b? ( 1 ) xab 1 ab 1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(atb*arccsc(c*x))"2,x)

[Out] 1/2*%a”2*%xx"2+1/2xx"2*%b~2%arccsc(c*x) "2+1/c*xb”2*%arccsc(c*x) *x*x ((c™2*x"2-1)/c”
2/x72)7(1/2)-1/c”2%b"2%1n(1/c/x) +axb*xx"2*%arccsc(c*xx)+1/cxa*xb/ ((c™2*xx"2-1) /c
~2/x72)°(1/2)*x-1/c”3%axb/((c"2*xx"2-1)/c"2/x"2)"(1/2) /x

Maxima [A] time = 1.00184, size = 113, normalized size = 2.05

_L +1 _L +1 ( )
) X 22 xﬂ 22 arccsc (cx N lOg (X) b2
C

arccsc (cx) + ab + >
c c

1 1
= B2x2 arcesc (cx)* + = a?x + | x
2 2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*arccsc(c*x))”~2,x, algorithm="maxima")

[Out] 1/2%b~2*x"2xarccsc(c*x)”2 + 1/2%xa"2*x"2 + (x"2*arccsc(c*x) + x*sqrt(-1/(c™2
*x"2) + 1)/c)xaxb + (x*sqrt(-1/(c”2*x72) + 1)*arccsc(c*x)/c + log(x)/c™2)*b
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2

Fricas [B] time = 2.2188, size = 266, normalized size = 4.84

b2c2x2 arcese (cx)? + a®cx® — 4 abc? arctan (—cx +Ve2x2 - 1) +2b%log (x) +2 (abczx2 - abcz) arcesc (cx) + 2 Ve2x2 -

2c2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*arccsc(c*x))”2,x, algorithm="fricas")

[Out] 1/2%(b~2*c~2*x"2*arccsc(c*x) ™2 + a™2xc™2%x”"2 - 4*axbxc ™ 2xarctan(-c*x + sqrt
(c™2*%x72 - 1)) + 2%b72xlog(x) + 2*x(axb*c™2xx"2 - axbxc~2)*arccsc(c*x) + 2%s
qrt(c™2xx"2 - 1)*(b~2*arccsc(c*x) + axb))/c”2

Sympy [F] time = 0., size = 0, normalized size = 0.

f x(a + bacse (cx))? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*acsc(c*x))**2,x)

[Out] Integral(x*(a + bxacsc(c*x))**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (barcecsc (cx) + a)zx dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*arccsc(c*x))”2,x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)~2xx, x)
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318 [(a+besc(cw) dx

Optimal. Leaf size=84

2ib*PolyLog (2, —e’lcscfl(c")) 2ib*PolyLog (2, ¢ Cscfl(c"))
= +

c C

4btanh™! (e"cscfl(c")) (a + bces

c

+x (a +b csc‘l(cx))2 +

[Out] x*(a + bxArcCsclc*x])~2 + (4*b*x(a + b*ArcCsc[c*x])*ArcTanh[E~ (I*ArcCsc[c*x]
)1)/c = ((2*%I)*b~2%PolyLog[2, -E~(I*ArcCsclc*x])])/c + ((2%I)*b~2xPolyLogl[2
, ET(I*ArcCsclc*x])])/c

Rubi [A] time = 0.0675351, antiderivative size = 84, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 10, e o =

0.5, Rules used = {5217, 4410, 4183, 2279, 2391}

integrand size

1 (icse () ‘
+x (a +b csc‘l(cx))2 + 4btanh (el - ) (a vhes

2ib*PolyLog (2, —e"cscfl(cx)) 2ib*PolyLog (2, ¢ Cscfl(cx))
= +

c C c

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCsclc*x])"2,x]

[Out] x*(a + b*ArcCsclc*x])~2 + (4*b*(a + bxArcCscl[cxx])*ArcTanh[E~ (I*ArcCsc[c*x]
)1)/c = ((2*%I)*b~2*PolyLog[2, -E~(I*ArcCsclc*x])])/c + ((2*I)*b~2xPolyLogl[2
, ET(I*ArcCsclc*x])])/c

Rule 5217

Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.))"(n_), x_Symbol] :> -Dist[c~(-1), Sub
st[Int[(a + b*x) n*Csc[x]*Cot[x], x], x, ArcCsclc*x]], x] /; FreeQ[{a, b, c
, n}, x] && IGtQ[n, O]

Rule 4410

Int[Cotl[(a_.) + (b_.)*x(x_)]"(p_.)*Cscl(a_.) + (b_.)*(x_)]"(n_.)*((c_.) + (d
_)*(x )" (m_.), x_Symbol] :> -Simp[((c + d*x)"m*Cscla + b*x]"n)/(b*n), xI]
+ Dist[(d*m)/(b*n), Int[(c + d*x)"(m - 1)*Cscl[a + b*x]"n, x], x] /; FreeQ[{
a, b, ¢, d, n}, x] & EqQlp, 1] && GtQ[m, O]

Rule 4183

Int[csc[(e_.) + (£_)*(x )1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*xx) m*ArcTanh[E~(I*(e + f*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + d
*x) " (m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - DxLogll + E"(Ix(e + f*x))], x], x]) /; FreeQl[{c, 4, e, £}, x] && IGtQ
[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391
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Int[Logl(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cx*d, 1]

Rubi steps

f (a b CSC_1(036))2 e _Subst ( f (a + bx)? cot(:i) csc(x) dx, x, csc—l(cx))

(2b) Subst ( f(a + bx) esc(x) dx, x, csc™ (cx))

=x (a +b csc‘l(cx))2 -

— (a b CSC_l(cx))z 4b (a +bcsc 1(cx)1tanh ( z<:sc—1(cx)) N (sz) Subst (flog (1c_ eix) |
B o) (2182) Subst ([ 252 d,

. (a N bcsc‘l(cx))z . 4b (u +bcesc (cx))ctanh ( s ) . ( ) u f z

=x (a +besel (cx))z 4b (a + besc™ 1(cx)z:tanh ( lcsc—l(cx)) 2ib?Li, ( : fese 1(Cx)) ) 021

Mathematica [A] time = 0.202161, size = 147, normalized size = 1.75

—2ib?PolyLog ( el s (Cx)) + 2ib*PolyLog (2 el s (Cx)) + a?cx + 2abcx csc™(cx) + 2ablog (cos (; csc‘l(cx))) - 20

c

Warning: Unable to verify antiderivative.

[In] Integratel[(a + b*ArcCsc[c*x])~2,x]

[Out] (a™2xc*x + 2*%axbkc*x*ArcCsclc*x] + b~ 2xc*x*ArcCsclc*x]™2 - 2+b~2%ArcCsc[c*x
1xLog[1 - E~(IxArcCsclc*x])] + 2*b~2%ArcCsc[c*x]*Log[l + E~(I*ArcCsclcx*x])]

+ 2xaxb*Log[Cos [ArcCscc*x]/2]] - 2xaxb*Log[Sin[ArcCsclc*x]/2]] - (2*I)*b~
2%PolyLog[2, -E~(I*ArcCsclc*x])] + (2%I)*b~2xPolyLog[2, E~(I*ArcCsc[c*x])])

/c

Maple [A] time = 0.266, size = 196, normalized size = 2.3

b? 3 ' / 1 b? 1 ]
xb? (arccsc (cx))2 + 2 xabarccsc (cx) — 2 Tareeseley () In|1- L 1- +2 arcesc (cx) In|1+ L +4/1- =
c cx c2x? c cx 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*x))”2,x)

[Out] x*b~2*arccsc(c*xx) ~2+2*x*axb*arccsc(c*xx)-2/cxb™2*xarccsc(c*x)*1n(1-I/c/x-(1-1
/c”2/x72)"(1/2))+2/cx¥b"2*xarccsc(c*x) *1n(1+I1/c/x+(1-1/c"2/x72) " (1/2) ) -2*I*b~
2*xpolylog(2,-I/c/x-(1-1/c"2/x72)7(1/2)) /c+2*I*b~2xpolylog(2,I/c/x+(1-1/c"2/

x72)7(1/2)) /c+a”2*x+2/c*xIn(cxx+cxx*x (1-1/¢72/x72) " (1/2) ) *a*b

Maxima [F] time = 0., size = 0, normalized size = 0.

(x) dxlog(c)—4xa

1 2x log(ex+1) log(cx—1) 2
1 2c2(c—2— 3 + 3 log (c) — 4 c?

f x?log (szz)

a7 T dxlog(c)+8c2f 77
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))”2,x, algorithm="maxima"

[Out] -1/4%(2xc™2%(2xx/c”2 - log(c*x + 1)/c”3 + log(c*x - 1)/c”3)*log(c)™2 - 4x*c”
2*xintegrate (x™2*log(c™2*x72)/(c”2*%x"2 - 1), x)*log(c) + 8*c™2xintegrate(x~2
*xlog(x)/(c™2xx72 - 1), x)*log(c) - 4*x*arctan2(l, sqrt(c*x + 1)*sqrt(c*x -
1))72 - 4xc”2*integrate(x~2*log(c™2*x"2) *log(x)/(c™2*%x"2 - 1), x) + 4*c™2%i
ntegrate(x~2*xlog(x)~2/(c™2*x"2 - 1), x) - 4*c”2xintegrate(x~2xlog(c~2*x~2)/
(c™2*%x72 - 1), x) + x*log(c™2xx72)"2 + 2*(log(c*x + 1)/c - log(c*x - 1)/c)*
log(c)~2 + 4xintegrate(log(c™2*x72)/(c™2*x"2 - 1), x)*log(c) - 8*xintegrate(
log(x)/(c™2*%x"2 - 1), x)*log(c) - 8*integrate(sqrt(c*x + 1)*sqrt(cxx - 1)*a
rctan(1/(sqrt(cxx + 1)*sqrt(c*x - 1)))/(c™2*%x"2 - 1), x) + 4xintegrate(log(
c"2xx"2)*log(x)/(c™2*x"2 - 1), x) - 4xintegrate(log(x)~2/(c™2*%x"2 - 1), x)
+ 4xintegrate(log(c™2*x72)/(c™2*x"2 - 1), x))*b~2 + a~2*x + (2*c*x*arccsc(c
xx) + log(sqrt(-1/(c™2%x72) + 1) + 1) - log(-sqrt(-1/(c™2*x"2) + 1) + 1))*a
*b/c

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (b2 arccsc (cx)2 + 2 abarcesc (cx) + a2, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))”2,x, algorithm="fricas")

[Out] integral(b~2*arccsc(c*x)”~2 + 2*axbxarccsc(c*x) + a”2, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a +bacsc (cx))2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(c*x))**2,x)

[Out] Integral((a + b*acsc(c*x))**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (barcesc (cx) + a)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~2,x, algorithm="giac")

[Out] integrate((bxarccsc(c*x) + a)~2, x)
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(a+JJCSC‘1(cx))2
319 | dx

X

Optimal. Leaf size=91

a+b csc‘l(cx))3
3b

ibPolyLog (2, ezwscfl(cx)) (a +b csc‘l(cx)) - %bzPolyLog (3, ezz’cscfl(c")) + i( —log (1 - ezz'cscfl(cx)) (u

[Out] ((I/3)*(a + b*ArcCsclc*x])~3)/b - (a + b*ArcCsclc*x]) 2+Logl[l - E~((2%I)*Ar
cCsclcxx])] + Ixb*x(a + b*ArcCsclc*x])*PolyLog[2, E~((2*I)*ArcCsclc*x])] - (
b~2*PolyLog[3, E~((2*I)*ArcCsclc*x])])/2

Rubi [A] time = 0.123399, antiderivative size = 91, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 14, e

0.429, Rules used = {5223, 3717, 2190, 2531, 2282, 6589}

integrand size

z'(a +b csc‘l(cx))3

2 ~log (1 _ e2icsc‘1(cx)) (11

ibPolyLog (2, ezicsc_l(”‘)) (a +0b csc‘l(cx)) - %bzPolyLog (3, e Csc_l(‘”‘)) +

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCsclc*x])~2/x,x]

[Out] ((I/3)*(a + b*ArcCsclc*x])~3)/b - (a + b*ArcCsclc*x]) 2xLog[1l - E~((2*I)*Ar
cCsclc*x])] + Ixb*x(a + b*ArcCsclc*x])*PolyLog[2, E~((2%I)*ArcCsclc*x])] - (
b~2xPolyLog[3, E~((2+I)*ArcCsclc*x])])/2

Rule 5223

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))"(n_)*(x_)"(m_.), x_Symbol] :> -Dist[
(c™(m + 1))~ (-1), Subst[Int[(a + b*x) n*Csc[x] " (m + 1)*Cot[x], x], x, ArcCs
clexx]], x] /; FreeQ[{a, b, c}, x] && IntegerQ[n] && IntegerQ[m] && (GtQ[n,
0] Il LtQ[m, -11)

Rule 3717

Int[((c_.) + (@_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2*I, Int[((c + d*x)~
m*E~ (2% I*k*Pi)*E~(2*I*(e + f*x)))/(1 + E~-(2*%I*k*Pi)*E~(2xI*x(e + fxx))), x],
x] /; FreeQl{c, d, e, f}, x] & IntegerQ[4xk] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_)*x_))"(m_.))/
(@) + (b_)*((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*gxn*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2531

Int[Log[l + (e_)*((F_)"((c_.)*((a_.) + (b_.)*(x_))))"(a_)1*((f_.) + (g_.)
*(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)1)/(bxcxn*Log[F]1), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, f
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, g, n}, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !MatchQ[u, (w )*((a_.)*(v_)"(n_ ))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E"((c_.)*((a_.) + (b_.)*x))*
(F)Iv_]1 /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogn_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_8S
ymbol] :> Simp[PolyLogln + 1, c*(a + bxx)"pl/(e*xp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[b*xd, axe]

Rubi steps

f (a +besc(ex)

2
" ) dx = —Subst (f(a + bx)? cot(x) dx, x, csc‘l(cx))

3
i(a+beseex 2ix 2
- ( ( )) + 2i Subst (f ﬂ dx, x, CSC_l(CX))

3b 1 — e2ix
i(a +b csc‘l(cx))3 2
= 3 - (a +b csc‘l(cx)) log (1 — eZiCSC_l(C")) + (2b) Subst ( f (a + bx) log |
. -1 3
= : (a o C;; (cx)) - (a +b Csc‘l(cx))2 log (1 - ezz'cscfl(cx)) +1ib (u +b csc‘l(cx)) Li, (ez“
. -1 3
_! (u o C;j (CX)) - (a +b csc‘l(cx))2 log (1 - eZiCSC_l(Cx)) +ib (a +b csc‘l(cx)) Li, (eZi‘
i ((l +besc™ (CX))3 -1 2 2i csc™1(cx) ; -1 : 2i
= 3 - (a + bcese (cx)) log (1 —e ) +ib (a + bcsc (cx)) Li, (e

Mathematica [A] time = 0.14246, size = 137, normalized size = 1.51

o 1 o o
iab (csc‘l(cx)2 + PolyLog (2, gaicsc 1(“‘))) + ﬂib2 (—24 csc™}(cx)PolyLog (2, gm2icsc 1(“‘)) +12iPolyLog (3, e2iose

Warning: Unable to verify antiderivative.

[In] Integratel[(a + bxArcCsclc*x])~2/x,x]

[Out] -2*axb*ArcCsclc*x]*Logl[l - E~((2*I)*ArcCsclc*x])] + a~2*Loglc*x] + I*xaxb*(A
rcCsclc*x] "2 + PolyLogl[2, E~((2*I)*ArcCsclc*x])]) + (I/24)*b~2%x(Pi~3 - 8*Ar
cCsclcxx] ™3 + (24*I)*ArcCsclcxx] "2*Logl[l - E~((-2%I)*ArcCsclc*x])] - 24x*Arc
Csclc*xx]*PolyLog[2, E~((-2*I)*ArcCsclc*x])] + (12%I)*PolyLogl[3, E~((-2xI)*A
rcCsclc*x])])

Maple [B] time = 0.295, size = 361, normalized size = 4.

. . 1 .
a?In (cx) + L2 (arcesc (cx))® — b2 (arcese (cx))* In |1 - L \/1 - 5= |+ 2ibarcesc (cx) polylog | 2, LI
3 cx c2x? cx |
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*x))”2/x,x)

[Out] a~2*1n(c*x)+1/3*Ixb~2*arccsc(c*x) "3-b"2*arccsc(c*x) " 2*1n(1-I/c/x-(1-1/c"2/x
~2)7(1/2))+2*Ixb~2*arccsc(c*xx)*polylog(2,I/c/x+(1-1/c72/x72) 7 (1/2))-2%xb~2*p
olylog(3,I/c/x+(1-1/c"2/x72)"(1/2))-b 2*arccsc(cxx) "2¥1n(1+I/c/x+(1-1/c"2/x
~2)7(1/2))+2*Ixb~2*arccsc(c*xx)*polylog(2,-I/c/x-(1-1/c"2/x72) " (1/2) ) -2%b~2x
polylog(3,-I/c/x-(1-1/c"2/x72)~(1/2))+I*axb*arccsc(c*x) “2+2*xIxa*xb*polylog(2
,—I/c/x-(1-1/c"2/x72)~(1/2))-2*axbxarccsc(c*x)*1n(1-I/c/x-(1-1/c"2/x"2) " (1/
2))-2xaxb*arccsc(c*x)*1n(1+I/c/x+(1-1/c72/x72) " (1/2) ) +2*I*axb*polylog(2,I/c
/x+(1-1/c~2/x72)7(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

1 1 ) 1 -1 x*log (c2x 2]
- bzcz( og(232c+ )+ og(z;c ))log(c)z+b2c2f%dxlog(c)—ZbZCZf%g_(z)dxlog(c)+2b2c2f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~2/x,x, algorithm="maxima")

[Out] -1/2%b"2xc”2*%(log(c*x + 1)/c”2 + log(c*x - 1)/c”2)*log(c)”2 + b~ 2*c™2*integ
rate(x"2*xlog(c™2%x72)/(c™2%x"3 - x), x)*log(c) - 2xb~2*xc~2*integrate(x~2+*lo
g(x)/(c™2*x"3 - x), x)*log(c) + 2xb~2xc~2*integrate(x~2*log(c~2*x"2)*log(x)
/(c™2xx73 - x), x) - b"2%c”2*integrate(x"2*log(x)"2/(c™2*x"3 - x), x) + 2%a
xb*c”2*integrate (x"2*arctan(1/(sqrt(cxx + 1)*sqrt(c*x - 1)))/(c™2%x"3 - x),
x) + 1/2xb"2*%(log(c*x + 1) + log(cxx - 1) - 2*xlog(x))*log(c)~2 + b~2*arcta
n2(1, sqrt(cxx + 1)*sqrt(c*x - 1)) 2*log(x) - 1/4*b"2*log(c”2xx"2) 2xlog(x)
- b"2xintegrate(log(c™2*x~2)/(c™2*x"3 - x), x)*log(c) + 2xb~2xintegrate(lo
g(x)/(c™2%x"3 - x), x)*log(c) + 2xb~2*integrate(sqrt(c*x + 1)*sqrt(c*x - 1)
xarctan(1/(sqrt(cxx + 1)*sqrt(c*xx - 1)))*log(x)/(c™2%x”"3 - x), x) - 2%b72%i
ntegrate(log(c™2*x"2)*log(x)/(c™2*%x"3 - x), x) + b~2*integrate(log(x)~2/(c”
2*x~3 - x), x) - 2*axbxintegrate(arctan(1l/(sqrt(cxx + 1)*sqrt(cxx - 1)))/(c
“2%x73 - x), x) + a”2xlog(x)

Fricas [F] time = 0., size = 0, normalized size = 0.

_ b2 arcesc (cx)* + 2 ab arcesc (cx) + a2 )
integral ,X

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~2/x,x, algorithm="fricas")

[Out] integral((b~2*arccsc(c*x)”2 + 2*axb*arccsc(c*x) + a~2)/x, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a +bacsc (cx))2
» dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(c*x))**2/x,x)

[Out] Integral((a + b*acsc(c*x))**2/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

(barccsc (cx) + a)2
f " dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~2/x,x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)~2/x, x)
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(a+b cscl (cx))2
320 | dx

x2

Optimal. Leaf size=50

2
1 a+bescHcx) 212
—2bcq[1 - = (a + bcsc‘l(cx)) -~ ( ( ) + —
c2x? x x

[Out] (2*b~2)/x - 2*b*cxSqrt[1 - 1/(c”2*x72)]*(a + bxArcCsc[c*x]) - (a + bxArcCsc
[cxx])~2/x

Rubi [A] time = 0.0608282, antiderivative size = 50, normalized size of antiderivative

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 14, il llLT

integrand size
0.214, Rules used = {5223, 3296, 2637}

2
1 (a +b Csc‘l(cx)) 212
[ -1
—2bc+ 1 - @ (El + bcse (CX)) - . + 7

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCsclc*x])~2/x72,x]

[Out] (2%b~2)/x - 2*bxc*Sqrt[1 - 1/(c”2*x72)]*(a + b*ArcCsclc*x]) - (a + b*ArcCsc
[c*xx])~2/x

Rule 5223

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))"(n_)*(x_)"(m_.), x_Symbol] :> -Dist[
(c(m + 1))°(-1), Subst[Int[(a + b*x) " n*Csc[x] " (m + 1)*Cot[x], x], x, ArcCs
clexx]], x] /; FreeQ[{a, b, c}, x] && IntegerQ[n] && IntegerQ[m] && (GtQ[n,
0] |l LtQ[m, -11)

Rule 3296

Int[((c_.) + (@_)*(x_))"(m_.)*sin[(e_.) + (£_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos[
e + f*xx], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, 0]

Rule 2637
Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;

FreeQ[{c, d}, x]

Rubi steps

f (a b CSC_l(cx))z dx = — (c Subst (f(a + bx)? cos(x) dx, x, csc™! (cx)))

X2

bese ()’
:-<a+ CSE ) + (2bc) Subst (f (@ + bx) Sin(x)dx/xfcsc_l(cx))

2
1 a+bescYex
= —2bcy[1 - — (a +besc (cx)) - ( ( )) + (szc) Subst (f cos(x) dx, x, csc™ 1
c2x? x

2
2h2 1 a+bescHcx)
:——2bcw/1——(a+bcsc‘l(cx))— ( )
x c2x? x
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Mathematica [A] time = 0.146587, size = 71, normalized size = 1.42

1 _ 1 _
a? + 2abcxf1 - 53 +2besc L(cx) (a + bexy 1 - @) + b? esc7 (cx)? - 2b?

X

Antiderivative was successfully verified.

[In] Integratel[(a + b*ArcCsclc*x])~2/x72,x]

[Out] -((a™2 - 2%b72 + 2*xaxbkxcxSqrt[1l - 1/(c™2%x72)]*x + 2*bx(a + bxc*Sqrt[l - 1/
(c™2%x"2) ] *x) *ArcCsc[c*x] + b~ 2%xArcCsclc*x]~2)/x)

Maple [B] time = 0.219, size = 118, normalized size = 2.4

2 2 242 2.2
a (arcecsc (cx)) 1 cx? -1 arcesc(cx) cxc-1 1
cl-——+p?|——2 42— -2 Tarccse(cx) +2ab|- .
cx cx cx cex cx cex c2x2-1
c2x2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*x))"2/x72,x)

[Out] c*x(—a~2/c/x+b"2x(-1/c/x*arccsc(c*x) "2+2/c/x-2%((c"2%x"2-1)/c"2/x72) " (1/2) *a
rccsc(c*xx) )+2*%axbx (-1/c/x*arccsc(cxx)-1/((c™2%x"2-1)/c~2/x"2)~(1/2) /c"2/x"2
*(c™2xx"2-1)))

Maxima [A] time = 1.00159, size = 107, normalized size = 2.14

1 1 1 B2 2 2
ole | L q . Areesc (cx) b—nc | 1 41 arcesc (o) — - |p2 - AT (cx)” @
c2x? X 22 o R

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~2/x72,x, algorithm="maxima")

[Out] -2*%(cxsqrt(-1/(c™2*x72) + 1) + arccsc(c*x)/x)*axb - 2*x(cxsqrt(-1/(c™2*x~2)
+ 1)*arccsc(c*x) - 1/x)*b"2 - b~ 2*xarccsc(c*x)~2/x - a~2/x

Fricas [A] time = 1.8743, size = 140, normalized size = 2.8

b2 arcesce (cx)* + 2 abarcesc (cx) + a2 — 212 + 2 Va2 — 1(192 arcesc (cx) + ab)

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~2/x72,x, algorithm="fricas")

[Out] -(b~2*arccsc(c*x)”2 + 2*axbkxarccsc(c*x) + a2 - 2xb~2 + 2*sqrt(c™2*x"2 - 1)
*x(b~2*arccsc(c*xx) + a*b))/x
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Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + bacsc (cx))*
dx

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(c*x))**2/x**2,x)

[Out] Integral((a + b¥acsc(c*x))**2/x**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

(barcesc (cx) + a)2

dx
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~2/x72,x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)~2/x72, x)
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(a+JJCSC‘1(cx))2
321 | dx

3
Optimal. Leaf size=88

beq[1 - ﬁ (a +b csc‘l(cx))

- + —abc? csc™ex) -
2x 2

2
a+bcesc(cx) 1 b2
( > ) + szcz cscH(cx)? + yoe

[Out] b~2/(4*x72) + (a*bxc”2xArcCsclc*x])/2 + (b™2xc ™ 2xArcCsclc*x]~2)/4 - (b*c*Sq
rt[1 - 1/(c”2*%x"2)]*(a + b*xArcCsclc*x]))/(2*x) - (a + bxArcCsclcx*x]) 2/ (2*xx
~2)

Rubi [A] time = 0.0779932, antiderivative size = 88, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 14, e .

integrand size
0.214, Rules used = {5223, 4404, 3310}

beq[1 - ﬁ (a +b csc‘l(cx))

- P + Eabc2 escHex) -

2
(a +b csc‘l(cx)) 1 B2
22 a0 2
72 + Zb c=cscH (ex)” + w2

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCsclc*x])~2/x73,x]

[Out] b~2/(4%x72) + (axb*c™2xArcCsclc*x])/2 + (b~2xc”2xArcCsclc*x]~2)/4 - (b*c*Sq
rt[1 - 1/(c”2*x"2)]*(a + b*ArcCsclc*x]))/(2%x) - (a + b*ArcCsclc*x]) 2/ (2x*x
~2)

Rule 5223

Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.))"(n )*(x_)"(m_.), x_Symbol] :> -Dist[
(c(m + 1))°(-1), Subst[Int[(a + b*x) n*Cscl[x]~(m + 1)*Cot[x], x], x, ArcCs
cle*xx]], x] /; FreeQ[{a, b, c}, x] && IntegerQ[n] && IntegerQ[m] && (GtQ[n,
0] Il LtQ[m, -11)

Rule 4404

Int[Cos[(a_.) + (b_.)*(x )I*((c_.) + (d_.)*(x_)) " (m_.)*Sin[(a_.) + (b_.)*(x
)17 (m_.), x_Symbol] :> Simp[((c + d*x)"m*Sin[a + b*x] (n + 1))/(bx(n + 1))
, x] - Dist[(d*m)/(bx(n + 1)), Int[(c + d*x)"(m - 1)*Sin[a + b*x] " (n + 1),
x], x] /; FreeQ[{a, b, ¢, 4, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 3310

Int[((c_.) + (@_)*x_))*((b_.)*sinl[(e_.) + (f_.)*(x_)]1)"(n_), x_Symbol] :>
Simp[(d*(b*Sin[e + fxx])"n)/(£72*n"2), x] + (Dist[(b"2*(n - 1))/n, Int[(c
+ d*x)*(b*Sinfe + f*x])~(n - 2), x], x] - Simp[(b*(c + d*x)*Cos[e + f*x]*(b
xSin[e + f*x])~(n - 1))/(f*n), x]) /; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1
]

Rubi steps
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f (o +bese(e) dx = - (cz Subst (f (a + bx)? cos(x) sin(x) dx, x, CSC_I(CX)))

x3

-1 2
) _(a +bcsc (CX)) . (bcz) Subst (f(a T b) sin®(x) o, x, csc_l(cx))

2x?
2 beyl- ﬁ (a + bcsc‘l(cx)) (a + bcsc‘l(cx))2 1 b2 Suly e
=12 > - 72 +§(c) ust(f(a+ X) dx, x, ¢
1
2 1 bea/1 — - (a + besc™Hex) a+bescex
= — + —abc? csc7 (cx) + =b?c? cscH(cx)? - 2 ( ) - ( ©
4x2 2 4 2x 2x2

Mathematica [A] time = 0.116418, size = 102, normalized size = 1.16

—2a% - 2abexA[1 - ﬁ + 2abc®x? sin ™! (é) —2bcsc(cex) (211 + bexy|1 - ﬁ) +b? (czx2 - 2) cscH(cx)? + b?

4x2

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcCsclc*x])~2/x"3,x]

[Out] (-2*%a”2 + b™2 - 2%a*xbxc*Sqrt[1 - 1/(c™2*x72)]*x - 2*%b*(2%a + b*cxSqrt[l - 1
/(c™2xx"2)]*x) *ArcCscc*x] + b™2%(-2 + c " 2*xx"2)*ArcCscc*x] "2 + 2*axbkxc™2x*x
~2xArcSin[1/(c*x)])/(4%x"2)

Maple [B] time = 0.214, size = 191, normalized size = 2.2

2 h2c2 2 2 b2 22 _1 b2 b b
a ¢~ (arccsc (cx)) (arcesc (cx))” cbearccsc(cx) [c?x _ abarccsc (cx) N % V232 —1 aret

o2 4 2 x? 2x c2x2 4x2 x2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arccsc(c*x))”2/x"3,x)

[Out] -1/2*a"2/x"2+1/4*xb~2*c"2*arccsc(c*x) "2-1/2*b"2/x " 2*xarccsc (c*x) ~2-1/2*cxb™ 2%
arccsc(c*x) /xx((c™2*x72-1)/c"2/x72) " (1/2)+1/4*%b"2/x"2-a*b/x"2*arccsc (c*x)+1
/2*%cxaxb*x (c™2%x"2-1)"(1/2)/((c™2%x"2-1)/c”2/x72) " (1/2) /x*arctan(1/(c"2*x~2-
1)°(1/2))-1/2*c*axb/((c"2*x"2-1)/c"2/x72)~(1/2) /x+1/2/c*xaxb/((c"2*xx~2-1) /c~
2/x72)7(1/2)/x"3

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~2/x73,x, algorithm="maxima"

[Out] 1/2*axbx((c 4*x*sqrt(-1/(c™2*x72) + 1)/(c™2*x"2*%(1/(c”2*%x"2) - 1) - 1) - ¢~
3xarctan(c*x*sqrt (-1/(c™2*x72) + 1)))/c - 2xarccsc(c*x)/x72) - 1/8*(4*(c™2%
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(log(c*x + 1) + log(c*x - 1) - 2xlog(x))*log(c)”2 - 4*c”2*xintegrate(1/2xx"2
xlog(c™2*x72)/(c™2*x"5 - x73), x)*log(c) + 8*c™2*integrate(1/2*x"2xlog(x)/(
c"2xx75 - x73), x)*log(c) - 4xc”2*xintegrate(1/2*x"2xlog(c~2*x~2)*log(x)/(c”
2*x~5 - x73), x) + 4xc”2*xintegrate(1/2*x"2xlog(x)~2/(c™2*x"5 - x73), x) + 2
xc~2xintegrate (1/2*x"2xlog(c™2*x"2)/(c”™2*%x"5 - x73), x) - (c"2*log(c*x + 1)
+ c”2*xlog(cxx - 1) - 2%c™2xlog(x) + 1/x72)*log(c)”2 + 4xintegrate(1/2xlog(
c"2%x72)/(c™2%x”5 - x73), x)*log(c) - 8*integrate(1/2*log(x)/(c"2*x"5 - x73
), x)*log(c) + 4xintegrate(1/2*sqrt(c*x + 1)*sqrt(c*x - 1)*arctan(1l/(sqrt(c
xx + 1)*sqrt(cxx - 1)))/(c™2*x”5 - x73), x) + 4xintegrate(1/2*log(c™2*x72)*
log(x)/(c™2*%x”"5 - x73), x) - 4xintegrate(1/2xlog(x)~2/(c™2%x"5 - x73), x) -
2xintegrate(1/2xlog(c™2*x72)/(c”2*x™5 - x73), x))*x"2 + 4*arctan2(1l, sqrt(
ckx + 1)*sqrt(c*xx - 1))72 - log(c™2*x72)72)*b"2/x72 - 1/2*%a”2/x72

Fricas [A] time = 2.03099, size = 196, normalized size = 2.23

(bzczx2 -2 bz) arcesc (cx)® = 2a2 + b2 +2 (abczxz -2 ab) arcesc (cx) — 2 Ve2x2 — 1(b2 arcesc (cx) + ab)

4 x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~2/x73,x, algorithm="fricas")

[Out] 1/4*%((b~2%c™2*x"2 - 2xb~2)*arccsc(c*x)™2 - 2¥a”2 + b™2 + 2x(axb*c™2*x"2 - 2
xaxb)*arccsc(c*xx) - 2*sqrt(c™2*x”2 - 1)*(b~2*arccsc(c*x) + axb))/x"2

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + bacsc (cx))*
v dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(c*x))**2/x**3,x)

[Out] Integral((a + bxacsc(c*x))**2/x**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f (barccsc (cx) + a)2

xs
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~2/x73,x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)~2/x73, x)
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(a+JJCSC‘1(cx))2
322 | dx

x4

Optimal. Leaf size=102

1 4 ~ 2
4 1 2bcy|1 = — (a + besc™ (ex) a+bese(ex 422 D2
—=bcP[1- — (a + bcsc‘l(cx)) - 2 ( ) - ( ( )) L 2e
9 c2x2 9x2 33 9x  27x8
[Out] (2%b~2)/(27%x73) + (4%b~2*c”2)/(9%x) - (4xb*xc”3*Sqrt[1 - 1/(c™2*xx"2)]*(a +
b*ArcCsclc*x]))/9 - (2xb*xcxSqrt[1 - 1/(c™2*x"2)]1*(a + b*ArcCscl[c*x]))/(9*x~
2) - (a + bxArcCsclc*x])~2/(3*x~3)

Rubi [A] time = 0.0963057, antiderivative size = 102, normalized size of antiderivative
= 1., number of steps used = 5, number of rules used = 5, integrand size = 14, number of rules

= 0.357, Rules used = {5223, 4404, 3310, 3296, 2637}

[ 2
4 1 ., 2bc 1 - % (a +b csc‘l(cx)) (a + bcsc‘l(cx)) 422 22
—=bcy\[1- == (a + bcesc (cx)) -
9 c2x?

integrand size

+ +
9x2 3x3 9x 27x3

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCsclc*x])~2/x"4,x]

[Out] (2%b~2)/(27*x73) + (4xb~2%xc~2)/(9%x) - (4xb*xc”™3xSqrt[1 - 1/(c™2*x72)]*(a +
bxArcCsclc*x]))/9 - (2%bxc*Sqrt[1 - 1/(c”2*x"2)]*(a + b*ArcCsclc*x]))/(9*x~
2) - (a + bxArcCsclc*x])~2/(3%x73)

Rule 5223

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))"(n_)*(x_)"(m_.), x_Symbol] :> -Dist[
(c(m + 1))°(-1), Subst[Int[(a + b*x) " n*Csc[x]~(m + 1)*Cot[x], x], x, ArcCs
clexx]], x] /; FreeQ[{a, b, c}, x] && IntegerQ[n] && IntegerQ[m] && (GtQ[n,
0] |l LtQ[m, -11)

Rule 4404

Int[Cos[(a_.) + (b_.)*(x )I*((c_.) + (d_.)*(x_)) " (m_.)*Sin[(a_.) + (b_.)*(x
)17 (m_.), x_Symbol] :> Simp[((c + d*x)"m*Sin[a + b*x]"(n + 1))/(bx(n + 1))
, x] - Dist[(d*m)/(bx(n + 1)), Int[(c + d*x)"(m - 1)*Sin[a + b*x] " (n + 1),
x], x] /; FreeQ[{a, b, ¢, d, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 3310

Int[((c_.) + (d_)*(x_))*x((b_.)*sin[(e_.) + (f_.)*(x_)1)"(n_), x_Symbol] :>
Simp[(d*(b*Sin[e + f*x])"n)/(£72*n"2), x] + (Dist[(b"2*%(n - 1))/n, Int[(c
+ d*x)*(b*Sinle + f*x])~(n - 2), x], x] - Simp[(b*(c + d*x)*Cos[e + f*x]*(b
*Sinfe + f*x])"(n - 1))/(f*n), x]) /; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1
]

Rule 3296

Int[((c_.) + (@_)*x_))"(m_.)*sinl[(e_.) + (f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos[
e + f*xx], x], x] /; FreeQ[{c, 4, e, f}, x] && GtQ[m, O]
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Rule 2637
Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;

FreeQ[{c, 4}, x]

Rubi steps

1 2
f (a+bese™ () g = — (C3 Subst ( f (a + bx)? cos(x) sin®(x) dx, x, csc ™ (cx) ))

x4

-1 2
__ (a +bese (Cx)) + % (2bc3) Subst ( f (a + bx) sin®(x) dx, x, CSC_l(CX))

3x3
242 2bcw/1 - Lx (a +b csc‘l(cx)) a+besc(cx) 2 1
= - e o | 7 ) 5 (4bc®) Subst ( f (a + bx)
Dbeyf1 - besc! besel
= 227_13 A 3, /1 -— (u +bescl(ex)) - R gi; =) - o C;; (
_ 2_172 bz 2 —bc /1 1 a e 1(cx)) 2bcy[1 - (a +besc” 1(cx)) ) E
27x3 9x2

Mathematica [A] time = 0.225241, size = 108, normalized size = 1.06

9a% + 6abcx+[1 — (2c + 1) + 6bcsc(cx) (Sa + bexyf1 - (2c + 1)) - 212 (6c2x2 + 1) +9b? csc ™ (cx)?

27x3

Antiderivative was successfully verified.

[In] Integratel[(a + bxArcCsclc*x])~2/x74,x]

[Out] -(9*%a”2 + 6xa*xbkxcxSqrt[l - 1/(c™2*x72)]*x*x(1 + 2%c™2*%x"2) - 2%xb~2%(1 + 6*c”
2%x72) + 6xb*(3%a + bkxcxSqrt[l - 1/(c™2%x72)]*x*x(1 + 2%c™2%x72))*ArcCsc[c*xx
1 + 9%b~2*ArcCscc*xx]~2)/(27*x~3)

Maple [A] time = 0.219, size = 154, normalized size = 1.5

a2 (arcesc (cx))®  2arcesc (cx) (2 22 + 1) 232 _1 5

arccsc (cx)
3¢3x3 3¢3x3 9 ¢2x2 c2x2 27 c3x3

4
+ +2ab|-1/3
9c] ¢ / c3x3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*x))"2/x74,x)

[Out] c™3*(-1/3%a~2/c~3/x"3+b"2%(-1/3/c"3/x " 3*arccsc(c*x) ~2-2/9*arccsc (c*x) * (2xc”
2%x72+1) /c”2/x7 2% ((c™2%x72-1) /c™2/x72) " (1/2)+2/27/c”~3/x"3+4/9/c/x) +2*a*xb* (-
1/3/c~3/x"3*arccsc(c*x)-1/9*% (c™2*x"2-1) * (2xc™2*x"2+1) / ((c™2*x"2-1) /c"2/x72)
~(1/2)/c”4/x74))
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Maxima [B] time = 2.10965, size = 266, normalized size = 2.61

3
af_1 2 a4 [ 1
2 ¢ (_@ + 1) “30V"z2 *1 3arcesc(er)| Rarcesc(cr)? 2 2 (6 c®x* arctan (1, Vex +1vex - 1)

c X3 3x8 3x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~2/x74,x, algorithm="maxima"

[Out] 2/9%axbx((c™4*(-1/(c™2*x"2) + 1)7(3/2) - 3*c™4xsqrt(-1/(c™2*x"2) + 1))/c -
3*arccsc(cxx)/x73) - 1/3*%b"2%arccsc(c*x)~2/x73 - 1/3*%a”2/x73 - 2/27*(6*c”5*
x"4*arctan2(1, sqrt(cxx + 1)*sqrt(ckx — 1)) - 3xc”3*x"2*arctan2(1l, sqrt(c*x

+ Dxsqrt(exx - 1)) - (6%c™3*%x72 + c)*sqrt(cxx + 1)*sqrt(ckx - 1) - 3*cx*ar
ctan2(1, sqrt(c*x + 1)xsqrt(cxx - 1)))*b72/(sqrt(c*x + 1)*sqrt(c*x - 1)*c*x

~3)

Fricas [A] time = 2.01381, size = 224, normalized size = 2.2

12222 — 9 b2 arcesc (cx)® — 18 abarcesc (cx) — 9 a2 + 262 — 6 (2 abc®x? + ab + (2 b2c?x? + bz) arcesc (cx))\/czx2 -1
27 x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))”2/x"4,x, algorithm="fricas")

[Out] 1/27*(12%b"2%c™2*x"2 - 9xb~2*xarccsc(c*x) 2 - 18*axb*arccsc(c*x) - 9*%xa”2 + 2
*b72 - 6% (2*axbxcT2+x"2 + axb + (2%xb72*c”T2*x"2 + b~2)*arccsc(c*x))*sqrt(c”2
*x~2 - 1))/x73

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + bacsc (cx))*
: dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*acsc(cxx))**2/x**4 x)

[Out] Integral((a + b*acsc(c*x))**x2/xx*x4, x)

Giac [F] time = 0., size = 0, normalized size = 0.

(barcesc (cx) + a)2

dx
A

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~2/x74,x, algorithm="giac")

[Out] integrate((bxarccsc(c*x) + a)~2/x74, x)
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(a+JJCSC‘1(cx))2
323 | dx

X0

Optimal. Leaf size=134

3bc3 (1 - ﬁ (a + bcsc‘l(cx)) beq[1 - ﬁ (a +b csc‘l(cx))

2
bcsc‘l(cx)) 3522
‘ 1 (El + C
B 16x - 8x3 - Eabc esem(ex) - 4x* " 32x2 !

[Out] b~2/(32%x74) + (3*b~2%c~2)/(32*x72) + (3*axbxc~4xArcCsclc*x])/16 + (3*%b~2xc
“4xArcCscc*x]172) /32 - (b*c*Sqrt[l - 1/(c™2xx"2)]*(a + b*ArcCsclc*x]))/(8*x

~3) - (3*bxc™3*Sqrt[1 - 1/(c™2*x"2)]*(a + bxArcCsclc*x]))/(16*x) - (a + b*A
rcCsclcxx]) "2/ (4%x74)

Rubi [A] time = 0.112284, antiderivative size = 134, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 14, "= _

integrand size
0.214, Rules used = {5223, 4404, 3310}

3bc3\J1 - ﬁ (a + bcsc‘l(cx)) beq/1 - ﬁ (a +b CSC_l(Cx)) 3 (” +b CSC_l(Cx))z 3b*c?

- — + —abc* csc™(cx) - + +
Tox 823 167be" esem(ex) o 3222

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCsclc*x])~2/x75,x]

[Out] b~2/(32%x74) + (3*%b~2xc”2)/(32%x72) + (3*axbxc”4*xArcCsclc*x])/16 + (3*b~2x*c
“4xArcCscc*x]72) /32 - (b*c*Sqrt[l - 1/(c™2xx72)]*(a + b*ArcCsclc*x]))/(8*x

~3) - (3*bxc™3*Sqrt[1 - 1/(c™2*x"2)]1*(a + bxArcCsclc*x]))/(16*x) - (a + b*A
rcCsclc*xx])~2/(4xx~4)

Rule 5223

Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.)) " (n_)*(x_)~(m_.), x_Symbol] :> -Distl[
(c”(m + 1))°(-1), Subst[Int[(a + b*x) n*Csc[x] (m + 1)*Cot[x], x], x, ArcCs
clexx]], x] /; FreeQ[{a, b, c}, x] && IntegerQ[n] && IntegerQ[m] && (GtQ[n,
0] Il LtQm, -11)

Rule 4404

Int[Cos[(a_.) + (b_.)*(x_ )I*((c_.) + (d_.)*(x_))~(m_.)*Sin[(a_.) + (b_.)*(x
)17 (n_.), x_Symbol] :> Simp[((c + d*x)"m*Sin[a + b*x]~(n + 1))/(bx(n + 1))
, x] - Dist[(d*m)/(b*(n + 1)), Int[(c + d*x)"(m - 1)*Sinf[a + b*x]"(n + 1),
x], x] /; FreeQ[{a, b, c, d, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Rule 3310

Int[((c_.) + (@_)*x))*((b_.)*sinl(e_.) + (f_.)*(x_)]1)"(n_), x_Symbol] :>
Simp[(d*(b*Sin[e + fxx])"n)/(£72*n"2), x] + (Dist[(b”2*(n - 1))/n, Int[(c
+ d*x)*(b*Sinfe + f*x])~(n - 2), x], x] - Simp[(b*(c + d*x)*Cos[e + f*x]*(b
*Sinfe + f*x])"(n - 1))/(f*n), x]) /; FreeQ[{b, c, d, e, £}, x] && GtQ[n, 1
]

Rubi steps
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1 2
f (a +bese () gy = — (C4 Subst ( f (a + bx)? cos(x) sin’(x) dx, x, CSC_l(Cx)))

x5

-1 2
_ _(a +bcese (CX)) N % (bc4) Subst (f(a + bx) sin® (x) dox, x, csc_l(cx))

4t

p2  beyfl- ﬁ (a + bcsc‘l(cx)) (a +b csc‘l(cx))2 1 )

= e - " + 3 (3bc4) Subst ( f (a + bx) sin
P2 322 beyfl- ﬁ (a +b Csc‘l(cx)) 3bc34\[1 - ﬁ (a +besc! (cx)) (a + besc
BT 8x3 - 16x - 4x
1 -1 |
12 322 3 3 beyf1 - == (a+bescHex))  3be
T L et cscHex) + =—=b?c* esc(ex)? - g ( ) - —

32x*  32x2 16 32 8x3

Mathematica [A] time = 0.174765, size = 148, normalized size = 1.1

—8a2 — 6abc3x3[1 — - — dabcxy[1 — 5 + 6abctxt sin™! (l) —2bcsc(ex) (Sa +bexyf1 — 5 (3c2x2 + 2)) + 3b%c?
ceX ceXxe cx ceX

32x4

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcCsclcx*x])~2/x75,x]

[Out] (-8*a”2 + b~2 - 4xaxbxc*Sqrt[1 - 1/(c™2*x72)]*x + 3*b™2*c™2*x"2 - 6*a*bxc”3
xSqrt[1 - 1/(c™2%x72)]*x73 - 2xb*(8*a + bkxcxSqrt[1 - 1/(c™2%x72)]*x*(2 + 3%
c"2*x72) )*ArcCscc*x] + b™2*%(-8 + 3*c ™ 4*x"4)*ArcCscc*x] "2 + 6*axb*xc™4*xx™4*
ArcSin[1/(c*x)])/(32%x74)

Maple [B] time = 0.228, size = 265, normalized size = 2.

@ b2 (arcesc (cx))? . 3b2c4 (arcesc (cx))® 3 c3bParcese (cx) [c2x2 -1 cbParcese (cx) [c2x2 -1 b2

_ 4
4 x4 4x4 32 16 x c2x? 8x3 c2x2 32x4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*x))”2/x75,x)

[Out] -1/4*%a"2/x"4-1/4*b"2/x 4*arccsc(c*x) "2+3/32xb"2*xc 4*arccsc(c*x) "2-3/16*c™ 3%
b~ 2*arccsc(cxx) /x*((c™2%x"2-1)/c”2/x72) " (1/2)-1/8*c*b"2*arccsc(c*x) /x"3*((c
“2%xx72-1)/c”2/x72) " (1/2)+1/32%b"2/x"4+3/32*b"2xc"2/x"2-1/2*axb/x"4*arccsc(c
*x)+3/16%c " 3*axbx (c™2xx"2-1)"(1/2)/((c™2%x"2-1) /c"2/x"2) " (1/2) /x*arctan(1/(
cT2xx72-1)7(1/2))-3/16*c"3*axb/ ((c™2*xx"2-1) /c"2/x"2) " (1/2) /x+1/16*xc*xaxb/ ((c
~2xx72-1)/c”2/x72) " (1/2) /x~3+1/8/c*axb/ ((c™2%x"2-1)/c”2/x72)~(1/2) /x"5

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*arccsc(c*x))~2/x75,x, algorithm="maxima")

[Out] -1/16%axb*((3*c b*arctan(c*x*sqrt(-1/(c™2*x72) + 1)) + (3*xc™8*x"3*%(-1/(c™2x%
x72) + 1)7(3/2) + BxcT6*x*xsqrt(-1/(c™2*x72) + 1))/ (c”4xx"4*x(1/(c"2%x"2) - 1
)72 = 2xcT2xx72%(1/(c72%x72) - 1) + 1))/c + 8*arccsc(c*x)/x74) - 1/16%(4*(2
*x(c"2xlog(c*xx + 1) + c™2xlog(c*xx - 1) - 2xc™2*log(x) + 1/x72)*c”2*log(c) 2
- 16*%c”2*integrate (1/4*x"2x1log(c~2*x"2)/(c™2*x~7 - x7B), x)*log(c) + 32%c~2
xintegrate (1/4*x"2*log(x)/(c™2*x~7 - x75), x)*log(c) - 16*c”2*integrate(l/4
*xx"2x1log(c™2*x"2)*x1log(x)/(c™2%x”7 - x75), x) + 16*c”2xintegrate(1/4*x"2*log
(x)72/(c™2*x~7 - x75), x) + 4xc”2*integrate(1/4*x"2xlog(c™2*x~2)/(c™2*x"~7 -
x7B), x) - (2%c74xlog(c*x + 1) + 2xc”4xlog(cxx - 1) - 4*xc™4*xlog(x) + (2%c~
2%x72 + 1)/x"4)*log(c)~2 + 16xintegrate(1/4*log(c™2%x72)/(c™2%x”7 - x75), x
)*log(c) - 32xintegrate(1/4*log(x)/(c™2*xx~7 - x75), x)*log(c) + 8xintegrate
(1/4*sqrt(c*x + 1)*sqrt(c*x - 1)*arctan(1l/(sqrt(cxx + 1)*sqrt(cxx - 1)))/(c
“2%x77 - x75), x) + 16xintegrate(1/4xlog(c™2xx"2)*log(x)/(c™2%x~7 - x75), x
) - 1l6*integrate(1/4*log(x)~2/(c™2*x”7 - x75), x) - 4xintegrate(1/4*log(c”2
xx72)/(c™2xx”7 - x75), x))*x”4 + 4*xarctan2(1l, sqrt(c*x + 1)*sqrt(cxx - 1))~
2 - log(c™2*x"2)"2)*b"2/x"4 - 1/4%xa"2/x74

Fricas [A] time = 1.88259, size = 275, normalized size = 2.05

3b%c%x% + (3 b2yt -8 bz) arcesc (cx)® —8a2 + b2 + 2 (3 abc*x* - 8 ab) arcesc (cx) — 2 (3 abc?x? +2ab + (3 b2c?x?

32 x4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~2/x75,x, algorithm="fricas")

[Out] 1/32%(3*b"2%c”2%x"2 + (3*xb"2*c"4*xx"4 - 8xb~2)*arccsc(c*x)”2 - 8*a”2 + b™2 +
2% (3xaxbxc”4*xx"4 - 8xaxb)*xarccsc(cxx) — 2% (3xaxbxc™2%xx"2 + 2%axb + (3*xb~2x*
cT2*x72 + 2*b”2)*arccsc(c*x))*sqrt(c™2*x”2 - 1)) /x74

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + bacsc (cx))*
" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(c*x))**2/x**5,x)

[Out] Integral((a + bxacsc(c*x))**2/xx*5, x)

Giac [F] time = 0., size = 0, normalized size = 0.

(barcesc (cx) + a)2

dx
5
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~2/x75,x, algorithm="giac")

[Out] integrate((bxarccsc(c*x) + a)~2/x75, x)
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3 -1 3
324  [*(a+Dbescler)) dx
Optimal. Leaf size=207

ib3PolyLog (2, e CS‘j_l(”‘)) b2x? (a +b csc‘l(cx)) b?log (1 - eZiCSC_l(”‘)) (a +besc! (cx)) a1 - ﬁ (ﬂ +bes
2¢4 " 4c? - ct " 4c

[Out] (b7™3*Sqrt[l - 1/(c™2*x72)]*x)/(4*c”3) + (b"2*x"2*(a + b*ArcCscl[c*x]))/(4xc”
2) + ((I/2)*bx(a + bxArcCsclc*x])"2)/c™4 + (b*Sqrt[l - 1/(c™2*x"2)]*x*(a +
b*xArcCsc[c*x])~2)/(2%c”3) + (b*Sqrt[l - 1/(c™2*x72)]*x"3*(a + bxArcCsc[c*x]
)72)/(4xc) + (x"4x(a + bxArcCsclc*x])~3)/4 - (b™2*x(a + bxArcCsc[c*x])*Logl[1

- E7((2*I)*ArcCsclc*x])]1)/c”4 + ((I/2)*b~3*PolyLog[2, E~((2%I)*ArcCsc[c*x]
)1)/c”4

Rubi [A] time = 0.217142, antiderivative size = 207, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 10, number of rules used = 10, integrand size = 14, ==
integrand size

= 0.714, Rules used = {56223, 4410, 4186, 3767, 8, 4184, 3717, 2190, 2279, 2391}

ib3PolyLog (2, eZiCSC_l(C")) b2x? (a +b csc‘l(cx)) b? log (1 - EZiCSC_l(C")) (a +besc? (cx)) bxdf1 - ﬁ (ﬂ + b s
2¢* " 4¢? - ct " 4c

Antiderivative was successfully verified.

[In] Int[x~3%(a + bxArcCsclc*x])~3,x]

[Out] (b~™3*Sqrt[1 - 1/(c™2*x72)]*x)/(4*c”3) + (b™2xx"2*x(a + b*ArcCsclc*x]))/(4*c™
2) + ((I/2)*bx(a + bxArcCsclc*x])~2)/c™4 + (b*Sqrt[l - 1/(c”2*x"2)]*xx(a +
bxArcCscc*x])~2)/(2%c™3) + (bxSqrt[1l - 1/(c”2*x"2)]*x"3*(a + b*ArcCsc[c*x]
)72)/(4%c) + (x74*(a + bxArcCsclc*x])~3)/4 - (b™2%(a + b*ArcCsc[c*x])*Logl1

- E7((2%I)*ArcCsclc*x])])/c™4 + ((I/2)*b~3*PolyLogl[2, E~((2*I)*ArcCsc[c*x]
)1)/c4

Rule 5223

Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.)) " (n_)*(x_)~(m_.), x_Symbol] :> -Dist[
(c(m + 1))°(-1), Subst[Int[(a + b*x) n*Csc[x] (m + 1)*Cot[x], x], x, ArcCs
clexx]], x] /; FreeQ[{a, b, c}, x] && IntegerQ[n] && IntegerQ[m] && (GtQ[n,
0] Il LtQm, -11)

Rule 4410

Int[Cot[(a_.) + (b_.)*x(x_)]"(p_.)*Cscl(a_.) + (b_.)*(x_)]"(n_.)*((c_.) + (d
_I)*(x )" (m_.), x_Symbol] :> -Simp[((c + d*x)"m*Cscla + b*x]"n)/(b*n), x]
+ Dist[(d*m)/(b*n), Int[(c + d*x)"(m - 1)*Cscla + b*x]"n, x], x] /; FreeQ[{
a, b, ¢, d, n}, x] & EqQlp, 1] && GtQ[m, 0]

Rule 4186

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(n_)*((c_.) + (d_.)*(x_))"(m_), x_Symbo
1] :> -Simp[(b~2%(c + d*x) m*Cot[e + f*xx]*(b*Cscle + f*x])"(n - 2))/(fx(n -
1)), x] + Dist[(b™2*d"2*m*(m - 1))/(f"2x(n - 1)*(n - 2)), Int[(c + d*x)~(
m - 2)*x(b*Cscle + f*x])"(n - 2), x], x] + Dist[(b™2x(n - 2))/(n - 1), Int[(
c + d*x) "mx(b*Cscle + f*x])~(n - 2), x], x] - Simp[(b™2*d*m*(c + d*x) " (m -

1) *(bxCscle + f*x])~(n - 2))/(f™2x(n - V*(n - 2)), x]) /; FreeQ[{b, c, 4d,

e, f}, x] && GtQ[n, 1] && NeQ[n, 2] && GtQ[m, 1]
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Rule 3767

Int[csc[(c_.) + (d_)*(x_)]"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8

Int[a_, x_Symbol]l :> Simpla*x, x] /; FreeQ[a, x]

Rule 4184

Int[csc[(e_.) + (£_)*(x_)]172x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pl((c + d*x) m*Cot[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + f*xx], x], x] /; FreeQl{c, d, e, £}, x] && GtQ[m, O]

Rule 3717

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
] > Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2*I, Int[((c + d*x)~
m*E” (2xIxk*Pi)*E~ (2xI* (e + f*xx)))/(1 + E~(2%Ixk*Pi)*E~(2*I*x(e + f*x))), x],
x] /; FreeQ[{c, d, e, f}, x] && IntegerQ[4xk] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m*Log[1l + (b*x(F~(gx(e + f*x)))™n)/al)/(bxf*g*nxLogl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + f*xx)
))°n)/al, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x_ )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cxd, 1]

Rubi steps
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3  bSub

B 3
fx3 (a +besc 1(cx)) dx = - 4
1 ) 3 (3b) Subst ( [(a +bx)? csct(x) dx, x, csc‘l(cx))
= Zx4 (u +besc 1(cx)) —~ e
2
_ b2x? (a +b CSC_l(CX)) . byl - ﬁxe’ (a +b csc‘l(cx)) N 1

4c? 4c

o~

x* (a +b csc‘l(cx)) -

b2 2 (a +b csc‘l(cx)) by/1- ﬁx (a +b Csc‘l(cx))2 byl - ﬁx‘q’ (a + bcsc‘l(cx))2
+ +

2¢3

\/1——96 b2x 2 a+bcsc‘l(cx)) b(u+bcsc 1(cx) \/ 3 2x a+bcsc (
4¢? " 2c4

\/ 2x b2 (a+besc(ex)) b (a+bese 1(cx) \/ x(a+besc™(
4¢? " 2¢t

\/ Zx b2x 2 u +b csc‘l(cx)) ib (a +besc 1(cx) \/ a +bese(
4¢? " 2¢*

\/1——36 b2x 2 a+bcsc‘1(cx)) 1b(a+bcsc 1(cx) \/ 3% a+bcsc (
4¢? " 2c4

Mathematica [A] time = 0.859724, size = 285, normalized size = 1.38

2ib*PolyLog (2, eZiCS‘zfl(C")) +besc(cx) (cx (3a2c3x3 + 2ab4[1 - ﬁ (c2x2 + 2) + bzcx) — 41 log (1 - ezz’cscfl(cx))) y

Warning: Unable to verify antiderivative.

[In] Integrate[x”3x(a + bxArcCsc[c*x])~3,x]

[Out] (2*%a~2*bxc*Sqrt[l - 1/(c™2*x72)]1*x + b7 3*c*kSqrt[l - 1/(c7™2*x"2)]*x + axb™2x%
CT2%x72 + a”2*bkxc”3xSqrt[1 - 1/(c”2*x72)]*x"3 + a"3xcT4*x"4 + b~ 2% (3xaxc 4
X74 + b*(2+I + 2xcxSqrt[l - 1/(c™2*x72)]*x + c~3*Sqrt[1l - 1/(c™2%x72)]*x"3)
)*ArcCsc[c*x] 2 + b~ 3xc™4xx"4xArcCsc[c*x] "3 + bxArcCsc[c*x]* (c*x* (b~ 2xc*xx +
3%a”2%c73*x73 + 2xaxbxSqrt[l - 1/(c™2*xx72)]*(2 + c72%x72)) - 4%b"2xLogll -
E~((2*xI)*ArcCsclc*x])]) - 4xa*b~2*Log[1/(c*x)] + (2*xI)*b~3*PolyLog[2, E~((

2%I)*xArcCsclc*x])])/(4xc™4)

Maple [B] time = 0.408, size = 510, normalized size = 2.5

4.3

e’ b3 (arcesc (cx))” x4 s b3 (arcesc (cx))’ ¥ [c2x2 -1 b3 (arcese (cx))®x  [c2x2 -1

4 4c c2x2 2¢3 c2x2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*(at+b*arccsc(c*x))”3,x)

i3
207 bParcesc (cx) x2
ct 4 c?

[Out] 1/4*x"4*a~3+1/4xb~3*arccsc(c*x) " 3*x"4+1/4/cxb~ 3% ((c™2%x"2-1)/c”2/x72)~(1/2)
*arccsc(c*x) "2xx"3+1/2/c"3xb"3*arccsc (c*x) 2% ((c™2*xx"2-1) /c~2/x72) ~(1/2) *x—
1/4*T/c”4xb"3+1/4/c”2*¥b " 3*arccsc(cxx) *x~2+1/4/c”3*%b"3* ((c™2*x"2-1) /c"2/x72)
~(1/2)*x+I/c”4*xb~3*polylog(2,I/c/x+(1-1/c"2/x72)~(1/2))-1/c”4*b~3*arccsc(c*
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x)*1In(1+I/c/x+(1-1/c"2/x"2)~(1/2))-1/c"4xb"3*arccsc(c*x)*1n(1-I/c/x-(1-1/c~
2/x72)7(1/2))+1/2%I/c”4*b~3*%arccsc(c*x) "2+I/c 4*xb~3*polylog(2,-I/c/x-(1-1/c
~2/x72)7(1/2))+3/4*xa"2xbxx"4*arccsc (c*x)+1/4/c*xa”2xb/ ((c™2*xx"2-1) /c"2/x"2) "
(1/2)*x73+1/4/c"3*a"2xb/ ((c™2*x"2-1) /c"2/x"2) " (1/2) *x-1/2/c"5*a"2xb/ ((c~2*x
~2-1)/c”2/x72) " (1/2) /x+3/4*a*xb~2*arccsc (c*xx) "2*x"4+1/2/c*xa*xb” 2+ ((c"2%x"2-1)
/c”2/x72) " (1/2)*arccsc(cxx) *x™3+1/4/c™2%x"2*a*xb~2+1/c " 3*axb"2*x ((c"2*x"2-1)/
c~2/x72)"(1/2)*arccsc(c*x) *x-1/c 4*axb~2*%1n(1/c/x)

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccsc(c*x))~3,x, algorithm="maxima"

[Out] 3/4*axb~2xx"4*arccsc(c*xx)”2 + 1/4%a”3*%x"4 + 1/4*(3*x"4*xarccsc(cxx) + (c72*x
3% (-1/(c72xx72) + 1)7(3/2) + 3xx*sqrt(-1/(c”2*x72) + 1))/c”3)*a"2%b + 1/16
x (4xx"4xarctan2(l, sqrt(c*x + 1)*sqrt(c*x - 1))73 - 3*x"4*arctan2(1l, sqrt(c
*x + 1)*sqrt(cxx - 1))*log(c™2*x"2)"2 - 16*integrate(3/16%(16*c~2*x " 5*arcta
n2(1, sqrt(cxx + 1)*sqrt(c*x - 1))*log(c)~2 - 16%x~3*arctan2(l, sqrt(c*x +
1) *sqrt(cxx - 1))*log(c)”2 + 16%(c™2*xx"5*arctan2(l, sqrt(cxx + 1)*sqrt(cxx
- 1)) - x"3%arctan2(1l, sqrt(c*x + 1)*sqrt(cxx - 1)))*log(x)~2 - (4*x"3*arct
an2(1, sqrt(cxx + 1)*sqrt(cxx - 1))72 - x"3xlog(c™2*x72) "2)*sqrt(cxx + 1)x*s
grt(cxx - 1) - 4*((4xc”2*xarctan2(1l, sqrt(c*x + 1)*sqrt(cxx - 1))*log(c) + c
“2*arctan2(1, sqrt(cxx + 1)*sqrt(c*x - 1)))*x"5 - (4*arctan2(l, sqrt(c*x +
1)*sqrt(cxx - 1))*log(c) + arctan2(l, sqrt(c*x + 1)*sqrt(cxx - 1)))*x"3 + 4
x(c72*x"b*arctan2(1, sqrt(cxx + 1)*sqrt(c*x - 1)) - x"3*arctan2(l, sqrt(c*x
+ 1)*sqrt(cxx - 1)))*log(x))*log(c™2%x72) + 32%(c~2*x"b*arctan2(1l, sqrt(cx
x + 1)*sqrt(c*x - 1))x*log(c) - x"3*arctan2(l, sqrt(c*x + 1)*sqrt(c*x - 1))x*
log(c))*log(x))/(c™2%x"2 - 1), x))*b~3 + 1/4*%(2xc~4*x"4*arctan2(l, sqrt(c*x
+ 1) xsqrt(cxx - 1)) + 2*c”™2%x"2xarctan2(l, sqrt(c*x + 1)*sqrt(c*x - 1)) +
(c™2*%x72 + 2xlog(x72))*sqrt(cxx + 1)*sqrt(cxx - 1) - 4*arctan2(l, sqrt(c*x
+ 1)*sqrt(c*xx - 1)))*axb”™2/(sqrt(c*x + 1)*sqrt(cxx - 1)*c~4)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (b3x3 arccsc (cx)3 + 3 ab®x3 arccsc (cx)2 + 3 a%bx® arcesc (cx) + a®x3, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccsc(c*x))”3,x, algorithm="fricas")

[Out] integral(b~3*x~3*arccsc(c*x)”3 + 3*xaxb~2*x"3*arccsc(c*x) "2 + 3*a”2xb*xx~3*ar
ccsc(c*xx) + a~3%x73, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f 3 (a + bacsc (cx))® dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x**3*(atb*acsc(c*x))**3,x)

[Out] Integral(x**3*(a + b*acsc(c*x))**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (barcese (cx) + a)°x3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(a+b*arccsc(c*x))~3,x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)~3*x~3, x)
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325  [x(a+besc(ew)) dx

Optimal. Leaf size=220

ib®PolyLog (2, —eiCSC?l(C")) (a +besc! (cx)) ib®PolyLog (2, eicscfl(cx)) (a +besc! (cx)) b*PolyLog (3, —et ¢
- + +

c3 c3 c3

[Out] (b™2*x*(a + b*ArcCsclc*x]))/c™2 + (b*Sqrt[l - 1/(c”2*x"2)]*x"2*(a + b*ArcCs
cle*xx])™2)/(2%c) + (x73%(a + b*ArcCsclc*x])~3)/3 + (bx(a + b¥ArcCsclc*x])~2
xArcTanh [E~ (IxArcCsc[c*x])])/c”3 + (b"3*ArcTanh[Sqrt[1 - 1/(c™2*x"2)]1]1)/c"3

- (I*b~2x(a + bxArcCsclc*x])*PolyLog[2, -E~(I*ArcCsclc*x])])/c”3 + (Ixb~2x

(a + bxArcCsc[c*x])*PolyLog[2, E~(I*ArcCsclc*x])])/c™3 + (b~3*PolyLogl[3, -E
~(IxArcCsclc*x])]1)/c™3 - (b~3*PolyLog[3, E~(I*ArcCsclc*x])])/c"3

Rubi [A] time = 0.188112, antiderivative size = 220, normalized size of antiderivative =

1., number of steps used = 11, number of rules used = 8, integrand size = 14, number of rules

= 0.571, Rules used = {56223, 4410, 4186, 3770, 4183, 2531, 2282, 6589}

integrand size

ib?PolyLog (2, —eiCSC_l(”‘)) (a +besc (cx)) ib*PolyLog (2, eicsc_l(cx)) (a +besc (cx)) b*PolyLog (3, ¢/
- + +

c3 c3 c3

Antiderivative was successfully verified.

[In] Int[x"2%(a + bxArcCsclc*x])~3,x]

[Out] (b~2*x*(a + b*ArcCsclc*x]))/c™2 + (b*Sqrt[l - 1/(c”2*x"2)]*x"2*(a + b*ArcCs
cle*x])~2)/(2%c) + (x73%(a + b*ArcCsclc*x])~3)/3 + (bx(a + bxArcCsclc*x])~2
*ArcTanh [E~ (I*ArcCsc[c*x])])/c™3 + (b~3*ArcTanh[Sqrt[1 - 1/(c™2%x72)]1]1)/c~3

- (I*b~2x(a + bxArcCsc[c*x])*PolyLog[2, -E~(I*ArcCsclc*x])])/c”3 + (I*b~2x

(a + bxArcCsc[c*x])*PolyLog[2, E~(IxArcCsclc*x])])/c”3 + (b~ 3*PolyLogl[3, -E
~(IxArcCsclc*x])])/c”3 - (b~3*PolyLogl[3, E~(I*ArcCsclc*x])])/c”~3

Rule 5223

Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.)) " (n_)*(x_)~(m_.), x_Symbol] :> -Dist[
(c(m + 1))°(-1), Subst[Int[(a + b*x) n*Csc[x] (m + 1)*Cot[x], x], x, ArcCs
clexx]], x] /; FreeQ[{a, b, c}, x] && IntegerQ[n] && IntegerQ[m] && (GtQ[n,
0] Il LtQm, -11)

Rule 4410

Int[Cot[(a_.) + (b_.)*x(x_)]"(p_.)*Cscl(a_.) + (b_.)*(x_)]"(n_.)*((c_.) + (d
_I)*(x )" (m_.), x_Symbol] :> -Simp[((c + d*x)"m*Cscla + b*x]"n)/(b*n), x]
+ Dist[(d*m)/(b*n), Int[(c + d*x)~(m - 1)*Cscla + b*x]"n, x], x] /; FreeQ[{
a, b, ¢, d, n}, x] & EqQlp, 1] && GtQ[m, 0]

Rule 4186

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(n_)*((c_.) + (d_.)*(x_))"(m_), x_Symbo
1] :> -Simp[(b~2*(c + d*x) m*Cot[e + f*xx]*(b*Cscle + f*x])~(n - 2))/(fx(n -
1)), x] + (Dist[(b™2%xd"2*m*(m - 1))/(f"2%(n - D*(n - 2)), Int[(c + d*xx)(
m - 2)*x(b*Cscle + f*x])"(n - 2), x], x] + Dist[(b™2x(n - 2))/(n - 1), Int[(
c + d*x) "mx(b*Cscle + f*x])~(n - 2), x], x] - Simp[(b™2xd*m*(c + d*x) " (m -
1) *x(bxCscle + fxx])~(n - 2))/(f"2x(n - D*(n - 2)), x]) /; FreeQ[{b, c, d,
e, f}, x] && GtQ[n, 1] && NeQ[n, 2] && GtQ[m, 1]
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Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 4183

Int[cscl(e_.) + (f_)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simpl[(
-2%(c + d*xx) “m¥ArcTanh[E~(I*(e + f*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + 4
*x) " (m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - D*Logl[l + E"(Ix(e + £*x))], x], x]) /; FreeQl[{c, d, e, f}, x] && IGtQ
[m, O]

Rule 2531

Int[Log[l + (e_.)*x((F_)~((c_.)*((a_.) + (b_)*(x_))))"(m_)I*x((£_.) + (g_.)
*(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(e*x(F~(cx(a + b*x
)))"n)1)/(bxcxn*xLog[F]1), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(c*x(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}y, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst [Int[FunctionO0fExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)x*((a_.) + (b_.)*(x_))"(p_.)1/Cd_.) + (e_.)*x(x_)), x_S
ymbol] :> Simp[PolyLogl[n + 1, cx(a + bxx) pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] & EqQ[b*d, axe]

Rubi steps
Subst ( [ (a + bx)3 cot(x) csc3(x) dx, x, csc L (cx
fxz (a + bcsc‘l(cx))3 dx = - (f( ) (c)3 ® ( ))
1 b Subst ( [ (a + bx)? csc3(x) dx, x, csc™L(cx
= §x3 (a + bcsc‘l(cx))3 - (f( ) 3 ® ( ))

b2x (a +b csc‘l(cx) a +besc! (cx))

c2

b?x (a +b csc‘l(cx) a +bcesc 1(cx)) 1

c2

b2x (a +b Csc‘l(cx) a +besc 1(cx))

c2

b*x (a +b csc‘l(cx) u +bese 1(cx))

c2

TTTTT

b2x (a +b CSC_l(CX) a +besc 1(cx))

1 3
= + §x3 (a +b csc‘l(cx)) +

c2

+ §x3 (a +b csc‘l(cx))3 -
+ §x3 (a +b csc‘l(cx))3 +
+ §x3 (a +b csc‘l(cx))3 +

1 3
+ §x3 (a +b csc‘l(cx)) +

b Subs

bla+
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Mathematica [B] time = 7.75087, size = 580, normalized size = 2.64

4iPolyLog(2,ei cscT (C")) 3esc(ex) log(l—ei Csc_l(c")) 3esc(cx) 10g(1+ei ese7le
ab? | 2c3x3 +4cscHex)? -2 cos (2 csc‘l(cx)) -~ +

C3X3 cx cXx

Warning: Unable to verify antiderivative.

[In] Integrate[x™2*(a + bxArcCsclc*x])~3,x]

[Out] (a"3%x73)/3 + (a”™2xb*x”2xSqrt[(-1 + c™2*x72)/(c™2*x72)])/(2%c) + a~2%b*xx~3%
ArcCsclc*x] + (a”2xbxLogl[x*(1 + Sqrt[(-1 + c~2*x72)/(c”2*x72)])])/(2*%c”3) +
(axb~2% ((-8%I)*PolyLog[2, -E~(I*ArcCsclc*x])] + 2xc™3*x"3*%(2 + 4*ArcCsc[cx
x]~2 - 2*xCos[2*ArcCsclc*x]] - (3xArcCscl[c*x]*Logl[l - E~(I*ArcCsclc*x])]1)/(c
*xx) + (3*%ArcCsclc*x]*Logl[l + E~(IxArcCsclc*x])])/(c*x) + ((4*I)*PolyLogl[2,
E~(I*ArcCsclc*x])])/(c™3%x73) + 2*ArcCsc[c*x]*Sin[2xArcCsc[c*x]] + ArcCsclc
*x]*Log[1 - E~(I*ArcCsc[c*x])]*Sin[3*ArcCscc*x]] - ArcCsclc*x]*Logl[l + E~(
I*ArcCsclc*xx])]*Sin[3*ArcCsclc*x]])))/(8%c™3) + (b~3%(24*ArcCsc[c*x]*Cot [Ar
cCsclc*x]/2] + 4xArcCsclc*x] ~3*%Cot [ArcCsclc*x]/2] + 6*%ArcCsc[c*x] "2*Csc[Arc
Csclc*x]/2]172 + (ArcCsclc*x] "3*Csc[ArcCsclc*x]/2]74)/(c*x) - 24xArcCsc[c*x]
~2%Log[1 - E~(I*ArcCsclc*x])] + 24*xArcCsc[c*x] 2*Log[l + E~(I*ArcCsclc*x])]
- 48xLog[Tan[ArcCsclc*x]/2]] - (48*I)*ArcCsc[c*x]*PolyLog[2, -E~(I*ArcCscl[
c*x])] + (48%I)*ArcCsc[c*x]*PolyLog[2, E~(I*ArcCsclc*x])] + 48+PolyLogl[3, -
E~(I*ArcCsclc*x])] - 48*PolyLogl[3, E~(I*ArcCsclc*x])] - 6%ArcCsc[c*x]~2*Sec
[ArcCsclc*x]/2]72 + 16*c™3*x"3*ArcCsc[c*x] ~3*Sin[ArcCsc[c*x]/2]74 + 24xArcC
sc[cxx]*Tan[ArcCsc[c*x] /2] + 4xArcCsc[c*x] ~3*Tan[ArcCscc*x]/2]))/(48*c~3)

Maple [B] time = 0.446, size = 648, normalized size = 3.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~2*(a+b*arccsc(c*x))~3,x)

[Out] 1/3*a”3*x"3+1/3*x"3*b~3*arccsc(c*x) "3+1/2/cxb~3*x((c™2%x"2-1)/c"2/x72)"(1/2)
*arccsc(c*x) "2xx"2+1/c”2xb"3*arccsc (c*x) *x-1/2/c”3*b"3*arccsc(c*x) “2*1n(1-1
/c/x-(1-1/c~2/x72)~(1/2))+I/c~3*a*b”~2*polylog(2,I/c/x+(1-1/c"2/x72)"(1/2)) -
b~3*polylog(3,I/c/x+(1-1/c"2/x72)~(1/2))/c”3+1/2/c~3%b~3*arccsc(c*x) "2x1n(1
+I/c/x+(1-1/c~2/x72)~(1/2))-1/c”"3*b~3*arccsc(c*x) *polylog(2,-I/c/x-(1-1/c"2
/x72)7(1/2))+b"3*polylog(3,-I/c/x-(1-1/c"2/x72)"(1/2))/c~3+2/c~3*b~3*arctan
h(I/c/x+(1-1/c"2/x72)"(1/2))+b"2*x"3*a*arccsc(c*x) "2+1/c*ka*b”™2x ((c"2*xx"2-1)
/c”2/x72) " (1/2)*arccsc(c*x) *x~2+I/c~3*b~3*arccsc(c*x) *polylog(2,I/c/x+(1-1/
c”2/x72)7(1/2))-1/c"3*a*xb~2*polylog(2,-I/c/x-(1-1/c"2/x72)~(1/2))-1/c"3*axb
~2%arccsc(cxx)*In(1-I/c/x-(1-1/c"2/x72) " (1/2))+1/c”3*axb~2*arccsc (c*x) *1n (1
+I/c/x+(1-1/¢c"2/x72) " (1/2))+1/c™2*x*a*xb™2+x"3*a"2xb*arccsc (c*x)+1/2/c*a”2*b
/((c™2*x"2-1)/c”2/x"2) " (1/2)*x"2-1/2/c"3*%a"2%b/ ((c"2*x"2-1) /c~2/x"2) ~(1/2)+
1/2/c”4xa”~2xb*x (c™2%x"2-1) " (1/2) / ((c™2*x"2-1)/c~2/x"2) " (1/2) /x*1n(c*xx+(c~2*x
~2-1)"(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~2*(atb*arccsc(c*x))~3,x, algorithm="maxima")

[Out] 1/3%b~3*x"3*arctan2(l, sqrt(c*x + 1)*sqrt(c*x - 1))73 - 1/4*b~3*x"3*arctan?
(1, sqrt(cxx + 1)*sqrt(c*x - 1))*log(c™2*x"2)72 - 1/2%axb”2xc” 2% (2x(c™2%x"3
+ 3xx)/c”4 - 3*log(c*x + 1)/c”5 + 3xlog(c*xx - 1)/c”5)*log(c)™2 - 12%b~3*c”
2¢integrate (1/4*x 4*arctan(1/(sqrt(c*x + 1)*sqrt(cxx - 1)))/(c™2%x"2 - 1),
x)*log(c)”™2 + 12*%b~3*c " 2xintegrate(1/4*x"4*arctan(l/(sqrt(c*x + 1)*sqrt(c*x
- 1)))*log(c™2*x72)/(c™2*x"2 - 1), x)*log(c) - 24%b~3xc”2*xintegrate(1/4*x~
4xarctan(1/(sqrt(cxx + 1)*sqrt(c*xx - 1)))*log(x)/(c™2%x"2 - 1), x)*log(c) +
12%a*xb~2xc " 2xintegrate(1/4*x"4*log(c™2*x"2)/(c™2*x"2 - 1), x)*log(c) - 24x
a*b”2*c”2xintegrate (1/4*x"4xlog(x)/(c™2*x"2 - 1), x)*log(c) + 1/3*a"3*x"3 +
12xb~3*%c"2*integrate (1/4*x " 4*arctan(1l/(sqrt(cxx + 1)*sqrt(c*x - 1)))*log(c
~2%x72)*log(x)/(c™2%x72 - 1), x) - 12%b~3*c”2*integrate(l/4*x"4*xarctan(1l/(s
grt(cxx + 1)*sqrt(c*x - 1)))*log(x)~2/(c™2*%x"2 - 1), x) + 12%xa*xb”~2xc”2*inte
grate(1/4*xx~4*arctan(l/(sqrt(c*x + 1)*sqrt(cxx - 1)))72/(c™2*xx"2 - 1), x) +
4xb~3*c”2*xintegrate(1/4*x"4*arctan(1l/(sqrt(c*x + 1)*sqrt(cxx - 1)))*log(c”
2%x72)/(c”2*%x”"2 - 1), x) - 3*a*xb~2xc”2*integrate(1/4*x"4xlog(c™2*x~2)"2/(c”
2*x72 - 1), x) + 12%a*xb~2*c”2xintegrate(1/4*xx"4*xlog(c™2*x"2)*1log(x)/(c™2*x"
2 - 1), x) - 12*%axb~2*c"2*integrate(1/4xx"4*xlog(x)~2/(c”2*x"2 - 1), x) + 3/
2*%axb~2x(2xx/c”2 - log(c*xx + 1)/c”3 + log(c*x - 1)/c”3)*log(c)”2 + 12%b~3xi
ntegrate(1/4*x"2*%arctan(1l/(sqrt(c*x + 1)*sqrt(c*x - 1)))/(c™2*x"2 - 1), x)*
log(c)~2 - 12xb~3*integrate(1/4*x"2*arctan(1/(sqrt(c*x + 1)*sqrt(cxx - 1)))
xlog(c™2*x72)/(c™2*%x"2 - 1), x)*log(c) + 24xb~3*integrate(l/4*x”2*arctan(1/
(sqrt(c*xx + 1)*sqrt(c*x - 1)))*log(x)/(c™2xx"2 - 1), x)*xlog(c) - 12*axb~2*i
ntegrate(1/4*x"2*xlog(c™2%x72)/(c™2%x"2 - 1), x)*log(c) + 24*axb~2*xintegrate
(1/4*xx~2xlog(x)/(c™2*x"2 - 1), x)*log(c) + 1/4%(4xx"3*xarccsc(c*x) + (2*sqrt
(-1/(c”2*%x72) + 1)/(c™2*%(1/(c™2%x72) - 1) + c72) + log(sqrt(-1/(c™2*x"2) +
1) + 1)/c”2 - log(sqrt(-1/(c™2%x72) + 1) - 1)/c”2)/c)*a”2%b + 4%b~3xintegra
te(1/4*xsqrt(c*x + 1)*sqrt(c*x - 1)*xx"2*xarctan(l/(sqrt(c*x + 1)*sqrt(c*x - 1
)))"2/(c”2%x72 - 1), x) - b~ 3xintegrate(1/4*sqrt(c*x + 1)*sqrt(c*x - 1)*x72
*xlog(c™2*%x72)72/(c™2*x"2 - 1), x) - 12*#b~3*integrate(l/4xx"2*arctan(1l/(sqrt
(c*xx + 1)*sqrt(cxx - 1)))*log(c™2*xx"2)*log(x)/(c™2*x"2 - 1), x) + 12%b~3%in
tegrate(1/4*x"2xarctan(1/(sqrt(cxx + 1)*sqrt(c*x - 1)))*log(x)~2/(c™2*x"2 -
1), x) - 12%a*b”2*integrate(1/4*x"2*xarctan(l/(sqrt(c*xx + 1)*sqrt(c*x - 1))
)"2/(c72%x72 - 1), x) - 4xb”3*xintegrate(1l/4*x"2*arctan(1l/(sqrt(c*x + 1)*sqr
t(c*xx - 1)))*log(c™2%x72)/(c™2%x"2 - 1), x) + 3*a*b”2*xintegrate(1/4*x"2*log
(c™2%x72)72/(c™2%x72 - 1), x) - 12xa*xb”2*integrate(1/4*x"2%log(c™2*x"2)*1log
(x)/(c™2*x"2 - 1), x) + 12xa*b”2*integrate(1/4*x"2*log(x)~2/(c™2*xx"2 - 1),
x)

Fricas [F] time = 0., size = 0, normalized size = 0.

mmgaNWfaumm@ﬂa+3M%@Maﬂ%wf+3a%ﬁam®c@@+a%%ﬂ
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccsc(c*x))~3,x, algorithm="fricas")

[Out] integral(b~3*x~2%arccsc(c*x)”3 + 3xaxb~2*x"2*arccsc(c*x) "2 + 3*a”2xbxx~2*ar
ccsc(ec*x) + a~3*x"2, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f x2 (a + bacsc (cx))® dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*(atb*acsc(c*x))**3,x)

[Out] Integral (x*x2*(a + b*acsc(c*x))**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (barcesc (cx) + a)°x2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccsc(c*x))~3,x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)~3*x~2, x)
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3.26 f X (a +besc! (cx))3 dx

Optimal. Leaf size=126

3ib*PolyLog (2, ezicsc_l(cx)) 3b? log (1 - eZiCSC_l(“‘)) (a +b csc‘l(cx)) 3bx/1 - 62% (11 +b CSC_l(Cx))2 3ib (a+b
2¢? - c? " 2c " 2

[Out] (((3*I)/2)*bx(a + b*ArcCsclc*x])"2)/c”2 + (3*b*Sqrt[1 - 1/(c™2*x72)]*x*(a +
bxArcCsclc*x])~2)/(2%c) + (x72*(a + b*ArcCsc[c*x])"3)/2 - (3*%b™2*(a + b*Ar
cCsclc*x])*Log[1 - E~((2*I)*ArcCsclc*x])])/c™2 + (((3*I)/2)*b~3*PolyLogl[2,
E~((2xI)*ArcCsclc*x])])/c™2

Rubi [A] time = 0.147319, antiderivative size = 126, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 12, e

0.583, Rules used = {5223, 4410, 4184, 3717, 2190, 2279, 2391}

integrand size

_— _— 2
3ib*PolyLog (2, gaicse 1(”‘)) 3b?log (1 — gaicse 1(“‘)) (a +b csc_l(cx)) 3bx\/1 - % (a +b csc‘l(cx)) 3ib (a+ b
- + +
2¢? c? 2c 2

Antiderivative was successfully verified.

[In] Int[x*(a + bxArcCsclc*x])~3,x]

[Out] (((3*I)/2)*b*x(a + b*ArcCsclc*x])~2)/c”2 + (3xb*Sqrt[1 - 1/(c™2*x"2)]*x*(a +
bxArcCsclc*x])"2)/(2%c) + (x"2*(a + bxArcCsclc*x])"3)/2 - (3*b"2*x(a + b*Ar
cCsclc*x])*Log[1l - E~((2*I)*ArcCsclc*x])]1)/c”2 + (((3*I)/2)*b~3*PolyLog[2,
E~((2*I)*ArcCsclc*x])])/c™2

Rule 5223

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))"(n )*(x_)"(m_.), x_Symbol] :> -Dist[
(c(m + 1))°(-1), Subst[Int[(a + b*x) n*Cscl[x]~(m + 1)*Cot[x], x], x, ArcCs
clexx]], x] /; FreeQ[{a, b, c}, x] && IntegerQ[n] && IntegerQ[m] && (GtQ[n,
0] Il LtQm, -11)

Rule 4410

Int[Cot[(a_.) + (b_.)*x(x_)]1"(p_.)*Cscl(a_.) + (b_.)*(x_)]1"(n_.)*((c_.) + (d
_D)*(x_ )" (m_.), x_Symbol] :> -Simp[((c + d*x)"m*Cscla + b*x]"n)/(b*n), xI]
+ Dist[(d*m)/(b*n), Int[(c + d*x)"(m - 1)*Cscl[a + b*x]"n, x], x] /; FreeQ[{
a, b, ¢, d, n}, x] & EqQlp, 1] && GtQ[m, O]

Rule 4184

Int[csc[(e_.) + (f_)*(x_)]172x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pl((c + d*x)"m*xCot[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + f*x], x], x] /; FreeQl{c, d, e, £}, x] && GtQ[m, O]

Rule 3717

Int[((c_.) + (@_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2xI, Int[((c + d*x)~
m*E~ (2*xI*k*Pi)*E~ (2*xI* (e + f*x)))/(1 + E~(2*I*k*Pi)*E~(2*I*x(e + f*x))), x],
x] /; FreeQl[{c, d, e, f}, x] && IntegerQ[4*k] && IGtQ[m, O]
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Rule 2190

Int [CC(F_)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(a_) + (b_)*((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*gxn*Log[F]), x] - Di
st [(d*m) / (b*f*gxnxLog[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(g*(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2391

Int[Logl[(c_.)*x((d_) + (e_.)*x(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rubi steps
fx (a o csc‘l(cx))3 e _Subst ( [(a+bx)? cot(a;)zcscz(x) dx, x, csc™! (cx))
3b) Subst bx)? csc?(x) dx, x, csc ™!
_ % 2(a .\ bcsc‘l(cx))3 ~ (3b) Subs (f(a + x)zcczsc (x)dx, x, csc (cx))
3byf1 - +besc! 3b?) Subst bx) cot(
a csc (cx)) N 1x2 (a +bcsc‘l(cx))3 B ( ) ubs (f(a+ x)zco (
2 c
) 3ib (a +b czc‘l(cx)) 3041 - - (a +bcsc 1(cx)) . 1x2 (a » csc—l(cx))3 X @
2c 2c 2
. _ 2 1 _ 2
_ 3ib (a + bcic 1(cx)) .\ 3by[1 - 55x (a +bcese 1(cx)) N lxz (a .\ bcsc‘l(cx))s _ ﬁ
2c 2c 2
. _ 2 1 _ 2
_ 3ib (a + bcic 1(cx)) N b1 - 55x (a +bcesc 1(cx)) N lxz (a N bcsc‘l(cx))s ~ ﬁ
2c 2c 2
. _ 2 1 _ 2
_ 3ib (a + bzcczc 1(cx)) . 3b4/1 - EwEs (ZC+ bcsc 1(cx)) N %xz (a N bcsc‘l(cx))3 ) ﬁ

Mathematica [A] time = 0.46718, size = 182, normalized size = 1.44

3ib>PolyLog (2, EZiCSC_l(C")) +a (acx (acx +3b4J1 - ﬁ) — 6b? log (i)) + 3b% csc 7 (cx)? (ac2x2 +b (cx, - ﬁ +

2¢2

Warning: Unable to verify antiderivative.

[In] Integrate[x*(a + b*ArcCsc[c*x])~3,x]

[Out] (3%b~2*(a*c™2*x72 + bx(I + cxSqrt[l - 1/(c™2%x72)]*x))*ArcCsclc*x] "2 + b~3%
c"2*x72*%ArcCsc[c*x] "3 + 3xb*ArcCsc[c*xx]* (axc*x* (2%bxSqrt[1 - 1/(c™2*x"2)] +
axc*x) — 2xb”"2xLogl[l - E~((2*I)*ArcCsclc*x])]) + ax(axc*x*(3xb*Sqrt[1 - 1/
(c™2*%x72)] + a*xcxx) - 6xb~2*xLog[1/(cxx)]) + (3*I)*b~3*PolyLog[2, E~((2*I)*A
rcCsclexx])]1)/(2%c™2)
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Maple [B] time = 0.33, size = 349, normalized size = 2.8

3i 2

x2a®  x2b3 (arcesc (cx))® 3B (arcesc (cx))®x [c2a2 -1 jlb3 (arcesc (cx)) blarccsc (cx) i

+ + + -3 In|l1+—+4/1-
2 2 2¢ c2x2 c? c? cx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(at+b*arccsc(c*x))"3,x)

[Out] 1/2*x"2*a”~3+1/2*xx"2*b~3*arccsc(c*x) "3+3/2/cxb~3*arccsc(c*x) "2 ((c™2*x"2-1)/
c"2/x72)"(1/2) *x+3/2*1/c”2*b"3*arccsc (c*x) "2-3/c " 2*b " 3*arccsc(cxx) *1n(1+I/c
/x+(1-1/¢c"2/x72)"(1/2))-3/c"2%b"3*arccsc(c*x) *In(1-I/c/x-(1-1/c"2/x"2)~(1/2
))+3*%I/c”2xb~3*polylog(2,-I/c/x-(1-1/c”2/x72)~(1/2))+3*I/c~2*b~3*polylog(2,
I/c/x+(1-1/c"2/x72) " (1/2))+3/2*xx"2*xaxb~2*arccsc (c*x) ~2+3/cxaxb™2x ((c™2*x~2-
1)/c”2/x72) " (1/2) *arccsc(c*xx) *x-3/c"2*xa*xb~2x1n (1/c/x)+3/2*a" 2*xb*x"2*arccsc (
cxx)+3/2/c*xa”2%b/ ((c™2*x"2-1)/c"2/x72) "~ (1/2) *x-3/2/c"3*a"2*b/ ((c"2*x"2-1) /c
~2/x72)7(1/2) /%

Maxima [F] time = 0., size = 0, normalized size = 0.

X~ +1 x,/—L + 1 arccsc (cx)
2 N & |2b+3 S + Ing(x) a?+ 1|

3 1 3
5 ab?x2 arcese (cx)* + 5 a3x% + 5 | ¥ arcese (cx) + - p B 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*arccsc(c*x))~3,x, algorithm="maxima")

[Out] 3/2*axb~2*x~2*arccsc(c*x)™2 + 1/2*%a”3%x"2 + 3/2%(x"2*arccsc(c*x) + x*sqrt(-
1/(c™2*%x72) + 1)/c)*a”2*b + 3*x(x*sqrt(-1/(c™2*x"2) + 1)*arccsc(c*x)/c + log
(x)/c”2)*%a*xb”2 + 1/8%(4*x"2*xarctan2(l, sqrt(c*x + 1)*sqrt(ckx - 1))73 - 3*x
“2xarctan2(l, sqrt(ckx + 1)*sqrt(c*xx - 1))*log(c™2*x"2)72 - 8xintegrate(3/8
*x(8xc™2xx"3*%arctan2(1l, sqrt(c*x + 1)*sqrt(cxx - 1))*log(c)~2 - 8*x*arctan2(
1, sqrt(cxx + 1)*sqrt(c*x - 1))*log(c)~2 + 8*(c™2*xx"3*arctan2(1l, sqrt(cxx +
1) *sqrt(cxx - 1)) - xxarctan2(l, sqrt(c*x + 1)*sqrt(c*x - 1)))*log(x)"2 -
(4xx*arctan2(1l, sqrt(c*xx + 1)*sqrt(cxx - 1))72 - x*xlog(c™2%x72)"2)*sqrt (c*x
+ 1)*xsqrt(cxx - 1) - 4*%((2%c™2xarctan2(l, sqrt(c*x + 1)*sqrt(c*x - 1))x*log
(c) + c™2xarctan2(1l, sqrt(c*x + 1)*sqrt(c*x - 1)))*x~3 - (2%arctan2(l, sqrt
(c*x + 1)*sqrt(cxx - 1))*log(c) + arctan2(l, sqrt(c*x + 1)*sqrt(cxx - 1)))*
x + 2x(c72*x"3*arctan2(l, sqrt(c*x + 1)*sqrt(c*x - 1)) - x*arctan2(l, sqrt(
cxx + 1)*sqrt(cxx - 1)))*log(x))*log(c™2*x"2) + 16%(c~2*x"3*arctan2(l, sqrt
(c*x + 1)*sqrt(cxx - 1))*log(c) - x*arctan2(l, sqrt(c*xx + 1)*sqrt(c*x - 1))
*Llog(c))*log(x))/(c™2xx"2 - 1), x))*b~3

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (b3x arccsc (cx)3 + 3 ab’x arccsc (cx)2 + 3 a®bx arcesc (cx) + a’x, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*arccsc(c*x))~3,x, algorithm="fricas")
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[Out] integral(b~3*x*arccsc(c*x)”3 + 3*axb~2*xx*arccsc(c*x)”2 + 3*%a~2*bxx*arccsc(c

*x) + a”3*x, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

fx (a + bacsc (cx))3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*acsc(c*x))**3,x)

[Out] Integral(x*(a + b*acsc(c*x))**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (barcesc (cx) + a)3x dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*arccsc(c*x))~3,x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)~3*x, x)
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3.27 f (a +besc! (cx))3 dx

Optimal. Leaf size=144

6ib*PolyLog (2, —eicscfl(cx)) (a +b csc‘l(cx)) 6ib*PolyL.og (2, ¢ Cscfl(cx)) (a +b csc‘l(cx)) 6b°PolyLog (3, —el ¢
- + +

c C c

[Out] x*(a + b*ArcCsclc*x])~3 + (6%b*(a + b*ArcCsc[c*x]) 2*ArcTanh[E~ (I*ArcCsc[cx
x]1)1)/c - ((6*%I)*b~2%(a + bxArcCsc[c*x])*PolyLog[2, -E~(IxArcCscl[c*x])])/c
+ ((6xI)*b~2%(a + b*ArcCsc[c*x])*PolyLog[2, E~(I*ArcCsclc*x])])/c + (6%b~3%
PolyLog[3, -E~(I*ArcCsclc*x])])/c - (6xb~3xPolyLogl[3, E~(I*ArcCsclc*x])])/c

Rubi [A] time = 0.112179, antiderivative size = 144, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 6, integrand size = 10, e e =

integrand size
0.6, Rules used = {56217, 4410, 4183, 2531, 2282, 6589}

6ib?PolyLog (2, —¢' Csc_l(c")) (a +b Csc‘l(cx)) 6ib*PolyLog (2, é CSC_I(C")) (a +b csc‘l(cx)) 6b3PolyLog (3, —e ¢
- + +

C C c

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCsclc*x])~3,x]

[Out] xx(a + bxArcCsclc*x])~3 + (6%bx(a + bxArcCsc[c*x]) ~2*ArcTanh [E~ (I*ArcCsc[c*
x]1)1)/c - ((6*%I)*b~2*(a + bxArcCsc[c*x])*PolyLog[2, -E~(IxArcCscl[c*x])])/c
+ ((6xI)*b~2%(a + b*ArcCsc[c*x])*PolyLog[2, E~(I*ArcCsclc*x])])/c + (6%b~3%
PolyLog[3, -E~(I*ArcCsclc*x])])/c - (6%b~3*PolyLogl[3, E~(I*ArcCsclc*x])])/c

Rule 5217

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))"(n_), x_Symbol] :> -Dist[c”(-1), Sub
st[Int[(a + b*x) “n*Csc[x]*Cot[x], x], x, ArcCsclc*x]], x] /; FreeQ[{a, b, c
, nr, x] && IGtQ[n, O]

Rule 4410

Int[Cotl[(a_.) + (b_.)*x(x_)]1"(p_.)*Cscl(a_.) + (b_.)*(x_)]1"(n_.)*((c_.) + (d
_)x(x_))"(m_.), x_Symbol] :> -Simp[((c + d*x) m*Cscl[a + b*x]"n)/(b*n), x]
+ Dist[(d*m)/(b*n), Int[(c + d*x)~(m - 1)*Cscl[a + b*x]"n, x], x] /; FreeQ[{
a, b, ¢, d, n}, x] && EqQlp, 1] && GtQ[m, 0]

Rule 4183

Int[cscl(e_.) + (£_)*(x_)]*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*xx) m¥ArcTanh[E~(I*(e + f*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + 4
*x) " (m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Logl[l + E~(I*x(e + fx*x))], x], x]) /; FreeQl{c, d, e, f}, x] && IGtQ
[m, O]

Rule 2531

Int[Log[l + (e_)*((F_)"((c_.)*((a_.) + (b_.)*(x_))))"(a_)1*((f_.) + (g_.)
*(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(c*x(a + b*x
)))"n)1)/(bxcxn*xLog[F]1), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, f
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, g, n}, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !MatchQ[u, (w )*((a_.)*(v_)"(n_ ))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E"((c_.)*((a_.) + (b_.)*x))*
(F)Iv_]1 /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589
Int [PolyLogln_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_

S
ymbol] :> Simp[PolyLogln + 1, cx(a + b*x)"pl/(exp), x] /; FreeQl{a, b, c, d
, e, n, p}, x] && EqQ[b*xd, axe]

Rubi steps

Subst ( [(a + bx)3 cot(x) cse(x) dx, x, csc‘l(cx))

f (a +b csc‘l(cx))3 dx =

c
2 -1
— 5 (ﬂ N (cx))3 ~ (38b) Subst ( f (a + bx) Ccsc(x) dx, x, csc (cx))
— (a +b CSC_l(Cx))B N 6b (a +besc? (cx))j tanh—l (ei csc—l(cx)) . (6b2) Subst (f(a +by)]

1 2 -1 ( icsel(ex) o -1 .
. (a + bcsc‘l(cx))S + 6b (a +bosc (cx)) tanh (3 e e ) _ 6ib (ﬂ +besc (cx)) Li

¢ c
-1 2 -1/( jes —1( ) 20 1 y
. (a b csc‘l(cx))3 s 6b (a +bcsc (cx))c tanh (el esc(ex ) i 6ib (a +bese (Ci)) Li

3 6b (a +b csc‘l(cx))2 tanh ™ (ei Csc_l(cx)) 6ib? (a +b csc‘l(cx)) Li.

=x (a +b CSC_l(CX)) + - - :

Mathematica [A] time = 0.293682, size = 265, normalized size = 1.84

—6ib*PolyLog (2, —e! CSC_l(Cx)) (a +besc! (cx)) + 6ib*PolyLog (2, ¢ Csc_l(cx)) (a +b Csc‘l(cx)) + 6b°PolyLog (3, —e!

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcCsclc*x])~3,x]

[Out] (a™3*cxx + 3*a”2xbxcxx*xArcCsclc*x] + 3*axb™2kckx*kArcCsclc*x]™2 + b 3*ckx*Ar
cCsclc*x] ™3 - 6%a*b~2*ArcCscc*xx]*Log[l - E7(I*ArcCsclc*x])] - 3*b~3*ArcCsc

[c*x] "2xLog[1 - E~(I*ArcCsclc*x])] + 6*axb~2xArcCsc[c*x]*Log[1 + E~(I*ArcCs
clexx])] + 3xb~3xArcCscc*x] "2*Log[1l + E~(I*ArcCsclc*x])] + 3*a~2xb*Log[c*(

1 + Sqrtl[l - 1/(c™2*x"2)])*x] - (6*%I)*b~2*%(a + b*ArcCsc[c*x])*PolyLog[2, -E
~(I*xArcCsclc*xx])] + (6%I)*b~2+(a + b*ArcCsc[c*x])*PolyLogl[2, E~(I*ArcCsc[c*

x])] + 6xb~3*PolyLog[3, -E~(I*ArcCsclc*x])] - 6*%b~3*PolyLog[3, E~(I*ArcCscl[
c*x])])/c

Maple [B] time = 0.319, size = 437, normalized size = 3.

n|l+-
c (

njl-——4/1

b3 2 ' 1 b3 2
xb3 (arcese (cx))® + 3 xab? (arcese (cx))* - 3 (arcccsc (cx)) 1 ( clx - szz] +3 (arcesc (x)) 1
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*x))”3,x)

[Out] xxb~3*arccsc(c*x) ~3+3xx*a*b~2*arccsc(c*x) “2-3/cxb~3*arccsc(c*x) "2*1n(1-I/c/
x-(1-1/c72/x72) " (1/2) )+3/c*b~3*arccsc (c*x) "2*1n(1+I/c/x+(1-1/c72/x72) " (1/2)
)+6%I/c*b~3*arccsc(c*xx)*polylog(2,I/c/x+(1-1/c"2/x72)"(1/2))-6%I/c*arccsc(c
*xx)*polylog(2,-I/c/x-(1-1/c"2/x72)7(1/2) ) *b~3+3*x*a”2xb*arccsc (c*x)-6/c*a*b
~2%arccsc(cxx)*1n(1-I/c/x-(1-1/c~2/x72)~(1/2))+6/c*xa*xb~2xarccsc(c*x) *1n(1+I
/c/x+(1-1/c~2/x72) 7 (1/2) ) +6%I/c*a*b”2xpolylog(2,I/c/x+(1-1/c"2/x72)~(1/2))-
6*%I/cxpolylog(2,-I/c/x-(1-1/c72/x72)~(1/2))*a*b”2+x*a~3-6%b~3*polylog(3,I/c
/x+(1-1/c~2/x72)~(1/2) ) /c+6%b~3*polylog(3,-I/c/x-(1-1/c"2/x72)"(1/2))/c+3/c

*x1n (c*kx+c*xx* (1-1/c72/x72) " (1/2) ) *a”2%b

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~3,x, algorithm="maxima")

[Out] -3/2%a*xb”2*xc™2x(2*x/c”2 - log(cxx + 1)/c”3 + log(c*x - 1)/c”3)*log(c)”2 - 1
2xb~3*c"2*integrate (1/4*x"2*xarctan(1/(sqrt(c*xx + 1)*sqrt(c*x - 1)))/(c™2*x”
2 - 1), x)xlog(c)™2 + b~ 3*x*arctan2(l, sqrt(c*x + 1)*sqrt(cxx - 1))7°3 - 3/4
xb~3*xx*arctan2(1l, sqrt(c*xx + 1)*sqrt(c*x - 1))*log(c™2*x"2)72 + 12xb~3%c™2x
integrate(1/4*x~2*xarctan(1/(sqrt(c*x + 1)*sqrt(c*x - 1)))*log(c™2xx"2)/(c"2
*x"2 - 1), x)xlog(c) - 24%b~3xc”2*xintegrate(1/4*x"2*arctan(l/(sqrt(c*x + 1)
xsqrt(cxx - 1)))*log(x)/(c™2*x"2 - 1), x)*log(c) + 12*a*xb”2xc”2*integrate(l
/4xx"2xLlog(c™2*x72) /(c™2*x"2 - 1), x)*xlog(c) - 24xaxb~2xc”2xintegrate(1/4*x
“2xlog(x)/(c”™2*x"2 - 1), x)*log(c) + 12xb~3*c”2*integrate(1/4*x " 2*arctan(1/
(sqrt(c*xx + 1)*sqrt(c*x - 1)))*log(c™2*x"2)*log(x)/(c™2%x"2 - 1), x) - 12%b
~3*c”2xintegrate(1/4*x"2*xarctan(l/(sqrt(c*x + 1)*sqrt(c*x - 1)))*log(x)~2/(
cT2*x72 - 1), x) + 12%a*xb~2*c”2*integrate(1/4xx"2*arctan(l/(sqrt(c*x + 1)*s
qrt(c*xx - 1)))72/(c”™2*x"2 - 1), x) + 12%b"3%c™2xintegrate(1/4*x " 2*arctan(1/
(sqrt(cxx + 1)*sqrt(c*x - 1)))*log(c™2%x72)/(c™2%x"2 - 1), x) - 3*a*b™2%c”2
xintegrate (1/4*x"2*xlog(c™2%x72)72/(c™2*%x"2 - 1), x) + 12xa*b”~2*c”2xintegrat
e(1/4*x"2xlog(c™2*x"2) *log(x) /(c™2*x"2 - 1), x) - 12xa*b~2*c”2xintegrate(1/
4xx~2%1log(x)~2/(c”2*%x"2 - 1), x) - 3/2*xaxb”2*(log(c*x + 1)/c - log(c*x - 1)
/c)*log(c)”2 + 12xb~3*integrate(1/4*arctan(l/(sqrt(ckx + 1)*sqrt(cxx - 1)))
/(c72%x72 - 1), x)*log(c)~2 - 12%b~3xintegrate(1/4*arctan(l/(sqrt(c*xx + 1)x
sqrt(c*xx - 1)))*log(c™2*xx72)/(c™2*x"2 - 1), x)*log(c) + 24%b~3xintegrate(1l/
4xarctan(1/(sqrt(cxx + 1)*sqrt(cxx - 1)))*log(x)/(c™2*x"2 - 1), x)*log(c) -
12xaxb~2xintegrate(1/4*log(c™2%x72)/(c™2%x"2 - 1), x)*log(c) + 24*axb”2%in
tegrate(1/4*xlog(x)/(c™2xx"2 - 1), x)*log(c) + a"3*x + 12*%b~3xintegrate(1/4*
sqrt(cxx + 1)*sqrt(c*x - 1)*arctan(l/(sqrt(c*x + 1)xsqrt(c*xx - 1)))72/(c™2x
X772 - 1), x) - 3*%b"3*integrate(l/4*sqrt(cxx + 1)*sqrt(cxx - 1)*log(c™2%x72)
~2/(c™2xx"2 - 1), x) - 12#b”3xintegrate(l/4xarctan(1l/(sqrt(c*x + 1)*sqrt(cx
x - 1)))*xlog(c™2*x"2)xlog(x)/(c™2*%x"2 - 1), x) + 12xb~3*integrate(l/4*arcta
n(1/(sqrt(cxx + 1) *sqrt(cxx - 1)))*xlog(x)~2/(c™2*x"2 - 1), x) - 12%a*xb~2*in
tegrate(1/4*arctan(1/(sqrt(cxx + 1)*sqrt(c*xx - 1)))72/(c™2*x"2 - 1), x) - 1
2xb~3*integrate(l/4*arctan(1/(sqrt(c*x + 1)*sqrt(cxx - 1)))*log(c™2*xx~2)/(c
“2%x72 - 1), x) + 3*axb~2xintegrate(1/4xlog(c”2*x"2)"2/(c™2*xx"2 - 1), x) -
12xa*xb~2xintegrate (1/4*1log(c™2*x"2)*xlog(x)/(c™2%x"2 - 1), x) + 12%axb”2*int
egrate(1/4xlog(x)~2/(c™2%x"2 - 1), x) + 3/2*(2xc*x*arccsc(cxx) + log(sqrt(-
1/(c”™2*%x72) + 1) + 1) - log(-sqrt(-1/(c™2%x72) + 1) + 1))*a”2xb/c
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Fricas [F] time = 0., size = 0, normalized size = 0.

integral (b3 arcese (cx)® + 3 ab? arcesc (cx)? + 3 a2b arcesc (cx) + a3, x
g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~3,x, algorithm="fricas")

[Out] integral(b~3*arccsc(c*x)~3 + 3*axb~2*arccsc(c*x)”™2 + 3*xa~2*xb*arccsc(c*x) +

a~3, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + bacsc (cx))3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(c*x))**3,x)

[Out] Integral((a + b*acsc(c*x))**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (barccsc (cx) + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arccsc(c*x))”~3,x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)~3, x)
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(a+JJCSC‘1(cx))3
328 | dx

X

Optimal. Leaf size=124

3 - 3 - 2 3 .
—EbzPolyLog (3, gaicse 1(”‘)) (a +besc! (cx)) + EibPolyLog (2, gaicse 1(”‘)) (a +b csc‘l(cx)) - Zib3PolyLog (4, g2l osC

[Out] ((I/4)*(a + b*ArcCsclc*x])~4)/b - (a + b*ArcCsc[c*x]) "3*Logl[1l - E~((2*I)*Ar
cCsclexx])] + ((3%I)/2)*b*x(a + bxArcCsc[c*x]) "2*PolyLog[2, E~((2*I)*ArcCsc[
cxx])] - (3*%b72x(a + bxArcCsc[c*x])*PolyLogl[3, E~((2*I)*ArcCsclc*x])])/2 -
((3%I)/4)*b~3*PolyLog[4, E~((2*I)*ArcCsclc*x])]

Rubi [A] time = 0.143158, antiderivative size = 124, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 14, e

0.5, Rules used = {5223, 3717, 2190, 2531, 6609, 2282, 6589}

integrand size

—gbzPolyLog (3, eZiCSC_l(w‘)) (u +b csc‘l(cx)) + gibPolyLog (2, % Csc_l(c")) (a +b csc‘l(cx))2 - Zib3PolyLog (4, gZiesc

Antiderivative was successfully verified.

[In] Int[(a + bxArcCsclc*x])~3/x,x]

[Out] ((I/4)*(a + b*ArcCsclc*x])~4)/b - (a + b*ArcCsclc*x]) 3*xLog[l - E~((2*I)*Ar
cCsclexx])] + ((3*%I)/2)*bx(a + bxArcCsc[c*x]) "2*PolyLog[2, E~((2*I)*ArcCsc[
cxx])] - (3*%b"2x(a + bxArcCsc[c*x])*PolyLog[3, E~((2*I)*ArcCsclc*x])])/2 -
((3%I)/4)*b~3*PolyLog[4, E~((2*I)*ArcCsclc*x])]

Rule 5223

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))"(n_)*(x_)"(m_.), x_Symbol] :> -Dist[
(c(m + 1))°(-1), Subst[Int[(a + b*x) n*Csc[x]~(m + 1)*Cot[x], x], x, ArcCs
clexx]], x] /; FreeQ[{a, b, c}, x] && IntegerQ[n] && IntegerQ[m] && (GtQ[n,
0] |l LtQ[m, -11)

Rule 3717

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2*I, Int[((c + d*x)~
m*xE~ (2*xI*k*Pi)*E~ (2*xI*x (e + f*x)))/(1 + E~(2*I*k*Pi)*E~(2*I*x(e + f*x))), x],
x] /; FreeQl{c, d, e, f}, x] && IntegerQ[4xk] && IGtQ[m, 0]

Rule 2190

Int [(CCCF_)~((g_D*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_)*x_))"(m_.))/
((a_) + (b_)*x((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*g*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))7°n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Rule 2531

Int[Log[1l + (e_.)*((F_)"((c_)*((a_.) + (b_)*(x_))))"(m_)I*((£_.) + (g_.)
*(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
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1)*PolyLogl2, -(ex(F~(c*(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, £
, &, n}r, x] && GtQ[m, O]

Rule 6609

Int[(Ce_.) + (f_.)*(x_))~(m_.)*PolyLogln_, (d_.)*((F)~((c_.)*((a_.) + (b_.
)x(x_))))~(p_.)]1, x_Symbol]l :> Simp[((e + f*x) m*PolyLog[n + 1, d*(F~(c*(a
+ b*x)))"pl)/ (bxcxp*xLog[F]1), x] - Dist[(f*m)/(b*c*p*Logl[F]), Int[(e + f*x)~
(m - 1)*PolyLogln + 1, d*x(F~(cx(a + b*x)))~pl, x], x] /; FreeQ[{F, a, b, c,
d, e, f, n, p}, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E"((c_.)*((a_.) + (b_.)*x))*
(F)Iv.] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/C(d_.) + (e_.)*x(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[b*xd, axe]

Rubi steps

f (a +besc(ex)

3
" ) dx = — Subst ( f (a + bx)3 cot(x) dx, x, csc‘l(cx))

4

i(a+Dbesc(cx 2ix 3

= ( ( )) + 2i Subst f ﬂ dx, x, csc™(cx)
4b 1 - e2ix

4
i(a+besc(cx o
= ( m ( )) - (a + bcsc‘l(cx))3 log (1 — g2icse 1(”‘)) + (3b) Subst (f(a + bx)? log

) 1 4
! (a +h Cj; (cx)) -~ (a + bcsc‘l(cx))3 log (1 - eZiCSC_l(Cx)) + gib (u +bcesc! (cx))2 Li, (‘

. 1 4
! (a +h C:; (cx)) - (a + bcsc‘l(cx))3 log (1 - eZiCSC_l(C")) + gib (a +bcesc! (CX))2 Li, (‘

) 1 4
_! (a +h C:; (cx)) - (a + bcsc‘l(cx))3 log (1 — eZiCSCJ(C")) + ;ib (a +besc (cx))2 Lip (‘

. 1 4
_! (a +h C:; (cx)) - (a + bcsc‘l(cx))3 log (1 - eZiCSC_l(”‘)) + gib (a +bcesc! (cx))2 Li, (‘

Mathematica [A] time = 0.213212, size = 242, normalized size = 1.95

;iazb (PolyLog (2, eZiCSC_l(C">) + csc7(cex) (csc‘l(cx) +2ilog (1 - eZiCSC_l(C")))) + %iabz (—24 csc!(cx)PolyLog (2,

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcCsclcx*x])~3/x,x]

[Out] a~3*Loglc*x] + ((3xI)/2)*a~2xbx(ArcCsc[cxx]*(ArcCsclc*x] + (2%I)*Log[l - E-
((2xI)*ArcCsclc*x])]) + PolyLog[2, E~((2*I)*ArcCsclc*x])]) + (I/8)*axb”2x(P
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i73 - 8*ArcCsc[c*x]~3 + (24*I)*ArcCsc[c*x] 2*xLog[l - E~((-2*I)*ArcCsc[c*x])
1 - 24xArcCsc[c*x]*PolyLog[2, E~((-2*I)*ArcCsclc*x])] + (12%I)*PolyLog[3, E
~((-2xI)*ArcCsclcxx])]) + (I/64)*b~3*(Pi"4 - 16%ArcCsclc*x]™4 + (64*I)*ArcC
sclc*xx] "3%Log[1 - E7((-2*%I)*ArcCsclc*x])] - 96%ArcCsc[c*x] ~2*PolyLog[2, E~(
(-2*%I)*ArcCsc[c*x])] + (96*I)*ArcCsc[c*x]*PolyLogl[3, E~((-2*I)*ArcCsclc*x])
1 + 48%PolyLogl[4, E~((-2*I)*ArcCsclc*x])])

Maple [B] time = 0.333, size = 666, normalized size = 5.4

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*x))~3/x,x)

[Out] a”3*1n(c*x)+3/2*I*a~2*b*arccsc(c*x)  2-b~3*arccsc(c*x) ~3*1n(1+I/c/x+(1-1/c"2
/x72)7(1/2))+3*I*a"~2*b*polylog(2,I/c/x+(1-1/c~2/x72)"(1/2))-6xb~3*arccsc(c*
x)*polylog(3,-I/c/x-(1-1/c"2/x72)~(1/2))-6*%I*xb~3*polylog(4,I/c/x+(1-1/c"2/x
~2)7(1/2))-b~3*arccsc(cxx) “3*1n(1-I/c/x-(1-1/c"2/x72) " (1/2) ) +3*xI*b~3*arccsc
(cxx) ~2xpolylog(2,I/c/x+(1-1/c"2/x72) " (1/2))-6*b~3*arccsc(c*x)*polylog(3,I/
c/x+(1-1/c72/x72) " (1/2) ) +3*xI*b~3*arccsc(c*x) “2*xpolylog(2,-I/c/x-(1-1/c"2/x"
2)~(1/2))+1/4*Ixb~3*arccsc(c*x) ~4+6*%Ixaxb~2*arccsc(c*x)*polylog(2,I/c/x+(1-
1/c72/x72)7(1/2))-3*axb~2*arccsc(c*x) "2x1n(1-I/c/x-(1-1/c"2/x72)~(1/2) ) -3*a
xb~2*xarccsc(cxx) “2*%1n(1+I/c/x+(1-1/c"2/x72) " (1/2) ) +6*I*axb~2*arccsc (c*x) *po
lylog(2,-I/c/x-(1-1/c"2/x72)~(1/2))-6*%a*xb~2xpolylog(3,I/c/x+(1-1/c"2/x72)"(
1/2))-6*axb~2*polylog(3,-I/c/x-(1-1/c"2/x72)~(1/2))+3*xI*a~2*b*polylog(2,-I/
c/x-(1-1/c"2/x72)7(1/2) ) -3*a"2*b*arccsc(cxx) *1n(1-I/c/x-(1-1/c"2/x72) " (1/2)
)-3*a~2*bxarccsc(c*x)*1n(1+I/c/x+(1-1/c"2/x72) " (1/2) ) +I*a*b~2*arccsc(c*x) "3
-6%Ixb~3*polylog(4,-I/c/x-(1-1/c"2/x"2)"(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~3/x,x, algorithm="maxima"

[Out] -3/2%a*xb~2*xc"2x(log(c*xx + 1)/c”2 + log(c*x - 1)/c”2)*log(c)”2 - 12%b~3*c™ 2%
integrate(1/4*x~2*xarctan(1/(sqrt(c*x + 1)*sqrt(c*x - 1)))/(c™2*xx"3 - x), %)
xlog(c)™2 + 12*%b~3*c"2xintegrate(1/4*x"2*xarctan(1l/(sqrt(c*x + 1)*sqrt(c*x -
1)))*log(c™2*x72)/(c™2*%x"3 - x), x)*log(c) - 24*b~3*c”2xintegrate(1/4*x~2x%
arctan(1/(sqrt(cxx + 1)*sqrt(cxx - 1)))*log(x)/(c™2*x"3 - x), x)*log(c) + 1
2*%a*xb~2xc”2*integrate (1/4*x"2x1log(c™2*x"2)/(c™2*x"3 - x), x)*log(c) - 24*ax
b~2*c"2*integrate (1/4*xx"2*x1log(x)/(c™2%x"3 - x), x)*log(c) + b~ 3*arctan2(1,
sqrt(c*xx + 1)xsqrt(cxx - 1)) 3*xlog(x) - 3/4xb~3*arctan2(l, sqrt(c*x + 1)*sq
rt(cxx - 1))*log(c™2xx72)  2xlog(x) + 24%b~3*c”2*integrate(1/4*x~2*arctan(l/
(sqrt(cxx + 1)*sqrt(c*x - 1)))*log(c™2*x72)*log(x)/(c™2%x"3 - x), x) - 12%b
~3%c"2xintegrate (1/4*x"2*xarctan(1l/(sqrt(c*x + 1)*sqrt(c*x - 1)))*log(x)~2/(
c™2xx"3 - x), x) + 12%axb~2*c"2*integrate(1/4*x"2*xarctan(l/(sqrt(c*xx + 1)*s
grt(c*xx - 1)))72/(c™2*x"3 - x), x) - 3*%axb”2xc”2*integrate(1/4*x"2xlog(c~ 2%
x72)72/(c72%x"3 - x), x) + 12*%axb~2*xc”2*integrate(1/4*x"2xlog(c~2*x"2)*1log/(
x)/(c72*%x”3 - x), x) - 12%a*xb”2*xc”2xintegrate(1/4*x"2*xlog(x)~2/(c™2*x"3 - x
), x) + 12%a"2*bxc”2*integrate(1/4*x"2*arctan(1/(sqrt(cxx + 1)*sqrt(c*xx - 1
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)))/(c”2xx”3 - x), x) + 3/2%a*xb”2x(log(c*x + 1) + log(c*x - 1) - 2xlog(x))*
log(c)~2 + 12*%b~3xintegrate(l/4*arctan(1l/(sqrt(c*x + 1)*sqrt(c*x - 1)))/(c”
2xx~3 - x), x)*log(c)”2 - 12*b~3*integrate(l/4*arctan(1/(sqrt(cxx + 1)*sqrt
(c*xx - 1)))*log(c™2xx72)/(c™2%x"3 - x), x)*log(c) + 24*b~3*integrate(l/4xar
ctan(1/(sqrt(cxx + 1)*sqrt(c*x - 1)))*log(x)/(c™2*x"3 - x), x)*log(c) - 12%
a*b"2xintegrate(1/4*log(c™2*x72)/(c™2*x"3 - x), x)*log(c) + 24*axb~2*integr
ate(1/4xlog(x)/(c™2%x"3 - x), x)*log(c) + 12xb~3*integrate(l/4*sqrt(cxx + 1
)*sqrt(c*x - 1)*arctan(1/(sqrt(c*xx + 1)*sqrt(cxx - 1))) 2*log(x)/(c™2*x"3 -
X), x) - 3%b”3xintegrate(1/4*sqrt(c*xx + 1)*sqrt(c*x - 1)*log(c™2*x~2) 2*lo
g(x)/(c™2*x"3 - x), x) - 24*b~3*integrate(l/4xarctan(1l/(sqrt(c*x + 1)*sqrt(
ckx - 1)))*log(c™2*x72)*log(x)/(c”2%x"3 - x), x) + 12xb~3*integrate(1/4*arc
tan(1/(sqrt(c*x + 1)*sqrt(c*x - 1)))*log(x)~2/(c™2%x"3 - x), x) — 12%a*xb™2x%
integrate(1/4*xarctan(1/(sqrt(c*xx + 1)*sqrt(c*x - 1)))72/(c™2*%x"3 - x), x) +
3xaxb~2xintegrate(1/4*xlog(c™2%x72)72/(c”2*x"3 - x), x) - 12%a*b~2*integrat
e(1/4xlog(c™2xx"2) *log(x)/(c™2*x"3 - x), x) + 12%a*xb~2*integrate(l/4xlog(x)
~2/(c”2%x73 - x), x) - 12*a"2xbxintegrate(l/4*arctan(l/(sqrt(c*xx + 1)*sqrt(
c¥x - 1)))/(c™2xx"3 - x), x) + a~3xlog(x)

Fricas [F] time = 0., size = 0, normalized size = 0.

b3 arcesc (cx)® + 3 ab? arcese (cx)? + 3 a2barcesc (cx) + a3 ]
X
7

int |
integra ( .

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*arccsc(c*x))~3/x,x, algorithm="fricas")

[Out] integral((b~3*arccsc(c*x)”~3 + 3xa*b”2%arccsc(c*x)”2 + 3*%a~2*bxarccsc(c*x) +
a”3)/x, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + bacsc (cx))°
» dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(c*x))**3/x,x)

[Out] Integral((a + bxacsc(c*x))**3/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

(barccsc (cx) + a)3
f " dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~3/x,x, algorithm="giac")

[Out] integrate((bxarccsc(c*x) + a)~3/x, x)
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(a+JJCSC‘1(cx))3
329 | dx

x2

Optimal. Leaf size=80

3
6b% (a + besc(cx) 1 a+ besc(cx) 1
( ) —3bc4[1 - —(a+bcsc‘1(cx))2— ( ) +6b3cy[1- —
x c2x? x c2x?

[Out] 6xb~3*c*xSqrt[1 - 1/(c™2*x72)] + (6%b~2x(a + b*ArcCsclc*x]))/x - 3*bxc*Sqrt[
1 - 1/(c”2*xx"2)]*(a + b*ArcCsclc*x])”"2 - (a + b*ArcCsclc*x])~3/x

Rubi [A] time = 0.0857982, antiderivative size = 80, normalized size of antiderivative
1., number of steps used = 5, number of rules used = 3, integrand size = 14, number of rules_

0.214, Rules used = {56223, 3296, 2638}

6b? (a +besc! (cx)) 1 2 (a +besc! (cx))3 1
- 3bey|1- 5= (a +b csc‘l(cx)) - +6b%cq |1 - ——
c2x x

X c2x?

integrand size

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCsclc*x]) 3/x72,x]

[Out] 6*b~3xc*xSqrt[1 - 1/(c”2*x"2)] + (6*%b~2*(a + b*ArcCscl[c*x]))/x - 3*bxc*Sqrt[
1 - 1/(c”2*x"2)]*(a + b*ArcCsclc*x])~"2 - (a + b*ArcCsc[c*x])~3/x

Rule 5223

Int[((a_.) + ArcCscl[(c_.)*(x_)I*(b_.)) " (n_)*(x_)~(m_.), x_Symbol] :> -Dist[
(c(m + 1))°(-1), Subst[Int[(a + b*x) n*Csc[x] " (m + 1)*Cot[x], x], x, ArcCs
clexx]], x] /; FreeQ[{a, b, c}, x] && IntegerQ[n] && IntegerQ[m] && (GtQ[n,
0] |l LtQ[m, -11)

Rule 3296

Int[((c_.) + (d_)*(x_))"(m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos[
e + fxx], x], x] /; FreeQl{c, d, e, £}, x] && GtQ[m, O]

Rule 2638
Int[sinl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ

[{c, d}, xI]

Rubi steps
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3
f (a +b Csc‘l(cx)) e

x2

- (c Subst ( f (a + bx)3 cos(x) dx, x, csc™! (cx)))

bese(cx)”
_ (o CS;; () +(@be) Subst [ (a-+ bxP sin)dx, x, csc(ex))

-1 3
= —3bcq[1 - 0217 (a +besc! (Cx))2 - (a e CS; (CX)) + (6bzc Subst (f(a + bx) cos(x)
2 -1 1
_ 6b (a + bcsc (cx)) e /1 ~ % (a T besc 1(cx))2 (a +bcsc (cx)) (6b3c) Sy
X c’x

1 62 a+bcsc‘1(cx) 2 (a+besc
= 6b°cy[1 - 5= + ( - 3bc 1—— a+bcsc 1(cx)) (—
c2x x x

Mathematica [A] time = 0.200749, size = 135, normalized size = 1.69

3bcsc(cx) (u + 2abex1 - ﬁ - 2b2) + 3a%bex4[1 - ﬁ + a® + 3b? csc 7 (cx)? (a + bexq[1 - ) 6ab* — 6b3

X

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcCsclc*x])~3/x72,x]

[Out] -((a™3 - 6*a*b™2 + 3*a~2xb*cxSqrt[l - 1/(c™2*x"2)]*x - 6%b~3*c*Sqrt[1 - 1/(
cT2xx72)]*x + 3*b*(a”2 - 2%b~2 + 2*axbxckSqrt[l - 1/(c”2*x72)]*x)*ArcCsc[c*

x] + 3*%b72%(a + b*xckSqrt[l - 1/(c”2*x72)]*x)*ArcCsc[c*x] "2 + b~ 3*ArcCsc[c*x
173)/x)

Maple [B] time = 0.25, size = 199, normalized size = 2.5

. a? | (arcese (cx))®

cx cx

22 — e \/ C2x22 ; 1 iy arcesc (cx)] 3 b2 [_ (arccsc (cx))z
c2x cx cx

— 3 (arccsc (cx)) \/

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arccsc(c*x))”3/x"2,x)

[Out] c*x(-a~3/c/x+b~3*(-1/c/x*arccsc(c*x) "3-3*arccsc(c*x) "2+ ((c™2*%x"2-1)/c”"2/x72)
~(1/2)+6%((c™2*x"2-1)/c"2/x72) "~ (1/2)+6/c/x*arccsc (c*x) ) +3*xaxb~2* (-1/c/x*arc
csc(c*x) "2+2/c/x-2*%x((c™2*xx"2-1) /c~2/x72) " (1/2) *arccsc(c*x) ) +3*a~2xb*x (-1/c/x
*arccsc(c*xx)-1/((c™2*xx"2-1)/c"2/x"2) " (1/2) /c”2/x"2* (c™2*xx"2-1)))

Maxima [A] time = 1.02653, size = 198, normalized size = 2.48

b cx)® 1 cx 1 1 1
—M—S e/ — +1+arccsc( ) a%b — 6| cy|——— + Larcesc (cx) — = |ab? = 3| cy[——— + L arc
x c2x2 x c2x? x c2x?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))”~3/x72,x, algorithm="maxima")
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[Out] -b~3*arccsc(c*x)~3/x - 3*x(cxsqrt(-1/(c”2*x72) + 1) + arccsc(c*xx)/x)*a”2*b -
6% (cxsqrt(-1/(c™2*xx"2) + 1)*arccsc(c*x) - 1/x)*a*b”2 - 3x(cxsqrt(-1/(c™2*x

~2) + 1)*arccsc(c*x) ™2 - 2%c*ksqrt(-1/(c™2*x"2) + 1) - 2*arccsc(c*x)/x)*b~3

- 3xa*b”2*arccsc(c*x)"2/x - a~3/x

Fricas [A] time = 2.37818, size = 238, normalized size = 2.98

b3 arcesc (cx)® + 3 ab? arcese (cx)? + a3 — 6ab? + 3 (azb -2 b3) arcesc (cx) + 3 (b3 arcese (cx)? + 2 ab? arcese (cx) + a

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~3/x72,x, algorithm="fricas")

[Out] -(b"3*arccsc(c*x)”™3 + 3*axb~2*xarccsc(c*x)”™2 + a~3 - 6*a*xb™2 + 3x(a"2xb - 2%
b~3)*arccsc(c*x) + 3*(b~3*arccsc(c*xx)™2 + 2xaxb~2*arccsc(c*x) + a~2xb - 2xb
“3)xsqrt(c™2*x72 - 1)) /x

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a+ bacsc (cx))3
5 dx
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(c*x))**3/x**2,x)

[Out] Integral((a + b*acsc(c*x))**3/x**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

(barccsc (cx) + a)3

dx
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~3/x72,x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)~3/x72, x)



147

(a+JJCSC‘1(cx))3
330 | dx

3
Optimal. Leaf size=125

3v? (a +b CSC_l(Cx)) 3bcq/1 - % (a + bcsc‘l(cx))2

4x2 4x

3
3 (a +b csc‘l(cx)) 3bcy[1 - 671)

1
2 -1
+ 1€ (a + bcsc (cx)) - 72 + ™

[Out] (3*b~3*c*kSqrt[l - 1/(c™2*xx72)]1)/(8*x) - (3*%b~3xc~2*ArcCsc[c*x])/8 + (3*xb~2x
(a + bxArcCsclc*xx]))/(4%x72) - (3*bxc*xSqrt[l - 1/(c™2*x72)]*(a + b*ArcCsclc
xx])72)/(4xx) + (c”2x(a + bxArcCsclcxx])~3)/4 - (a + b*ArcCsclc*x])~3/(2xx”

2)

Rubi [A] time = 0.104995, antiderivative size = 125, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 14, il LLT

integrand size
0.429, Rules used = {5223, 4404, 3311, 32, 2635, 8}

3v? (u +b csc‘l(cx)) 3bcqj1 - ﬁ (a + bcsc‘l(cx))2 3 (a +b csc‘l(cx))S 3p3c /1 - C_21}

2 -1
™ o + Zc (a + bcesc (cx)) - 72 + ™

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCsclc*x]) 3/x"3,x]

[Out] (3*b~3*c*Sqrt[l - 1/(c™2*xx72)]1)/(8*x) - (3*%b~3xc~2*ArcCsc[c*x])/8 + (3*xb~2x
(a + bxArcCsclc*x]))/(4xx"2) - (3*xbxc*kSqrt[l - 1/(c”2*x"2)]*(a + b*xArcCsclc
xx])72)/(4xx) + (c”2x(a + bxArcCsclcxx])~3)/4 - (a + b*ArcCsclc*x])~3/(2xx”

2)

Rule 5223

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))"(n_)*(x_)"(m_.), x_Symbol] :> -Dist[
(c(m + 1))°(-1), Subst[Int[(a + b*x) " n*Csc[x]"~(m + 1)*Cot[x], x], x, ArcCs
clexx]], x] /; FreeQ[{a, b, c}, x] && IntegerQ[n] && IntegerQ[m] && (GtQ[n,
0] |l LtQ[m, -11)

Rule 4404

Int[Cos[(a_.) + (b_)*(x )I*((c_.) + (d_.)*(x_))"(m_.)*Sin[(a_.) + (b_.)*(x
)17 (n_.), x_Symbol] :> Simp[((c + d*x) m*Sin[a + b*x] " (n + 1))/(bx(n + 1))
, x] - Dist[(d*m)/(bx(n + 1)), Int[(c + d*x)"(m - 1)*Sin[a + b*x] " (n + 1),
x], x] /; FreeQ[{a, b, c, d, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 3311

Int[((c_.) + (A_)*(x_)) " (m_)*((b_.)*sin[(e_.) + (f_.)*(x_)]1)"(n_), x_Symbo
1] :> Simp[(d*m*(c + d*x)~(m - 1)*(b*Sin[e + fx*x])"n)/(£f72#n"2), x] + (Dist
[(b"2%(n - 1))/n, Int[(c + d*x) m*(b*Sin[e + f*x])"(n - 2), x], x] - Dist[(
d"2xmx(m - 1))/(£f72%n"2), Int[(c + d*x)"(m - 2)*(b*Sinl[e + f*x])"n, x], x]
- Simp[(b*(c + d*x) “m*Cos[e + f*x]*(b*Sinl[e + f*x])~(n - 1))/(f*n), x1) /;
FreeQ[{b, c, 4, e, f}, x] && GtQ[n, 1] && GtQ[m, 1]

Rule 32

Int[((a_.) + (b_.)*(x_)) " (m_), x_Symbol] :> Simp[(a + bxx)"(m + 1)/(b*x(m +
1)), x] /; FreeQ[{a, b, m}, x] && NeQ[m, -1]
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Rule 2635

Int[((b_.)*sin[(c_.) + (d_.)*(x_)])"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
I*(b*Sinf[c + d*x])"(n - 1))/(d*n), x] + Dist[(b"2*x(n - 1))/n, Int[(b*Sin[c
+ d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2*n
]

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps

f (a+0 Csc_l(cx))s dx = — (c2 Subst ( f (a + bx)® cos(x) sin(x) dx, x, CSC_l(Cx)))

x3

3
a+besc(cx
= —( ese | )) + ! (3bc2 Subst ( f (a + bx)? sin®(x) dx, x, csc‘l(cx))

2x2
367 (a + bese™(c)) 3bc\/ (a+bese 1(cx)) (a+b csc—l(cx)) L1
= - - (3bc ) Sub:
4x2 2x2 4
3b3cy[1 - L 302 (a + beseex 3bc,/1 a+besc(cx) 1
= 2 ( ( )) ( ) + =c? (a +bese™l(
8x 4x2 4x 4
3 __1 2 -1 / 1
_ 3b°c4/1 Zz §b3c2 sc-l(cx) + 3b (u +bcesc (cx)) 3bc+f1 - 53 (u +bcesc (cx)) )
8x 8 4x2 4x

Mathematica [A] time = 0.210623, size = 186, normalized size = 1.49

-3bc?x? (bz - 2a2) sin”! (l) +6b csc™(cx) (—2a2 — 2abcxA[1 - % + bz) — 6a2bex4[1 - % — 4a% - 6b% csc(cx)? (a [
cX ceX ceX

8x?2

Antiderivative was successfully verified.

[In] Integratel[(a + b*ArcCsclc*x])~3/x73,x]

[Out] (-4*a”3 + 6*a*b”2 - 6%a~2*bkxcxSqrt[l - 1/(c”2*x72)]*x + 3*b~3*cxSqrt[1 - 1/
(c™2%x72) 1 *x + 6%b*(-2%a”2 + b~2 - 2%a*xb*xcxSqrt[l - 1/(c”2%x72)]*x)*ArcCsc[

cxx] — 6%b7 2% (bxc*kSqrt[1l - 1/(c™2%x72)]*x + a*x(2 - c”™2%x72))*ArcCsc[c*x] "2

+ 2%b73% (-2 + c72xx72)*ArcCscc*x] ™3 - 3xb*(-2%a”2 + b72)*c~2*x"2*ArcSin[1/
(c*x)])/ (8%x72)

Maple [B] time = 0.26, size = 315, normalized size = 2.5

@ 23 (arcese (cx))® B3 (arcesc (cx))® 3¢k (arcese (cx))® [c2x2 -1 3b3cParcesc (cx) .\ 3 blarcesc (cx) ,

2x2 4 B 2 x2 N 4x 2x2 8 4 x2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*x)) 3/x"3,x)

[Out] -1/2*%a~3/x"2+1/4*c”2xb"3*xarccsc(c*xx) ~3-1/2xb"3*xarccsc(c*x) ~3/x"2-3/4*xc*xb~ 3%
arccsc(c*xx) "2/xx((c™2%x"2-1)/c”2/x"2) " (1/2)-3/8*%b"3*c"2*arccsc(c*x)+3/4%b"3
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/x"2*xarccsc(c*x)+3/8*cxb™ 3% ((c™2%x"2-1)/c”2/x72) " (1/2) /x+3/4*c”2*xa*xb”2*arcc
sc(c*x) "2-3/2*%a*xb”2/x"2*arccsc (c*x) "2-3/2*c*a*b”2*xarccsc(cxx) /xx ((c™2%x"2-1
)/c”2/x72) " (1/2)+3/4*axb”2/x72-3/2*xa"2*¥b/x"2*arccsc (c*xx) +3/4*xcxa”2xb* (c72*x
~2-1)"(1/2)/((c™2*x"2-1) /c~2/x72) " (1/2) /x*arctan(1/(c"2*x~2-1) " (1/2) ) -3/4*c
*a"2%b/ ((c™2*x"2-1)/c"2/x72) "~ (1/2) /x+3/4/c*xa”2*xb/ ((c"2*xx"2-1) /c"2/x"2) ~(1/2
)/x"3

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~3/x73,x, algorithm="maxima")

[Out] 3/4*a”2%b*x((c ™ 4*xx*sqrt(-1/(c™2%x72) + 1)/(c™2*%x"2%(1/(c™2*x"2) - 1) - 1) -
c~3xarctan(c*x*sqrt(-1/(c™2*x72) + 1)))/c - 2xarccsc(c*x)/x72) - 1/2%a”3/x"
2 - 1/8x(4xb~3*%arctan2(1l, sqrt(c*x + 1)xsqrt(cxx - 1))~3 - 3*b~3*arctan2(1,
sqrt(cxx + 1)xsqrt(cxx - 1))*log(c™2xx72)72 + 12*(a*b~2*c ™ 2x(log(cxx + 1)
+ log(c*x - 1) - 2*xlog(x))*log(c)”2 + 16%b~3*c”2*integrate(1/8*x"2*arctan(1
/(sqrt(c*xx + 1)*sqrt(c*x - 1)))/(c™2%x”5 - x73), x)*log(c)~2 - 16%b~3*c™2%i
ntegrate(1/8*x~2*xarctan(1l/(sqrt(c*x + 1)*sqrt(c*x - 1)))*log(c™2xx"2)/(c™2%
x5 - x73), x)*log(c) + 32*b~3*c " 2xintegrate(1/8*x"2*arctan(l/(sqrt(c*x + 1
)*sqrt(c*xx - 1)))*log(x)/(c™2*xx"5 - x73), x)*log(c) - 16%axb~2*c”2*xintegrat
e(1/8*x"2%log(c™2xx72) /(c™2*x"5 - x73), x)*log(c) + 32xa*xb”2*c”2xintegrate(
1/8%x"2*log(x)/(c™2*x"5 - x73), x)*log(c) - 16%b~3xc~2*integrate(1/8*x"2xar
ctan(1/(sqrt(c*x + 1)*sqrt(c*x - 1)))*log(c™2*xx"2)*log(x)/(c"2*x"5 - x73),
X) + 16%b~3xc”2*xintegrate(1/8*x"2*arctan(1l/(sqrt(c*x + 1)*sqrt(cxx - 1)))*1
og(x)~2/(c”2%x"5 - x73), x) - 16*a*xb~2*c”2*integrate(1/8xx"2*arctan(l/(sqrt
(cxx + 1)*sqrt(c*xx - 1)))72/(c™2*x"5 - x73), x) + 8*b~3*c ™ 2*xintegrate(1/8*x
“2xarctan(1/(sqrt(c*x + 1)*sqrt(c*x - 1)))*log(c™2*x"2)/(c”2*x"5 - x73), x)
+ 4xaxb~2*c”2xintegrate (1/8*x"2*xlog(c™2%x72)72/(c™2*x"5 - x73), x) - 16*ax
b~2*c"2*integrate (1/8xx"2x1log(c™2*x"2)*1log(x)/(c™2%x"5 - x73), x) + 16%a*b”
2xc~2*integrate (1/8*x"2x1log(x)~2/(c™2*x"5 - x73), x) - (c"2xlog(c*x + 1) +
c"2*log(cxx - 1) - 2*xc™2xlog(x) + 1/x72)*a*b~2xlog(c)~2 - 16xb~3*integrate(
1/8*arctan(1/(sqrt(c*x + 1)*sqrt(c*x - 1)))/(c™2*xx"5 - x73), x)*log(c)~2 +
16xb~3*integrate(1/8*arctan(1/(sqrt(c*x + 1)*sqrt(c*x - 1)))*log(c™2*xx"2)/(
c"2xx"5 - x73), x)*log(c) - 32*b~3*integrate(l/8*arctan(1l/(sqrt(c*x + 1)*sq
rt(cxx - 1)))*log(x)/(c”2*x"5 - x73), x)xlog(c) + 16*axb~2*integrate(1/8%*lo
g(c™2%x72) /(c™2%x"5 - x73), x)*log(c) - 32*a*b~2*xintegrate(1/8xlog(x)/(c~2%
x75 - x73), x)*log(c) + 8*b~3*integrate(1/8*sqrt(c*x + 1)*sqrt(c*x - 1)*arc
tan(1l/(sqrt(c*x + 1)*sqrt(c*x - 1)))72/(c™2%x"5 - x73), x) - 2*%b~3*integrat
e(1/8*sqrt(c*x + 1)*sqrt(cxx - 1)*log(c™2*x72)72/(c™2*x"5 - x73), x) + 16%b
~3xintegrate(1/8*arctan(1/(sqrt(cxx + 1)*sqrt(c*xx - 1)))*log(c~2*x"2)*log(x
)/(c™2%x”5 - x73), x) - 16xb~3*integrate(1/8*arctan(1l/(sqrt(cxx + 1)*sqrt(c
*x - 1)))*log(x)~2/(c”2*x”5 - x73), x) + 16*a*xb™2*xintegrate(l/8*arctan(1/(s
grt(c*xx + 1)*sqrt(c*x - 1)))72/(c”2*x"5 - x73), x) - 8*b~3*integrate(l/8*ar
ctan(1/(sqrt(c*x + 1)*sqrt(c*x - 1)))*log(c™2*x"2)/(c™2*x"5 - x73), x) - 4%
axb~2*integrate(1/8*log(c™2*x~2)"2/(c"2*xx"5 - x73), x) + 16%a*b”2xintegrate
(1/8*log(c™2*x"2)*1log(x)/(c™2%x"5 - x73), x) - 16%a*b~2xintegrate(1/8xlog(x
)72/(c”2%x”5 - x73), x))*x"2)/x"2

Fricas [A] time = 2.25876, size = 342, normalized size = 2.74

2 (b302x2 -2 b3) arccsc (cx)3 ~4a% +6ab®>+6 (ab202x2 -2 abz) arccsc (cx)2 +3 ((2 a’b - b3)czx2 ~4a%b+2 b3) ar
8 x2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~3/x73,x, algorithm="fricas")

[Out] 1/8%(2%x(b~3%c™2%x"2 - 2*b~3)*arccsc(c*x)”3 - 4*a”3 + 6%a*xb™2 + 6x(axb™2xc"2
*x"2 — 2%axb~2)*arccsc(cxx) "2 + 3% ((2%a~2%b — b"3)*c"2*x"2 - 4*a~2%b + 2x%b”
3)*arccsc(cxx) - 3*(2%b~3*arccsc(cxx) "2 + 4*xaxb™2*arccsc(c*xx) + 2*xa”2xb - b

“3)xsqrt(c™2*x72 - 1)) /x72

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + bacsc (cx))3
3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(c*x))**3/x**3,x)

[Out] Integral((a + b*acsc(c*x))**3/x**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

(barccsc (cx) + a)3
f 3 dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~3/x73,x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)~3/x73, x)
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(a+JJCSC‘1(cx))3
331 | dx

x4
Optimal. Leaf size=170

2.2 -1 2 -1 be1 — 1 b 1 2
4b%c (a +bcsc (cx)) N 2b (a +besc (cx)) B %bcﬂ/l—}(ﬂ . bcsc‘l(cx))z c\1- 53 (a +bcesc (cx))

3x 9x3 - 3x2

[Out] (14%b~3*%c~3*Sqrt[1 - 1/(c”2*x72)]1)/9 - (2xb~3*c”3*(1 - 1/(c™2%xx72))~(3/2))/
27 + (2%b~2x(a + b*ArcCsclc*x]))/(9%x73) + (4%b~2*c"2*(a + b*ArcCsclc*x]))/

(3*x) - (2xb*xc”3xSqrt[1 - 1/(c™2*x"2)]*(a + bxArcCsclc*x])~2)/3 - (b*c*Sqrt

[1 - 1/(c”2*x"2)]*(a + bxArcCsclc*x])"2)/(3*x"2) - (a + bxArcCsclc*x])~3/(3

*x"3)

Rubi [A] time = 0.149797, antiderivative size = 170, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 6, integrand size = 14, e .

integrand size
0.429, Rules used = {5223, 4404, 3311, 3296, 2638, 2633}

4b?c? (a +b csc‘l(cx)) N 2b? (a +b csc‘l(cx)) szS\/l_? (a b csc‘l(cx))Z beyf1 - ﬁ (a +b csc‘l(cx))2
c2x

3x 9x3 B 3x2

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCsclc*x])~3/x74,x]

[Out] (14%b~3*c”3xSqrt[l - 1/(c™2%x72)])/9 - (2%xb~3*%c™3*(1 - 1/(c”2*x72))~(3/2))/
27 + (2xb~2*x(a + b*ArcCsclc*x]))/(9%x73) + (4*b~2xc"2x(a + b*ArcCsclcx*x]))/

(3xx) - (2¥bxc~3*Sqrt[1 - 1/(c™2*x"2)]*(a + b*ArcCsclc*x])~2)/3 - (bxc*Sqrt

[1 - 1/(c”2*x"2)]1*(a + bxArcCsclc*x])~2)/(3*x"2) - (a + bxArcCsc[c*x])~3/(3

*x73)

Rule 5223

Int[((a_.) + ArcCscl[(c_.)*(x_)I*(b_.)) " (n_)*(x_)~(m_.), x_Symbol] :> -Distl[
(c”(m + 1))°(-1), Subst[Int[(a + b*x) n*Csc[x] (m + 1)*Cot[x], x], x, ArcCs
clexx]], x] /; FreeQ[{a, b, c}, x] && IntegerQ[n] && IntegerQ[m] && (GtQ[n,
0] Il LtQm, -11)

Rule 4404

Int[Cos[(a_.) + (b_.)*(x )I*((c_.) + (d_.)*(x_))"(m_.)*Sin[(a_.) + (b_.)*(x
)17 (n_.), x_Symbol] :> Simp[((c + d*x)"m*Sin[a + b*x]~(n + 1))/(bx(n + 1))
, x] — Dist[(d*m)/(b*(n + 1)), Int[(c + d*x)"(m - 1)*Sinf[a + b*x]"(n + 1),
x], x] /; FreeQ[{a, b, ¢, d, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 3311

Int[((c_.) + (@_)*(x)) " (m )*x((b_.)*sin[(e_.) + (f_.)*(x)]1)"(n_), x_Symbo
1] :> Simp[(d*m*x(c + d*x)~(m - 1)*(b*Sin[e + fxx])"n)/(£72*n"2), x] + (Dist
[(b™2x(n - 1))/n, Int[(c + d*x) “m*x(b*Sin[e + f*x])"(n - 2), x], x] - Dist[(
d~2«mx(m - 1))/(f72*xn"2), Int[(c + d*x)"(m - 2)*(b*Sinl[e + f*x])"n, x], x]
- Simp[(b*(c + d*x) “m*Cos[e + f*x]*(b*Sin[e + f*x])~(n - 1))/(f*n), x1) /;
FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, 1]

Rule 3296
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Int[(Cc_.) + (d_.)*(x_))"(m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + fxx])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cosl[
e + f*x], x], x] /; FreeQ[{c, d, e, £}, x] && GtQ[m, O]

Rule 2638

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, xI]

Rule 2633

Int[sinl[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
nd[(1 - x”2)°((n - 1)/2), x], x], x, Cosl[c + d*x]], x] /; FreeQ[{c, d}, x]
&% IGtQ[(n - 1)/2, 0]

Rubi steps

-1 3
f@+bW3@@)ﬂ:_&mmm(ﬂw%@%%wﬁfﬂw%%$€%@»

x4

-1 3
__(arbeseien) + (bc®) Subst ( Ja+ o2 sin3(x)dx,x,csc‘1(CX>)

33
2 3
2b? (a +b csc‘l(cx)) beyJ1 - ﬁ (ﬂ +b CSC_l(CX)) (a +b csc‘l(cx)) 1,
= 0 - o) - i + 3 (Zbc ) Subst
1 1 2
212 (11 +b Csc‘l(cx)) 2 1 2 beyl- 55 (a +besc (cx))
= - b1 - — (a + bcsc‘l(cx)) -~ -
9x3 3 c2x? 3x2

2 1 /1 1 2 (1 1 \? 2 (u +b csc‘l(cx)) 4h?c? (a +b csc‘l(cx))
= — - - + n o
9 227 ( szz) 9x3 3x
3 14b3 5. )1 1 2 e 1 1\ s 202 (11 +b Csc‘l(cx)) s 4b%c? (a +0b csc‘l(cx))
TV N T 7 T 2 o =

Mathematica [A] time = 0.299556, size = 204, normalized size = 1.2

3bcsc(cx) (—9a2 — 6abcx[1 - ﬁ (Zszz + 1) +2b% (602x2 + 1)) —9a2bcxA[1 - ﬁ (202x2 + 1) — 943 + 6ab? (6c2x2 -

27x3

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcCsc[cx*x])~3/x74,x]

[Out] (-9*%a”3 - 9xa”2xb*xc*kSqrt[l - 1/(c™2*x72)]*x*(1 + 2%c™2%x"2) + 6%a*xb™2*(1 +
6%CcT2xx72) + 2%b73*kckSqrt[l - 1/(c™24x72)]*xx (1 + 20%c™2%x72) + 3*b*(-9*a~2

- 6xaxbxc*xSqrt[1 - 1/(c™2*xx72)]*x* (1 + 2%xc™24x72) + 2*%b"2x(1 + 6%xc™2*x72))
xArcCsc[c*x] - 9*b™2x(3*a + b*xcxSqrt[1 - 1/(c™2*x72)]*x*x(1 + 2%c™2xx72) ) *Ar
cCsclc*x] ™2 - 9xb~3xArcCscc*x]~3)/(27*x"3)

Maple [B] time = 0.261, size = 299, normalized size = 1.8

3 a’ 5| (arcesc (cx))® (arcesc (cx)) (2 x® + 1) c2x2-1 4 [c2x2-1 4arcesc(cx)  2arcesc(cx
c +b°| - - 2.2 + = +

33x3 3c3x3 3 c2x? c2x2 3cx 9 c3x3
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*x))”3/x"4,x)

[Out] c™3*(-1/3*a"~3/c~3/x"3+b"3*%(-1/3/c"3/x"3*arccsc(c*x) ~3-1/3*arccsc(ckxx) "2 (2%
cT2xx72+1) /c”2/x7 2% ((c™2*xx"2-1) /c~2/x72) " (1/2)+4/3*x((c"2*x"2-1) /c~2/x"2) " (1
/2)+4/3/c/x*arccsc(cxx)+2/9/c~3/x " 3*arccsc(c*xx) +2/27* (2xc™2xx"2+1) /c™2/x™ 2%
((c™2%x72-1)/c"2/x72) " (1/2) )+3*axb~ 2% (-1/3/c~3/x " 3*arccsc (c*xx) “2-2/9*arccsc
(c*xx)* (2%c™2%x7241) /c™2/x7 2% ((c™2*%x"2-1) /c~2/x"2) ~(1/2)+2/27/c~3/x"3+4/9/c/
x)+3*a"2xbx (-1/3/c”3/x"3*arccsc(c*x)—1/9% (c™2%x"2-1) * (2*c™2*x"2+1) / ((c™2*x~
2-1)/c”2/x72)"(1/2)/c™4/x74))

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~3/x74,x, algorithm="maxima")

[Out] 1/3*a”2xbx((c™4*(-1/(c™2xx72) + 1)7(3/2) - 3*c 4x*sqrt(-1/(c™2*xx72) + 1))/c
- 3xarccsc(c*x)/x73) - axb~2*arccsc(c*x)"2/x73 + 1/12%x(12*x"3*integrate(-1/
4% (12xc~2*xx"2*arctan2(1, sqrt(cxx + 1)*sqrt(cxx - 1))*log(c)~2 - 12%arctan?
(1, sqrt(cxx + 1)*sqrt(c*x - 1))*log(c)~2 + 12x(c™2*x"2*arctan2(l, sqrt(c*x
+ 1)*sqrt(cxx - 1)) - arctan2(l, sqrt(c*x + 1)*sqrt(c*x - 1)))*log(x)~2 +
sqrt(cxx + 1)*sqrt(c*xx - 1)*(4xarctan2(l, sqrt(c*x + 1)*sqrt(cxx - 1))72 -
log(c™2*%x72)"2) - 4x((3xc”2*xarctan2(1l, sqrt(c*x + 1)*sqrt(cxx - 1))*log(c)
- c"2*arctan2(1l, sqrt(cxx + 1)*sqrt(cxx - 1)))*x"2 - 3*arctan2(l, sqrt(c*x
+ 1D xsqrt(cxx - 1))*log(c) + 3x(c™2*x"2*arctan2(l, sqrt(c*x + 1)*sqrt(c*x -
1)) - arctan2(l, sqrt(c*x + 1)*sqrt(c*x - 1)))*log(x) + arctan2(l, sqrt(c*
x + 1)*sqrt(c*x - 1)))*log(c™2%x72) + 24*(c”2*xx"2*arctan2(1l, sqrt(cxx + 1)*
sqrt(c*x - 1))*log(c) - arctan2(l, sqrt(c*x + 1)*sqrt(c*x - 1))*log(c))*log
(x))/(c™2%x"6 - x74), x) - 4*arctan2(l, sqrt(c*x + 1)*sqrt(c*x - 1))73 + 3%
arctan2(1l, sqrt(c*x + 1)*sqrt(c*x - 1))*log(c™2*x"2)"2)*b~3/x"3 - 1/3*a"3/x
73 - 2/9%(6*xc”b*x"4xarctan2(l, sqrt(cxx + 1)*sqrt(cxx - 1)) - 3*c™3*x~2*arc
tan2(1, sqrt(ckx + 1)*sqrt(c*x - 1)) - (6%c™3*x"2 + c)*sqrt(c*x + 1)*sqrt(c
xx - 1) - 3*xc*arctan2(1l, sqrt(c*x + 1)*sqrt(c*xx - 1)))*axb”2/(sqrt(c*x + 1)
xsqrt (cxx — 1)*c*x”3)

Fricas [A] time = 2.3525, size = 401, normalized size = 2.36

36 ab2c2x? — 9 b3 arcesc (cx) — 27 ab? arcesc (cx)* — 93 + 6ab? + 3 (12 b3c?x? —9a%b + 2 b3) arcesc (cx) — (2 (9 a?
27 x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~3/x74,x, algorithm="fricas")

[Out] 1/27*(36*%axb™2xc~2xx"2 - 9*b~3*arccsc(c*x) ™3 - 27*xaxb~2*arccsc(c*x) 2 - 9*a
"3 + 6*a*xb”2 + 3*(12*¥b73%cT2*%x72 - 9*a"2*b + 2*b~3)*arccsc(c*x) - (2*%(9*a”2

xb — 20*%b73)*CcT2*x”2 + 9xa"2*b - 2%b73 + 9% (2%b"3*c”2*x"2 + b~3)*arccsc(c*x

)72 + 18%(2%a*b”"2*c”2%x"2 + axb~2)*arccsc(c*x))*sqrt(c”2*xx"2 - 1))/x73
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Sympy [F] time = 0., size = 0, normalized size = 0.

(a + bacsc (cx))3
dx
f x4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*acsc(cxx))**3/x**4,x)

[Out] Integral((a + bxacsc(c*x))**x3/xx*x4, x)

Giac [F] time = 0., size = 0, normalized size = 0.

(barccsc (cx) + a)3

dx
A

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~3/x74,x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)~3/x74, x)
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(a+JJCSC‘1(cx))3
332 dx

x5
Optimal. Leaf size=208

9b*c? (a +b csc‘l(cx)) 3v? (a +b csc‘l(cx)) 9bc>\[1 - 62% (‘1 +besc! (Cx))2 3bc4[1 - ﬁ (11 +0b CSC_l(Cx))Z

+ p—
32x2 32x4 32x 16x3

[Out] (3*b~3*cxSqrt[1 - 1/(c™2%x72)])/(128*x73) + (45%b~3*c~3*Sqrt[l - 1/(c”2*x"2
)1)/(266%x) - (45xb~3xc"4xArcCsclc*x])/2566 + (3*xb~2*%(a + b*ArcCsclc*x]))/(3
2xx~4) + (9*%b~2*c"2*(a + bxArcCsclc*x]))/(32%x72) - (3*%bxc*Sqrt[l - 1/(c™2x
x72)]1*(a + bxArcCsclc*x])~"2)/(16%x73) - (9%bxc~3*Sqrt[l - 1/(c™2*x"2)]*(a +
bxArcCsc[c*x])"2)/(32*x) + (3*c"4*x(a + bxArcCsclc*x])"3)/32 - (a + b*xArcCs
clexx]) "3/ (4%x"4)

Rubi [A] time = 0.175948, antiderivative size = 208, normalized size of antiderivative =
1., number of steps used = 10, number of rules used = 6, integrand size = 14, number of rules

= 0.429, Rules used = {56223, 4404, 3311, 32, 2635, 8}

9b%c? (a +b csc‘l(cx)) 31? (a +b csc‘l(cx)) 9bc® 1 - ﬁ (‘1 +besc! (cx))2 3beyf1 - # (11 +b CSC_l(Cx))Z
+ —_

integrand size

3242 32x4 B 32x 163

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCsclc*x])~3/x75,x]

[Out] (3*b~3*cxSqrt[1 - 1/(c™2%x72)])/(128*x73) + (45%b~3*c~3*Sqrt[l - 1/(c™2*x"2
)1)/(256%x) - (45%b~3*c 4*xArcCsc[c*x])/256 + (3*b~2*(a + bxArcCsclc*x]))/(3
2%x74) + (9%b~2+c"2%(a + b*ArcCsclc*x]))/(32*x72) - (3*b*c*kSqrt[l - 1/(c™2%
x72)]1*x(a + bxArcCsclcxx])72)/(16*%x73) - (9%bxc™3*Sqrt[l - 1/(c™2*x"2)]*(a +
bxArcCsc[c*x])~2)/(32*%x) + (3*c™4*x(a + bxArcCsclc*x])~3)/32 - (a + b*ArcCs
clexx]) "3/ (4*x"4)

Rule 5223

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.)) " (n_)*(x_)"(m_.), x_Symbol] :> -Dist[
(c(m + 1)) (-1), Subst[Int[(a + b*x) " n*Csc[x]"~(m + 1)*Cot[x], x], x, ArcCs
clexx]], x] /; FreeQ[{a, b, c}, x] && IntegerQ[n] && IntegerQ[m] && (GtQ[n,
0] |l LtQ[m, -11)

Rule 4404

Int[Cos[(a_.) + (b_)*(x )I*((c_.) + (d_.)*(x_)) " (m_.)*Sin[(a_.) + (b_.)*(x
)17 (n_.), x_Symbol] :> Simp[((c + d*x)"m*Sin[a + b*x]~(n + 1))/(b*x(n + 1))
, x] - Dist[(d*m)/(bx(n + 1)), Int[(c + d*x)"(m - 1)*Sinfa + b*x]"(n + 1),
x], x] /; FreeQ[{a, b, c, d, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 3311

Int[((c_.) + (A_D)*(x_)) " (m_)*((b_.)*sin[(e_.) + (f_.)*(x_)]1)"(n_), x_Symbo
1] :> Simp[(d*m*(c + d*x)~(m - 1)*(b*Sin[e + fx*x])"n)/(£f72*n"2), x] + (Dist
[(b"2%(n - 1))/n, Int[(c + d*x) m*(b*Sin[e + f*x])"(n - 2), x], x] - Dist[(
d"2xmx(m - 1))/(£f72%n"2), Int[(c + d*x)"(m - 2)*(b*Sinl[e + f*x]) n, x], x]
- Simp[(b*(c + d*x) “m*Cos[e + f*x]*(b*Sinl[e + f*x])~(n - 1))/(f*n), x1) /;
FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, 1]
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Rule 32

Int[((a_.) + (b_.)*(x_)) " (m_), x_Symbol] :> Simp[(a + bxx)"(m + 1)/(b*x(m +
1)), x] /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

Rule 2635

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> -Simp[(b*Cos[c + dx*x
I*(b*Sinf[c + d*x])"(n - 1))/(d*n), x] + Dist[(b"2*x(n - 1))/n, Int[(b*Sin[c
+ d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &% IntegerQ[2*n
]

Rule 8
Int[a_, x_Symbol]l :> Simpla*x, x] /; FreeQ[a, x]

Rubi steps

-1 3
f (a-+besc () dx = — (c4 Subst ( f (a + bx)® cos(x) sin’(x) dx, x, CSC_l(Cx)))

x5

3
a+bescHex 1
= —( ( )) + = (3bc4 Subst ( f (a + bx)? sin*(x) dx, x, Csc‘l(cx))

4x4
2 1 - 1 1)
3b (a +bese (cx) 3bC ﬂ +bescT (cx)) (a +bcesc (cx)) 1 obed) Su
- 32,8 T ) 1 " 1_6 (90ct) S
3b3cy1 - ﬁ 3b? (a + bcsc‘l(cx)) 9b?c? (a +b csc‘l(cx)) 3bcf1 - (61 +bese!
= + +
128x3 32x% 32x2 16x3
3b3cy1 - ﬁ 450°c3 (1 —2 3b2 a +b csc‘l(cx)) 9b?c? (a +besc! (cx)) 3bc\ﬁ
= =+ —
128x3 256x 32x4 32x2
3b3cy/1 - % 158\ 1 - o 367 (a+besc(cx)) 9P (a+.
= £z - —b3c4 cscH(ex) + +
128x3 256x 256 32x4 32

Mathematica [A] time = 0.339767, size = 283, normalized size = 1.36

9bctxt (8112 - 5h2) sin”! (l) +24b csc(ex) (—8112 — 2abcxy[1 - — (3c22 + 2) +b? (3c2x2 + 1)) — 72a2bc3x3 1 - -
cx ceXx C)

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcCsc[c*x])~3/x75,x]

[Out] (-64%a~3 + 24*axb”2 - 48xa”2xb*c*kSqrt[l - 1/(c”™2*x72)]*x + 6%b~3*c*Sqrt[1 -
1/(c™2*%x72) 1 *x + T2%axb™2xc™2*%x"2 - 72xa”2xb*xc~3*Sqrt[1 - 1/(c™2%x72)]*x"3

+ 45%b73xc”3*Sqrt[1 - 1/(c™2*x72)]1*x73 + 24*%bx(-8%a”2 + b~2x(1 + 3*c™2%x"2

) — 2kaxbxckxSqrt[l - 1/(c”™2*%x72)]*x*(2 + 3*%c™2xx72) ) *ArcCsc[cxx] - 24*b~2x(
b*xcxSqrt[1 - 1/(c™2*x72) 1 *x* (2 + 3*%c™2%x72) + a*(8 - 3xc”4xx74))*ArcCsc[c*x

172 + 8%b73% (-8 + 3*c”4*x74)*ArcCsclcxx] ™3 + 9%b*(8*a~2 - bxb~2)*c 4*x"4*Ar
cSin[1/(cxx)])/(256%x~4)

Maple [B] time = 0.268, size = 472, normalized size = 2.3

a

3 p3(arcese (cx))’  3ctb3 (arcesc (cx))® 93B3 (arcesc (cx))® [c2x2 -1 3¢k (arcese (cx))* [2x2 -1 3
4 x4 4 x* 32 32x c2x? 16 x3 c2x?
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*x))”~3/x75,x)

[Out] -1/4*a"3/x"4-1/4*b~3/x 4*arccsc(c*x) ~3+3/32*xc"4*xb~3*arccsc(c*x) "3-9/32*c” 3%
b~ 3*arccsc(c*x) ~2/x*x((c™2*x"2-1)/c"2/x72) "~ (1/2)-3/16*c*b~3*arccsc(c*x) ~2/x"
3k ((c™2*x72-1)/c"2/x72)~(1/2)+3/32*b"3/x " 4*arccsc (c*x)+45/256*%c~3*b~3* ((c~2
*x72-1)/c”2/x72) " (1/2) /x+3/128*%c*b"3/x"3*%((c™2*%x"2-1)/c”2/x"2) " (1/2)-45/256
*b~3*c " 4*arccsc(cxx)+9/32xc™2%b~3/x " 2*arccsc (c*xx) -3/4*axb~2/x " 4*arccsc (c*xx)
~2+49/32%c " 4*axb"2*arccsc(cxx) "2-9/16*c " 3*xa*b”~2*xarccsc (c*xx) /x*x ((c™2*%x"2-1) /c
~2/x72)"(1/2)-3/8*c*xaxb~2*arccsc(c*x) /x" 3% ((c™2*x"2-1) /c~2/x72) " (1/2)+3/32%
axb~2/x74+9/32xc”2*%a*b"2/x"2-3/4*a"2xb/x"4*arccsc(c*xx)+9/32*xc"3*%a” 2*b* (c"2*
x"2-1)"(1/2)/ ((c™2*x"2-1) /c"2/x"2) " (1/2) /x*arctan(1/(c"2*x"2-1)"(1/2))-9/32
*c73*a"2*b/ ((c™2*x72-1)/c~2/x72) " (1/2) /x+3/32*xc*a"2xb/ ((c™2%x"2-1) /c"2/x"2)
~(1/2)/x"3+3/16/c*xa”2xb/ ((c™2%x"2-1) /c"2/x"2)~(1/2) /x”5

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~3/x75,x, algorithm="maxima")

[Out] -3/32*a~2*bx((3*c~5*arctan(cxx*sqrt(-1/(c™2*x72) + 1)) + (3*c™8*x"3x(-1/(c”
2%x72) + 1)7(3/2) + BkcT6*xx*xsqrt(-1/(c”™2*x72) + 1))/(c™4*x"4*x(1/(c™2%x72) -
1)72 - 2%c™2*xx72%x(1/(c”2*%x72) - 1) + 1))/c + 8*arccsc(cx*x)/x"4) - 1/4%a~3/
x"4 - 1/16*(4*b~3*arctan2(l, sqrt(c*x + 1)*sqrt(c*x - 1))~3 - 3*b~3*arctan?
(1, sqrt(cxx + 1)*sqrt(c*x - 1))*log(c™2*x"2)72 + 12%x(2+(c"2*xlog(cxx + 1) +
c"2xlog(c*x — 1) - 2xc™2*xlog(x) + 1/x72)*axb”™2xc”2*xlog(c) ™2 + 64*b~3*c™2%i
ntegrate(1/16*x"2*arctan(1/(sqrt(c*xx + 1)*sqrt(cxx - 1)))/(c™2*x”7 - x7B),
x)*log(c)~2 - 64*b~3*c ™ 2xintegrate(1/16*x"2*arctan(1/(sqrt(c*x + 1)*sqrt(c*
x - 1)))xlog(c™2*x72)/(c™2*x~7 - x75), x)*xlog(c) + 128%b~3*c~2*integrate(1l/
16*%x~2xarctan(1/(sqrt(c*x + 1)*sqrt(c*x - 1)))*log(x)/(c™2*x~7 - x75), x)*1
og(c) - 64*xaxb~2*c”2*xintegrate(1/16*x"2x1log(c™2*x72)/(c”2*x~7 - x75), x)*lo
g(c) + 128*axb~2*xc”2*integrate(1/16*x"2*xlog(x)/(c™2*xx~7 - x75), x)*log(c) -
64*b~3*c”"2xintegrate(1/16*x"2*arctan(1/(sqrt(cxx + 1)*sqrt(cxx - 1)))*log(
c"2xx"2) *log(x) /(c™2*x~7 - x7B), x) + 64*b~3*c " 2xintegrate(1/16*x"2*arctan(
1/(sqrt(cxx + 1)*sqrt(cxx - 1)))*log(x)~2/(c™2*x~7 - x75), x) - 64*axb~2xc”
2xintegrate(1/16*x"2*arctan(1/(sqrt(cxx + 1)*sqrt(c*x - 1)))72/(c™2*x"7 - x
7B), x) + 16%b73xc”2*xintegrate(1/16*x"2*arctan(1/(sqrt(cxx + 1)*sqrt(c*x -
1)))*log(c™2%x72) /(c™2*x~7 - x75), x) + 16%axb~2xc”2*integrate(1/16*x"2*xlog
(c™2*%x72)72/(c™2%xx”7 - x75), x) - 64*xa*xb”~2xc " 2xintegrate(1/16*x"2xlog(c™2*x
~2)*log(x)/(c™2*x~7 - x75), x) + 64*xaxb”2xc”2*xintegrate(1/16*x"2x1log(x) ~2/(
c"2%x”7 - x7B), x) - (2%c”4*xlog(c*x + 1) + 2xc"4xlog(ckx - 1) - 4*c”4x*xlog(x
) + (2%xc™2*xx72 + 1)/x74)*axb~2*xlog(c)~2 - 64*b~3*integrate(l/16*arctan(l/(s
grt(cxx + 1)*sqrt(c*x - 1)))/(c™2*x”7 - x75), x)*log(c)~2 + 64%b~3xintegrat
e(1/16*arctan(1/(sqrt(cxx + 1)*sqrt(c*xx - 1)))*log(c™2*x72)/(c™2*x~7 - x7b)
, x)*log(c) - 128*b~3xintegrate(l/16*arctan(l/(sqrt(c*x + 1)*sqrt(c*x - 1))
)*log(x)/(c™2*%x”7 - x75), x)*log(c) + 64*a*xb~2xintegrate(1/16xlog(c”2*x"~2)/
(c™2*x”7 - x75), x)*log(c) - 128*a*b”2*integrate(1/16*log(x)/(c"2*x"7 - x75
), x)*log(c) + 16*b~3*integrate(1/16*sqrt(c*x + 1)*sqrt(c*x - 1)*arctan(1/(
sqrt(c*xx + 1)xsqrt(cxx - 1)))72/(c™2*x”7 - x75), x) - 4%b~3xintegrate(1/16%
sqrt(c*xx + 1)xsqrt(cxx - 1)*log(c™2*x72)72/(c™2*x~7 - x75), x) + 64*b~3*int
egrate(l/16*arctan(1/(sqrt(c*x + 1)*sqrt(cxx - 1)))*log(c™2*xx~2)*log(x)/(c”
2xx~7 - x7B), x) - 64*b~3xintegrate(l/16*arctan(1l/(sqrt(c*x + 1)*sqrt(c*x -
1)))*log(x)~2/(c™2%x"7 - x75), x) + 64*xaxb”2xintegrate(1l/16*arctan(l/(sqrt



158

(cxx + 1)*sqrt(c*xx - 1)))72/(c™2*x"7 - x75), x) - 16*%b~3*xintegrate(1/16%arc
tan(1/(sqrt(c*x + 1)*sqrt(c*x - 1)))*log(c™2xx72)/(c™2*x"7 - x75), x) - 16%
axb~2*integrate(1/16%1log(c™2*x"2)72/(c™2*x~7 - x75), x) + 64*xaxb”2xintegrat
e(1/16x1log(c~2*x~2) *log(x) /(c™2*x~7 - x7B), x) - 64*axb”2*xintegrate(1l/16%1lo
g(x)"2/(c™2%x”7 - x75), x))*x"4)/x74

Fricas [A] time = 2.38485, size = 512, normalized size = 2.46

72 ab*c?x* + 8 (3 b3ctxt -8 b3) arcesc (cx)® — 64 a® + 24 ab? + 24 (3 ab?ctx* - 8 abz) arcesc (cx)® + 3 (3 (8 a?b -5 b3)c4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arccsc(c*x))~3/x75,x, algorithm="fricas")

[Out] 1/256%(72*%a*xb~2*%c”2%x"2 + 8% (3*xb~3*c”4*xx"4 — 8%b~3)*arccsc(c*x)”3 - 64*a”3
+ 24*axb”2 + 24*x(3xaxb"2*%c"4*x"4 - 8*axb"2)*arccsc(c*x) "2 + 3% (3x(8*a"2xb -
5%¥b~3) *c”4*xx"4 + 24%b73*cT2*x"2 - 64*a”2%b + 8*b~3)*arccsc(ckx) - 3% (3% (8%
a~2%b - B*b73)*cT2xx"2 + 16%a"2%b - 2%b~3 + 8% (3*b"3*cT2*xx"2 + 2%b~3)*arccs
c(c*x) 72 + 16%(3*a*xb™2xc™2*xx"2 + 2%axb~2)*arccsc(c*x))*sqrt(c™2*x"2 - 1))/x

4

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + bacsc (cx))°
" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(c*x))**3/x**5,x)

[Out] Integral((a + b*acsc(c*x))**3/xx*5, x)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f (barcesc (cx) + a)3

5
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))~3/x75,x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)~3/x75, x)
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333 [——=—dx

a+b csc1(cx)

Optimal. Leaf size=14

Unmtegrable (m , .X')

[Out] Unintegrable[x/(a + bxArcCsc[c*x]), x]

Rubi [A] time = 0.0150766, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, ——————
integrand size

0., Rules used = {}

f ad dx
a+besc1(cx)

Verification is Not applicable to the result.

[In] Int[x/(a + bxArcCsclc*x]),x]
[Out] Defer[Int] [x/(a + b*ArcCsclc*x]), x]

Rubi steps
x x
k- f S S
f a+besc(cx) * a + besc(cx) *

Mathematica [A] time = 2.89571, size = 0, normalized size = 0.

x
—d
fa+bcsc‘1(cx) *

Verification is Not applicable to the result.

[In] Integrate[x/(a + b¥ArcCsc[c*x]),x]

[Out] Integrate[x/(a + b*ArcCsclc*x]), x]

Maple [A] time = 1.02, size = 0, normalized size = 0.

f ad dx
a + barccsc (cx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x/(atb*arccsc(c*x)),x)

[Out] int(x/(a+b*arccsc(c*x)),x)
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Maxima [A] time = 0., size = 0, normalized size = 0.

dx

X
f barccsc(cx) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(atb*arccsc(c*x)),x, algorithm="maxima")

[Out] integrate(x/(b*arccsc(c*x) + a), x)

Fricas [A] time = 0., size = 0, normalized size = 0.

X
integral X
& barccsc(cx) +a )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(at+b*arccsc(c*x)),x, algorithm="fricas")

[Out] integral(x/(b*arccsc(c*x) + a), x)

Sympy [A] time = 0., size = 0, normalized size = 0.

x
[ —
a+ bacsc(cx)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(a+b*acsc(c*x)),x)

[Out] Integral(x/(a + b*acsc(c*x)), x)

Giac [A] time = 0., size = 0, normalized size = 0.

dx

x
f barccsc(cx) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(atb*arccsc(c*x)),x, algorithm="giac")

[Out] integrate(x/(b*arccsc(c*x) + a), x)
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334 [————dx

a+b csc71(cx)

Optimal. Leaf size=12

) 1
Unmtegrable (m , .X')

[Out] Unintegrable[(a + b*ArcCsclc*x])~(-1), x]

Rubi [A] time = 0.005974, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, —————
integrand size

0., Rules used = {}

1
—d
fa + besc(ex) *

Verification is Not applicable to the result.

[In] Int[(a + b*ArcCsclcx*x])~(-1),x]

[Out] Defer[Int][(a + b*ArcCsclc*x])~(-1), x]

Rubi steps
1 1
——dx = f— d
f a+ besc(cx) * a+ besc(cx) *

Mathematica [A] time = 3.36633, size = 0, normalized size = 0.

1
——d
fu + bese(ex) X

Verification is Not applicable to the result.

[In] Integratel[(a + bxArcCsclc*x])~(-1),x]

[Out] Integrate[(a + b¥ArcCsclc*x])~(-1), x]

Maple [A] time = 0.371, size = 0, normalized size = 0.

f (a + barccsc (cx))_1 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(atb*arccsc(c*x)),x)

[Out] int(1/(at+b*arccsc(c*x)),x)
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Maxima [A] time = 0., size = 0, normalized size = 0.

1

barccsc(cx) +a ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*arccsc(c*x)),x, algorithm="maxima")

[Out] integrate(l/(b*arccsc(c*x) + a), x)

Fricas [A] time = 0., size = 0, normalized size = 0.

1
int 1 ,
rtegre barccsc(cx) +a x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*arccsc(c*x)),x, algorithm="fricas")

[Out] integral(1l/(b*arccsc(c*x) + a), x)

Sympy [A] time = 0., size = 0, normalized size = 0.

[
———dx

a+ bacsc(cx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*acsc(c*x)),x)

[Out] Integral(1l/(a + b*acsc(c*x)), x)

Giac [A] time = 0., size = 0, normalized size = 0.

1

barccsc(cx) +a ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*arccsc(c*x)),x, algorithm="giac")

[Out] integrate(l/(b*arccsc(c*x) + a), x)
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1
3.35 f x(a+bcsc‘1(cx)) dx

Optimal. Leaf size=16

1
Unintegrable X
x (a +b CSC_l(Cx))

[Out] Unintegrable[1/(x*(a + bxArcCsclc*x])), x]

Rubi [A] time = 0.0244585, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, - — =
integrand size

0., Rules used = {}

1
f x (a +b csc‘l(cx)) ax

Verification is Not applicable to the result.

[In] Int[1/(x*x(a + bxArcCsclcx*x])),x]
[Out] Defer[Int] [1/(x*x(a + b*ArcCsclc*x])), x]
Rubi steps

1 1
fx (a +b CSC_l(Cx)) e = fx (a +b CSC_l(Cx)) ax

Mathematica [A] time = 0.284892, size = 0, normalized size = 0.

f L dx
x (a +b csc‘l(cx))

Verification is Not applicable to the result.

[In] Integrate[1/(x*(a + bxArcCsc[c*x])),x]

[Out] Integrate[1/(x*(a + bxArcCscl[c*x])), x]

Maple [A] time = 0.729, size = 0, normalized size = 0.

1
f x (a + barccsc (cx)) *
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/x/(a+b*xarccsc(c*x)),x)

[Out] int(1/x/(at+b*arccsc(c*x)),x)
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Maxima [A] time = 0., size = 0, normalized size = 0.

1
f dx
(b arccsc (cx) + a)x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x/(atb*arccsc(c*x)),x, algorithm="maxima")

[Out] integrate(1/((b*arccsc(c*x) + a)*x), x)

Fricas [A] time = 0., size = 0, normalized size = 0.

1
integral ,
Htesta (bx arcesc (cx) + ax x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x/(at+b*arccsc(c*x)),x, algorithm="fricas")

[Out] integral(1/(b*x*arccsc(c*x) + a*x), x)

Sympy [A] time = 0., size = 0, normalized size = 0.

et
x (a + bacsc (cx)) *
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x/(a+b*acsc(c*x)),x)

[Out] Integral(1l/(xx(a + bxacsc(c*x))), x)

Giac [A] time = 0., size = 0, normalized size = 0.

1
d
f (b arccsc (cx) + a)x *
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x/(a+b*arccsc(c*x)),x, algorithm="giac")

[Out] integrate(1/((b*arccsc(c*x) + a)*x), x)
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336 [ —dx

a+bcsc1 (cx))

Optimal. Leaf size=47

ccos (%) CosIntegral (g + csc‘l(cx)) csin (%) Si (g + csc‘l(cx))

b b

[Out] -((cxCos[a/b]l*CosIntegralla/b + ArcCsclc*x]])/b) - (c*Sin[a/b]l*SinIntegrall
a/b + ArcCsclc*x]1)/b

Rubi [A] time = 0.106107, antiderivative size = 47, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 14, e e =

0.286, Rules used = {5223, 3303, 3299, 3302}

integrand size

€ Ccos (g) Coslntegral (g + csc‘l(cx)) csin (%) Si (g + Csc‘l(cx))
- b - b

Antiderivative was successfully verified.

[In] Int[1/(x"2%(a + b*ArcCsclc*x])),x]

[Out] -((cxCos[a/b]l*CosIntegralla/b + ArcCsclc*x]])/b) - (c*Sin[a/b]l*SinIntegrall
a/b + ArcCsclc*x]1])/b

Rule 5223

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))"(n )*(x_)"(m_.), x_Symbol] :> -Dist[
(c(m + 1))~(-1), Subst[Int[(a + b*x) n*Cscl[x]~(m + 1)*Cot[x], x], x, ArcCs
cle*xx]], x] /; FreeQ[{a, b, c}, x] && IntegerQ[n] && IntegerQ[m] && (GtQ[n,
0] Il LtQ[m, -11)

Rule 3303

Int[sin[Ce_.) + (£_)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e — cxf)/d], Int[Sin[(c*xf)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d]l, Int[Cos[(c*f)/d + f*xx]/(c + d*x), x], x] /; FreeQl{c, 4, e, £}, x] &&
NeQ[d*e - cxf, 0]

Rule 3299

Int[sin[(e_.) + (£_)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQl[{c, d, e, f}, x] && EqQ[d*e - cxf, 0]

Rule 3302

Int[sin[(e_.) + (£_)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x]/d, x] /; FreeQl{c, d, e, £}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]

Rubi steps
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1 _ cos(x) ~
f 2 (a N bcsc—l(cx)) dx = — (c Subst (f Py dx, x, csc 1(cx)))

=- [(c oS (g)) Subst [f % dx, x, csc‘l(cx)]] - (c sin (%)) Subst [f %

ccos (g) Ci (g + csc‘l(cx)) csin (g) Si (g + csc‘l(cx))

B b b

Mathematica [A] time = 0.0811525, size = 43, normalized size = 0.91

c (COS (g) Coslntegral (g + csc‘l(cx)) + sin (g) Si (g +csc! (cx)))
- b

Antiderivative was successfully verified.

[In] Integrate[1/(x"2*(a + b*ArcCsc[c*x])),x]

[Out] -((c*(Cos[a/b]*CosIntegralla/b + ArcCscl[c*x]] + Sin[a/b]*SinIntegralla/b +
ArcCsclc*x]]1))/b)

Maple [A] time = 0.214, size = 48, normalized size = 1.

c (—%Si (g + arcesc (cx)) sin (g) - %Ci (g + arccsc (cx)) COS (g))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/x"2/(at+bxarccsc(c*x)),x)

[Out] c*(-Si(a/b+arccsc(c*x))*sin(a/b)/b-Ci(a/b+arccsc(c*xx))*cos(a/b)/b)

Maxima [F] time = 0., size = 0, normalized size = 0.

1
d
f (barcesc (cx) + a)x2 *
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x72/(atb*arccsc(c*x)),x, algorithm="maxima"

[Out] integrate(1/((b*arccsc(c*x) + a)*x~2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

1
integral X
ST pxZarcesc (cx) + ax? )

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/x~2/(atbxarccsc(c*x)),x, algorithm="fricas")

[Out] integral(1/(b*x~2*arccsc(c*x) + a*x~2), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

1
d
f 2 (a +bacse ()
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x**2/(atb*acsc(c*x)),x)

[Out] Integral(l/(x*x2x(a + b*acsc(c*x))), x)

Giac [F] time = 0., size = 0, normalized size = 0.

1
d
f (barcesc (cx) + a)x? *
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x72/(atb*arccsc(c*x)),x, algorithm="giac")

[Out] integrate(l/((b*arccsc(c*x) + a)*x"2), x)
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337 [ —dx

a+JJCsc‘1(cx))

Optimal. Leaf size=63

B b
2b 2b

c?sin (2—:) CosIntegral (%ﬂ +2csc! (cx)) c? cos (%) Si (2—; +2 csc‘l(cx))

[Out] (c"2xCosIntegral[(2xa)/b + 2*ArcCsc[c*xx]]*Sin[(2*a)/b]l)/(2%b) - (c"2xCos[(2
*a) /bl *SinIntegral [(2*a)/b + 2*ArcCsclc*x]])/(2%b)

Rubi [A] time = 0.134288, antiderivative size = 63, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 14, e e =

integrand size
0.429, Rules used = {56223, 4406, 12, 3303, 3299, 3302}

c?sin (2—;) CosIntegral (%ﬂ +2csc! (cx)) c? cos (2—;) Si (2—; +2 csc‘l(cx))

2b 2b

Antiderivative was successfully verified.

[In] Int[1/(x"3%(a + b*ArcCsclc*x])),x]

[Out] (c”2xCosIntegral[(2xa)/b + 2*ArcCsc[c*x]]*Sin[(2*a)/b]l)/(2%b) - (c~2xCos[(2
*a) /bl*SinIntegral [(2%a)/b + 2*ArcCsclc*x]])/(2%b)

Rule 5223

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))"(n )*(x_)"(m_.), x_Symbol] :> -Dist[
(c(m + 1))°(-1), Subst[Int[(a + b*x) n*Cscl[x]~(m + 1)*Cot[x], x], x, ArcCs
cle*xx]], x] /; FreeQ[{a, b, c}, x] && IntegerQ[n] && IntegerQ[m] && (GtQ[n,
0] Il LtQ[m, -11)

Rule 4406

Int[Cosl[(a_.) + (b_.)*x(x_)]1"(p_.)*((c_.) + (d_.)*(x_)) " (m_.)*Sin[(a_.) + (b
_D*(x_)]"(n_.), x_Symbol] :> Int[ExpandTrigReduce[(c + d*x)“"m, Sin[a + b*x
17n*Cos[a + b*x]"p, x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] &% IG
tQlp, 0]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 3303

Int[sin[(e_.) + (f_)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[(c*xf)/d + f*x]/(c + d*xx), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[(c*xf)/d + fxx]/(c + d*x), x], x] /; FreeQ[{c, d, e, f}, x] &&
NeQ[d*e - cx*f, 0]

Rule 3299

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQ[d*e - cxf, 0]
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Rule 3302

Int[sin[(e_.) + (£f_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + fx*x]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQ[d*x(e - Pi/2) -
cxf, 0]

Rubi steps

1 _ cos(x) sin(x) ~
fx3 (a +b csc‘l(cx)) dx = - Subst (f Ca+bx 4, x, €sC 1(cx)))

ZS(ZHS-Z;:)C) dx, x,csc™! (cx)))

_ (1, sin(2x) 1
=-|5¢ Subst(f . dx, x, csc (cx)))

a—+ ox

= — (2 Subst (

1 sin (%ﬂ + Zx) 1 o
_ |2 -1 2
=13 (c cos( 2 )) Subst f o dx, x,cscH(cx) ||+ = 5 (c sm( 5 )) Subst ‘

2Cl( +2csc” 1(cx)) sm(zb) c? cos( )Sl( +2csc” 1(cx))

2b 2b

Mathematica [A] time = 0.0767995, size = 56, normalized size = 0.89

c? (cos ( ) Si ( +2csc 1(cx)) —sin ( ) CosIntegral( +2csc 1(cx)))
- 2b

Antiderivative was successfully verified.

[In] Integratel[1/(x"3*(a + b*ArcCsclc*x])),x]

[Out] -(c™2*(-(CosIntegral[(2*a)/b + 2*ArcCsc[c*x]]1*Sin[(2*a)/b]) + Cos[(2*a)/bl*
SinIntegral [(2xa) /b + 2%ArcCsclc*x]]))/(2%Db)

Maple [A] time = 0.214, size = 58, normalized size = 0.9

o 1 ay 1 a)
c ( 2bSl (2 2 + 2 arccsc (cx)) COS (2 b) + szl (2 2 + 2 arccsc (cx)) sin (2 2 )

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/x"3/(atb*arccsc(c*x)),x)

[Out] c~2x(-1/2%Si(2*a/b+2*xarccsc(c*x))*cos(2*a/b)/b+1/2*Ci(2*a/b+2*xarccsc(c*x))*
sin(2*a/b)/b)

Maxima [F] time = 0., size = 0, normalized size = 0.

1
(barcesc (cx) + a)x3

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/x73/(atb*arccsc(c*x)),x, algorithm="maxima")

[Out] integrate(1l/((b*arccsc(cxx) + a)*x~3), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

1
integral X
& bx3 arcesc (cx) + ax3 )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x~3/(atb*arccsc(c*x)),x, algorithm="fricas")

[Out] integral(1/(b*x~3*arccsc(c*x) + a*x~3), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

| sarme
x
x3 (a + bacsc (cx))
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x**3/(a+b*acsc(c*x)),x)

[Out] Integral(1l/(x*x3*(a + b*acsc(c*x))), x)

Giac [F] time = 0., size = 0, normalized size = 0.

| Gt
X
(barcesc (cx) + a)x3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x73/(atb*arccsc(c*x)),x, algorithm="giac")

[Out] integrate(1l/((b*arccsc(cxx) + a)*x~3), x)
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338 [ —dx

a+JJCsc‘1(cx))
Optimal. Leaf size=117

3 3 _
_c3 Ccos (g) Coslntegral (g + Csc‘l(cx)) N c® cos (;a) Coslntegral (ju +3csc 1(cx)) ) c3sin (%) Si (g +csc (ex
4b 4b 4b

[Out] -(c~3*Cos[a/b]*CosIntegralla/b + ArcCsclcx*x]])/(4xb) + (c~3*Cos[(3*a)/bl*Co

sIntegral [(3*a)/b + 3*ArcCsclc*x]])/(4*b) - (c~3*Sin[a/b]l*SinIntegralla/b +
ArcCsclc*x]])/(4%b) + (c™3*Sin[(3*a)/bl*SinIntegral[(3*a)/b + 3*ArcCsc[c*x

11)/ (4%Db)

Rubi [A] time = 0.228755, antiderivative size = 117, normalized size of antiderivative =
14 number of rules

1., number of steps used = 9, number of rules used = 5, integrand size =

0.357, Rules used = {5223, 4406, 3303, 3299, 3302}

integrand size

3 3 _
3 cos (g) CosIntegral (g + csc‘l(cx)) N c® cos (f) CoslIntegral (f +3csc 1(cx)) ) c3sin (%) Si (g +csc (ex

4b 4b 4b

Antiderivative was successfully verified.

[In] Int[1/(x"4*(a + b*ArcCsclc*x])),x]

[Out] -(c~3*Cos[a/b]*CosIntegralla/b + ArcCsclc*x]])/(4*b) + (c~3*Cos[(3*a)/b]*Co

sIntegral [(3*a)/b + 3*%ArcCsclc*x]])/(4%b) - (c~3#Sin[a/b]l*SinIntegralla/b +
ArcCsclc*x]])/(4%b) + (c~3*Sin[(3*a)/b]l*SinIntegral [(3*a)/b + 3*ArcCsc[c*x

11)/ (4xb)

Rule 5223

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))"(n_)*(x_)"(m_.), x_Symbol] :> -Dist[
(¢c™(m + 1))~ (-1), Subst[Int[(a + b*x) n*Csc[x] " (m + 1)*Cot[x], x], x, ArcCs
cle*xx]], x] /; FreeQ[{a, b, c}, x] && IntegerQ[n] && IntegerQ[m] && (GtQ[n,
0] |l LtQ[m, -11)

Rule 4406

Int[Cos[(a_.) + (b_)*x(x_)]1"(p_.)*x((c_.) + (d_.)*(x_)) " (m_.)*Sin[(a_.) + (b
_)*(x )] (n_.), x_Symbol] :> Int[ExpandTrigReduce[(c + d*x)"m, Sin[a + b*x
]"n*Cos[a + b*x]"p, x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] &% IG
tQlp, O]

Rule 3303

Int[sinl(e_.) + (f_)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e — cxf)/d], Int[Sin[(c*xf)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d]l, Int[Cos[(cxf)/d + f*xx]/(c + d*x), x], x] /; FreeQl{c, 4, e, £}, x] &&
NeQ[d*e - cxf, 0]

Rule 3299
Int[sin[(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte

gralle + f*x]/d, x] /; FreeQl{c, d, e, £}, x] && EqQ[d*e - c*f, 0]

Rule 3302
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Int[sinl(e_.) + (£_)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + fx*x]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQ[dx(e - Pi/2) -
cxf, 0]

Rubi steps

cos(x) sin (x)
 a+bx

cos(x) cos(3x) B
3Subst( (4( ST —— )) dx, x, csc 1(cx)))

(411 3 Subs t( Cof(b) dx, x, csc‘l(cx))) + }103 Subst ( f C;i(zi) dx, x, csc‘l(cx))

1 cos (b + x) .,
LI cos Subst [ f ST dx, x, csc (cx) 3 cos ) Subst f —

c cos( ) Cl( + csc 1(cx)) c® COS( ) Cl( +3csc 1(cx)) 3 sm( ) Sl( +csc”
46 " 1b ) 46

3 Subst ( dx, x, Csc‘l(cx)))

1
f x4 (a +b csc‘l(cx)

Mathematica [A] time = 0.171639, size = 91, normalized size = 0.78

3 (cos( ) CosIntegral( + csc 1(cx)) -~ cos( ) CosIntegral( ( + csc 1(cx))) + sin( ) Sl( + csc 1(cx)) —sin
4b

Antiderivative was successfully verified.

[In] Integrate[1/(x"4*(a + bxArcCsclc*x])),x]

[Out] -(c~3*(Cos[a/bl*CosIntegralla/b + ArcCsclc*x]] - Cos[(3*a)/b]l*CosIntegral[3
*x(a/b + ArcCsclc*x])] + Sin[a/bl*SinIntegralla/b + ArcCsclc*x]] - Sin[(3x*a)
/bl*SinIntegral [3*x(a/b + ArcCsclc*x])]))/(4*Db)

Maple [A] time = 0.218, size = 102, normalized size = 0.9

a a 1 _.(,a ) a 1 .
(——Sl ( + arccsc (cx)) sin (b) - —Cl ( + arccsc (cx)) cos (b) + ESI (3 pt 3arccsc (cx)) sin (3 E) + ECI ‘

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/x"4/(a+b*arccsc(c*x)),x)

[Out] c¢"3*x(-1/4%Si(a/b+arccsc(c*x))*sin(a/b)/b-1/4*Ci(a/b+arccsc(c*x))*cos(a/b)/b
+1/4%31 (3*a/b+3*arccsc(c*x) ) *sin(3*a/b) /b+1/4*Ci(3*a/b+3*arccsc(c*x))*cos(3
*a/b) /b)

Maxima [F] time = 0., size = 0, normalized size = 0.

1
(barcesc (cx) + a)x* *
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x~4/(a+b*arccsc(c*x)),x, algorithm="maxima"

[Out] integrate(1/((b*arccsc(cxx) + a)*x"4), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

1
integral X
& bx* arcesc (cx) + ax* )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x"4/(atbxarccsc(c*x)),x, algorithm="fricas")

[Out] integral(1/(b*x~4*arccsc(c*x) + a*x"4), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

1
d
fx4 (a + bacsc (cx)) *
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x**4/(a+b*acsc(c*x)),x)

[Out] Integral(1/(x*¥4x(a + bxacsc(c*x))), x)

Giac [F] time = 0., size = 0, normalized size = 0.

1
d
f (barcesc (cx) + a)x* *
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x"4/(atbxarccsc(c*x)),x, algorithm="giac")

[Out] integrate(1/((b*arccsc(cxx) + a)*x"4), x)
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339 [(dv)" (a+besc(cy) dx
Optimal. Leaf size=18

Unintegrable ((dx)m (a +besct (cx))3 , x)

[Out] Unintegrable[(d*x) m*(a + bxArcCsc[c*x])~3, x]

Rubi [A] time = 0.0235343, antiderivative size = 0, normalized size of antiderivative
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, —————— =
integrand size

0., Rules used = {}

f (dx)™ (a +b Csc‘l(cx))3 dx

Verification is Not applicable to the result.
[In] Int[(d*x) m*x(a + bxArcCscl[c*x])~3,x]

[Out] Defer[Int] [(d*x) m*(a + bxArcCsc[c*x])~3, x]

Rubi steps

f (dx)™ (a +b csc‘l(cx))3 dx = f (dx)™ (a + bcsc‘l(cx))3 dx

Mathematica [A] time = 5.50281, size = 0, normalized size = 0.

f (dx)™ (a +b Csc‘l(cx))3 dx

Verification is Not applicable to the result.

[In] Integrate[(d*x) m*(a + b*ArcCsc[c*x])~3,x]

[Out] Integrate[(d*x) m*(a + b¥ArcCsc[c*x])~3, x]

Maple [A] time = 2.495, size = 0, normalized size = 0.

f (dx)™ (a + barcese (cx))® dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x) m*(a+b*arccsc(c*x))~3,x)

[Out] int((d*x) “m*(atbx*arccsc(c*x))~3,x)
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x) “m*(a+b*arccsc(c*x))”3,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 0., size = 0, normalized size = 0.

integral ((b3 arcesc (cx)® + 3 ab? arcese (cx)? + 3 a2b arcese (cx) + a3) (dx)", x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x) “m*(a+b*arccsc(c*x))~3,x, algorithm="fricas")

[Out] integral((b~3*arccsc(c*x)”~3 + 3xa*b~2xarccsc(c*x)”2 + 3*a~2*bxarccsc(c*x) +

a~3)*(d*x) "m, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((d*x)**m* (atb*acsc(c*x))**3,x)

[Out] Timed out

Giac [A] time = 0., size = 0, normalized size = 0.

f (barcesc (cx) + a)° (dx)™ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x) “m*(a+b*arccsc(c*x))~3,x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)~3*(d*x)"m, x)
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340  [(d0)" (a+besc(cw) dx
Optimal. Leaf size=18

Unintegrable ((dx)m (a +besct (cx))2 , x)

[Out] Unintegrable[(d*x) m*(a + bxArcCsc[c*x])~2, x]

Rubi [A] time = 0.024169, antiderivative size = 0, normalized size of antiderivative
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, —————— =
integrand size

0., Rules used = {}

f (dx)™ (a +b Csc‘l(cx))2 dx

Verification is Not applicable to the result.
[In] Int[(d*x) m*x(a + bxArcCscl[c*x])~2,x]

[Out] Defer[Int] [(d*x) m*(a + b*ArcCsclc*x])"2, x]

Rubi steps

f (dx)™ (a +b csc‘l(cx))2 dx = f (dx)™ (a + bcsc‘l(cx))2 dx

Mathematica [A] time = 3.58173, size = 0, normalized size = 0.

f (dx)™ (a +b Csc‘l(cx))2 dx

Verification is Not applicable to the result.

[In] Integrate[(d*x) m*(a + b*ArcCsclc*x])~2,x]

[Out] Integrate[(d*x) m*(a + bxArcCscl[c*x])~2, x]

Maple [A] time = 2.259, size = 0, normalized size = 0.

f (dx)™ (a + barcese (cx))* dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x) m*(a+b*arccsc(c*x))~2,x)

[Out] int((d*x) “m*(atbx*arccsc(c*x))”2,x)




177

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x) “m*(a+b*arccsc(c*x))”2,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 0., size = 0, normalized size = 0.

integral ((b2 arcesc (cx)® + 2 ab arcesc (cx) + az) (dx)", x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+*x) “m*(atb*arccsc(c*x))”2,x, algorithm="fricas")

[Out] integral((b~2*arccsc(c*x)”~2 + 2xaxb*arccsc(cxx) + a~2)*(d*x)"m, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

f (dx)" (@ + bacsc (cx))? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x)**m* (atb*acsc(c*x))**2,x)

[Out] Integral ((d*x)=*m*(a + bxacsc(c*x))**2, x)

Giac [A] time = 0., size = 0, normalized size = 0.

f (barcesc (cx) + ) (dx)™ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x) “m*(a+b*arccsc(c*x))~2,x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)~2x(d*x)"m, x)
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341  [(dx)" (a+Dbesc(cx)) dx
Optimal. Leaf size=66
1 m m_ 1 )

(dx)m+1 (a + b CSC_l(Cx)) b(d_X')m 2F1 (E/ _E,]. - E’ (ﬁ

[Out] ((d*x)~(1 + m)*(a + bxArcCsclc*x]))/(d*x(1 + m)) + (b*(d*x) m*Hypergeometric
2F1[1/2, —-m/2, 1 - m/2, 1/(c”2*x"2)]1)/(c*mx(1 + m))

Rubi [A] time = 0.043359, antiderivative size = 66, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 14, e -

integrand size
0.214, Rules used = {5221, 339, 364}

m 1 m. m_ 1
(dx)"*1 (a +b csc‘l(cx)) b(dx)™ oF, (E’ EYAEY @)
dim+1) cm(m +1)

Antiderivative was successfully verified.

[In] Int[(d*x) " mx(a + bxArcCsclc*x]),x]

[Out] ((d*x)~(1 + m)*x(a + bxArcCsclc*x]))/(d*(1 + m)) + (b*(d*x) “m*Hypergeometric
2F1[1/2, —-m/2, 1 - m/2, 1/(c”2*x"2)])/(c*mx(1 + m))

Rule 5221

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*((d_.)*(x_))"(m_.), x_Symbol] :> Sim
pL((d*x)~(m + 1)*(a + bxArcCsclc*x]))/(d*(m + 1)), x] + Dist[(b*d)/(c*x(m +
1)), Int[(d*x)~(m - 1)/Sqrt[1 - 1/(c™2*x~2)], x], x] /; FreeQ[{a, b, c, d,
m}, x] && NeQ[m, -1]

Rule 339

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Dist[((c
*x)"(m + 1)*(1/x)"(m + 1))/c, Subst[Int[(a + b/x™n) p/x"(m + 2), x], x, 1/x
1, x] /; FreeQ[{a, b, c, m, p}, x] && ILtQ[n, O] && !'RationalQ[m]

Rule 364

Int[((c_.)*(x_)) " (m_.)*x((a_) + (b_.)*x(x_)"(n_))~(p_), x_Symbol] :> Simp[(a~
p*(c*x) " (m + 1)*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1, -((b*x"n)/a
)1)/(c*x(m + 1)), x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQ[p, 0] && (ILt
Qlp, 01 Il GtQla, 01)

Rubi steps
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(bd) f (dx) 1+m
. . (dx)t+m (a +besc! (cx)) 1‘@
f(dx) (a -+ bese(ev)) dx = o T
b(2 ! (dx)m) Subst dx X, !

_ (dx)t+m (a +b CSC_l(CX)) ( (x) \/
- d(l +m) - c(1 +m)
~ (dx)t+m (a +besc (cx)) b(dx)" oFy ( >il==; szz)
Bl d(l + m) - cm(1 + m)

Mathematica [A] time = 0.172998, size = 83, normalized size = 1.26

1 m+1
bV1-c2x2 2F1(§ %;TB;czxz)

(dx)™ | (m +1)x (a +b csc‘l(cx)) + 1
C4 [1—

2

C

(m+1)?
Antiderivative was successfully verified.

[In] Integrate[(d*x) m*(a + bxArcCsc[c*x]),x]

[Out] ((d*x) m*x((1 + m)*x*(a + b*ArcCsclc*x]) + (bxSqrt[l - c~2%x"2]*Hypergeometr
ic2F1[1/2, (1 + m)/2, (3 + m)/2, c™2*x"2])/(cxSqrt[1 - 1/(c™2%x"2)])))/(1 +

m) "2

Maple [F] time = 2.089, size = 0, normalized size = 0.

f (dx)™ (a + barccsc (cx)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x) “m*(a+b*arccsc(c*x)),x)

[Out] int((d*x) m*(a+b*arccsc(c*x)),x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+*x) “m*(atb*arccsc(c*x)),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((b arcesc (cx) + a) (dx)", x)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x) “m*(a+b*arccsc(c*x)),x, algorithm="fricas")

[Out] integral((b*arccsc(c*x) + a)*(d*x) m, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (dx)" (a + bacsc (cx)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x)**m* (atb*acsc(c*x)),x)

[Out] Integral((d*x)**m*(a + bxacsc(c*x)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (barccsc (cx) + a) (dx)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x) “m*(at+b*arccsc(c*x)),x, algorithm="giac")

[Out] integrate((bxarccsc(c*x) + a)*(d*x)"m, x)
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342 [y

a+b csc1(cx)

Optimal. Leaf size=18
(dx)™ )

Unlntegrable (m P

[Out] Unintegrable[(d*x) m/(a + b*ArcCsc[c*x]), x]

Rubi [A] time = 0.0257448, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, ntegrand size ~
0., Rules used = {}
(dx)™
—
f a+ besc(cx) *

Verification is Not applicable to the result.

[In] Int[(d*x)"m/(a + bxArcCsclc*x]),x]
[Out] Defer[Int] [(d*x) m/(a + bxArcCsclc*x]), x]

Rubi steps
[ e,
a+besciex)  J a+besel(cx)

Mathematica [A] time = 0.390922, size = 0, normalized size = 0.
[
—_— x
a+ bcesc(cx)

Verification is Not applicable to the result.

[In] Integrate[(d*x)"m/(a + b*ArcCsclc*x]),x]

[Out] Integrate[(d*x) m/(a + bxArcCscl[c*x]), x]

Maple [A] time = 1.878, size = 0, normalized size = 0.

(dx)”
f dx
a + barccsc (cx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x) "m/(a+b*arccsc(c*x)),x)

[Out] int((d*x) m/(a+b*arccsc(c*x)),x)
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Maxima [A] time = 0., size = 0, normalized size = 0.

(dx)"
barccsc (cx) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x) m/(a+b*arccsc(c*x)),x, algorithm="maxima"

[Out] integrate((d*x) m/(b*arccsc(c*x) + a), x)

Fricas [A] time = 0., size = 0, normalized size = 0.

(dx)” x)

barcesc (cx) +a’

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x) m/(a+bxarccsc(c*x)),x, algorithm="fricas")

[Out] integral((d*x) "m/(b*arccsc(c*x) + a), x)

Sympy [A] time = 0., size = 0, normalized size = 0.

[ _ @
a + bacsc(cx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x)**m/(a+b*acsc(c*x)),x)

[Out] Integral((d*x)=*m/(a + bxacsc(c*x)), x)

Giac [A] time = 0., size = 0, normalized size = 0.

(dx)"
barccsc (cx) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x) m/(a+bxarccsc(c*x)),x, algorithm="giac")

[Out] integrate((d*x) m/(b*arccsc(c*x) + a), x)
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(dx)™ dx

(a+b cscl (cx))

3.43

Optimal. Leaf size=18

d m
Unintegrable (@) 5, X
(a +b csc‘l(cx))

[Out] Unintegrable[(d*x) m/(a + bxArcCsc[c*x])~2, x]

Rubi [A] time = 0.0255385, antiderivative size = 0, normalized size of antiderivative
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, ——————
integrand size

0., Rules used = {}
[ ( @

a+b csc‘l(cx))

Verification is Not applicable to the result.
[In] Int[(d*x)"m/(a + bxArcCsclc*x])"2,x]

[Out] Defer[Int] [(d*x)"m/(a + b*ArcCsclc*x])"2, x]

Rubi steps

a+ besc(cx) a+bcesc! (cx))

[ttt [

Mathematica [A] time = 0.777572, size = 0, normalized size = 0.

[t

a+b csc‘l(cx))

Verification is Not applicable to the result.

[In] Integrate[(d*x) "m/(a + b*ArcCsc[c*x])~2,x]

[Out] Integrate[(d*x) m/(a + bxArcCsc[c*x])~2, x]

Maple [A] time = 1.842, size = 0, normalized size = 0.

f (dx)"
5 dx
(a + barccsc (cx))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x) m/(at+b*arccsc(c*x)) 2,x)
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[Out] int((d*x) m/(at+b*arccsc(c*x))”~2,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x) m/(a+b*arccsc(c*x))”2,x, algorithm="maxima")

[Out] (4xsqrt(cxx + 1)*sqrt(c*x - 1)*(b*arctan2(1l, sqrt(cxx + 1)*sqrt(c*x - 1)) +
a)*d m*x*x"m - (4xb~3*%arctan2(1l, sqrt(c*x + 1)*sqrt(cxx - 1))72 + b~ 3*xlog(
CcT2*x72) 72 + 4*b”"3*log(c) "2 + 8%b"3xlog(c)*log(x) + 4*b~3*log(x)~2 + 8*axb~
2xarctan2(1l, sqrt(c*x + 1)*sqrt(cxx - 1)) + 4*a”2xb - 4*(b~3*xlog(c) + b~3%1
og(x))*log(c~2*x"2))*integrate (4% ((bxarctan2(1l, sqrt(c*x + 1)*sqrt(c*x - 1)
) + a)xd"mxm - ((b*arctan2(l, sqrt(c*x + 1)*sqrt(c*x - 1)) + a)*c™2*d"m*m +
2% (bxarctan2(1l, sqrt(c*x + 1)*sqrt(c*x - 1)) + a)*c™2xd"m)*x"2 + (b*arctan
2(1, sqrt(cxx + 1)*sqrt(c*x - 1)) + a)*d"m)*sqrt(c*x + 1)*sqrt(c*x - 1)*x"m
/(4xb~3*%arctan2(l, sqrt(c*x + 1)*sqrt(c*x - 1))72 + 4xb~3%log(c)~2 + 8*axb”
2xarctan2(1l, sqrt(c*x + 1)xsqrt(cxx - 1)) + 4%a”2xb - 4% (b~3*%c"2*log(c)~2 +
(b~3*arctan2(1, sqrt(c*x + 1)xsqrt(cxx - 1))72 + 2*axb~2*arctan2(l, sqrt(c
*x + 1)xsqrt(c*x - 1)) + a”2*b)*c”2)*x"2 - (b™3*%c™2%x"2 - b~3)*log(c™2*x"2)
T2 - 4x(b73%cT2%xx72 - b73)*log(x) 72 + 4x(b"3xc”2*x"2*xlog(c) - b~ 3*log(c) +
(b~3%c™2xx”"2 - b~3)*log(x))*log(c™2*x72) - 8%(b"3*c™2*x"2*log(c) - b~3*log(
c))*log(x)), x))/(4xb~3*%arctan2(1l, sqrt(c*x + 1)*sqrt(cxx - 1))72 + b~ 3xlog
(c™2*%x72)72 + 4%b~3xlog(c)~2 + 8*b~3xlog(c)*log(x) + 4*b~3*log(x)~2 + 8*axb
“2xarctan2(l, sqrt(cxx + 1)*sqrt(cxx - 1)) + 4xa~2*b - 4x(b~3xlog(c) + b~ 3x
log(x))*log(c™2*x"2))

Fricas [A] time = 0., size = 0, normalized size = 0.

(dx)” )

b2 arcesc (cx)* + 2 abarcesc (cx) + a2’

integral (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x) m/(a+b*arccsc(c*x))”~2,x, algorithm="fricas")

[Out] integral ((d*x) "m/(b~2*arccsc(c*x)~2 + 2*axb*arccsc(c*x) + a~2), x)

Sympy [A] time = 0., size = 0, normalized size = 0.

f (dx)"
5 dx
(a + bacsc (cx))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x)**m/(atb*acsc(c*x))**2,x)

[Out] Integral((d*x)=*m/(a + bxacsc(c*x))**2, x)
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Giac [A] time = 0., size = 0, normalized size = 0.

(dx)"
f 5 dx
(barccsc (cx) + a)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x) m/(atb*arccsc(c*x))~2,x, algorithm="giac")

[Out] integrate((d*x) m/(b*arccsc(c*x) + a)~2, x)
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344  [(d+ex)®(a+besc(cx)) dx

Optimal. Leaf size=167

d+ ex)4 (ﬂ + bCSC_l(Cx)) bex«/1 - ﬁ (9C2d2 + 62) bd (2c2d2 + ez) tanh ™ ( 1- %) bdex2 1 — ﬁ be3a
+ + +

+
4e 6c3 2¢c3 2c

[Out] (b*xex(9%c™2xd"2 + e~ 2)*Sqrt[l - 1/(c”2*x"2)]1*x)/(6%c~3) + (bxd*e~2*Sqrt[1 -
1/(c™2%x72)]1*x72) / (2%c) + (b*e™3*Sqrt[l - 1/(c™2xx72)]*x73)/(12*c) - (b*d”
4xArcCsclc*x])/(4*%e) + ((d + exx) 4*(a + bxArcCsclc*x]))/(4xe) + (bxd*(2%c”

2%d"2 + e”2)xArcTanh[Sqrt[1 - 1/(c™2%x72)]1])/(2*c~3)

Rubi [A] time = 0.401839, antiderivative size = 167, normalized size of antiderivative =

1., number of steps used = 11, number of rules used = 9, integrand size = 16, number of rules

= 0.562, Rules used = {56227, 1568, 1475, 1807, 844, 216, 266, 63, 208}

integrand size

(d + ex)* (a + bcsc‘l(cx)) bex|1 — CZ% (9C2d2 + 62) bd (2c2d2 + eZ) tanh ™ ( 1- ﬁ) bde2x® 1 — 52% be3
+ + +

+
4e 6c3 2c3 2c

Antiderivative was successfully verified.

[In] Int[(d + e*x)~3x(a + bxArcCsclc*x]),x]

[Out] (bxex(9*c™2+d"2 + e~2)*Sqrt[1 - 1/(c™2%x72)1*x)/(6%c”3) + (b*d*e”2*Sqrt[1 -
1/(c™2xx72)1*x72) /(2%c) + (bxe”3*Sqrt[l - 1/(c™2*x"2)]1*x73)/(12*%c) - (b*d”
4xArcCsclc*x])/(4xe) + ((d + e*x)~4*x(a + bxArcCsclc*x]))/(4*xe) + (b*xdx(2%c™
2xd"2 + e"2)*ArcTanh[Sqrt[1 - 1/(c™2*xx72)]])/(2*c~3)

Rule 5227

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*((d_.) + (e_.)*(x_))"(m_.), x_Symbol
1 :> Simp[((d + exx)"(m + 1)*(a + b*ArcCsclc*x]))/(ex(m + 1)), x] + Dist[b/
(cxex(m + 1)), Int[(d + exx)"(m + 1)/(x"2*Sqrt[1 - 1/(c”2*x"2)]1), x], x] /;
FreeQ[{a, b, ¢, d, e, m}, x] && NeQ[m, -1]

Rule 1568

Int[(x )" (m_.)*((d_) + (e_)*(x_)"(mn_.))"(q_.)*((a_) + (c_)*x_)"(mn2_.))"
(p_.), x_Symbol] :> Int[x~(m + mn*q)*(e + d/x"mn) g*(a + c*x"n2)7p, x] /; F
reeQ[{a, ¢, d, e, m, mn, p}, x] && EqQ[n2, -2+mn] && IntegerQ[q]l && (PosQ[n
2] || !'IntegerQlpl)

Rule 1475

Int[(x_ )" (m_.)*((a_) + (c_.)*(x_)"(m2_.))"(p_)*((d) + (e_.)*(x_)"(n_))"(q
_.), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(d + exx)
“g*x(a + c*x"2)7p, x], x, x"n], x] /; FreeQ[{a, c, d, e, m, n, p, q}, x] &&
EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/n]]

Rule 1807

Int [(Pq )*((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{
Q = PolynomialQuotient[Pq, c*x, x], R = PolynomialRemainder[Pq, c*x, x]}, S
imp[(R*(c*xx)"(m + 1)*(a + b*x"2)"(p + 1))/(axcx(m + 1)), x] + Dist[1/(axc*(
m+ 1)), Int[(c*x)"(m + 1)*(a + b*x"2) “p*ExpandToSum[a*ckx(m + 1)*Q - b*R*(m
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+ 2%p + 3)*x, x], x], x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x] && LtQ
[m, -1] && (IntegerQ[2*p] || NeQ[Expon[Pq, x], 1])

Rule 844

Int[((d_.) + (e_)*(x_))"(m_)*x((f_.) + (g_)*x_))*((a_) + (c_)*(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*(a + c*xx"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + exx) mx(a + c*xx"2)7p, x], x] /; FreeQ[{a, c, 4,
e, £, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && 'IGtQ[m, O]

Rule 216

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)]1, x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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b [ (‘”‘3’1‘) dx
(d +ex)* (a + besc(cx) Nirwia
f (d + ex)? (a + bcsc‘l(cx)) dx = ( ) +
4e 4ce
d 4 2
e+-| x
b ( x) - dx
(d +ex)* (a +b csc‘l(cx)) 1-53
= +
4e 4ce
4
b Subst f (e+dy) - dx, x, j;
(d +ex)* (a +b csc‘l(cx)) 1=
= e B 4ce
—12de3-2¢ (9d2 )x 12d3ex2—
. b Subst f 5
B be3\[1 - @x?’ N (d + ex)* (a + bcsc‘l(cx)) . x3\/1‘f_z
B 12¢ 4e 12ce
462(9d2'
: : bSubst| [
B bde*\[1 - 5% N be* 1 = 55 . (d + ex)* (a + bcsc‘l(cx))
B 2c 12¢ e
1
9c2d2+e /1—ﬂx bde*[1 - EwEs be3,/1—@x3 s (d + ex)* (u+bcs
6c3 12¢ 4e
9c2d2 + e /1 - ﬂx bde?\[1 - #xz .\ bed\[1 - ﬁxB’ s (d + ex)* (u + bes
6c3 2c 12¢ 4e
e (9c2d? + ¢ J1—37x 2“1_ 55X bﬁvl—iix %clww (
6c3 4e
902d2 + 6 ,1 — ﬂx 21[1 — CZ_ZX 3\,1 - szzx CSC 1(CX) (
6c3 4e
1 /
9&%+e Vl—izx £V1—§;% be? 1_§§x 0“1@@ (
6c3 2c 4e

Mathematica [A] time = 0.305323, size = 165, normalized size = 0.99

3ac3x (6d2ex +4d° + 4de*x® + ex ) + bex4[1 — L ( (18512 + 6dex + ezxz) +2e ) + 6bd (Zczd2 + 62) log (x( 1-
12¢3

czx‘

Antiderivative was successfully verified.

[In] Integratel[(d + e*x)"3x(a + b¥ArcCsc[c*x]),x]

[Out] (3*a*xc™3*x*x(4*d"3 + 6%xd"2%e*xx + 4*xd*e”2*%x"2 + e73*x73) + b*exSqrt[l - 1/(c”
2%x72) ] *xx* (2%e72 + c72%(18%d"2 + 6kdxe*xx + e72%xx"2)) + 3xb*c”3xx*(4*d"3 + 6
xd"2*%exx + 4*d*xe”2*x72 + e”3*x"3)*xArcCsclc*x] + 6%b*d*(2xc”2*d"2 + e~2)*Log

[(1 + Sqrtll - 1/(c™2*x~2)])*x])/(12%c~3)
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Maple [B] time = 0.138, size = 485, normalized size = 2.9

3.4 272 4 3 4 2 72
X 3aex-d ad*  be’arccsc (cx) x 3 bearccsc (cx) x°d
+ ae®x3d + axd® + e 1 + be?arcesc (cx) x3d + >
e

ae
+ barcesc (

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 3% (at+b*arccsc(c*x)) ,x)

[Out] 1/4*axe”3*xx"4+axe”2xx~3*d+3/2*a*e*xx”2*xd”~2+a*xx*d~3+1/4*a/e*d"4+1/4*b*e”3*arc
csc(c*x) *x"4+b*e " 2*xarccsc (c*xx) *x~3*xd+3/2*b*e*xarccsc (c*xx) *x~2*xd " 2+b*arccsc (¢
*x) *x*d"3+1/4*bxd"4*arccsc(c*x) /e-1/4/c*b/ex(c™2xx"2-1)"(1/2) / ((c™2%x"2-1)/
c"2/x72)"(1/2) /x*d"4*xarctan(1/(c™2*xx"2-1)"(1/2))+1/c " 2*xb*x(c"2*xx"2-1)"(1/2)/
((c™2%x72-1)/c"2/x72) " (1/2) /x*d"3*1n(c*xx+(c™2*x"2-1) " (1/2) ) +1/12/c*b*xe~3/ ((
cT2xx72-1)/c”2/x72) " (1/2) *x”3+1/12/c"3*b*xe”3/((c™2*x"2-1) /c"2/x72) ~(1/2) *x+
1/2/cxbxe”2/((c™2%x"2-1) /c”2/x72) " (1/2) *d*x"2-1/2/c" 3*bxe” 2/ ((c"2*x~2-1) /c~
2/x72) " (1/2)*d+3/2/cxbxe/ ((c™2%x"2-1) /c"2/x72) " (1/2) *x*xd~2-3/2/c~3*b*e/ ((c”
2xx72-1)/c”2/x72) " (1/2) /x*d"2+1/2/c 4xbxe 2% (c"2%x~2-1) " (1/2) / ((c"2*x"2-1)/
c"2/x72)"(1/2) /x*d*1n(cxx+(c™2*xx"2-1)"(1/2))-1/6/c"5*xb*xe”~3/((c™2*x"2-1) /c~2
/x"2)"(1/2)/x

Maxima [A] time = 1.04641, size = 363, normalized size = 2.17

1
Xal——— +1 CZ(L_1)+C2

242
2 arcesc (cx) + —=—— |bd%e + = [ 4 x3 arcesc (cx) +
c

1 3 3
—ae®x* + ade®x® + = ad%ex? + = | x
4 2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~3*(atb*arccsc(c*x)),x, algorithm="maxima")

[Out] 1/4*a*xe”3xx"4 + axdxe”2*x”3 + 3/2*a*xd™2xexx”2 + 3/2x(x"2xarccsc(c*x) + x*sq
rt(-1/(c™2xx72) + 1)/c)*bxd"2%e + 1/4x(4*xx"3*arccsc(c*x) + (2*sqrt(-1/(c™2x%

x72) + 1)/(c”2%(1/(c™2%x72) - 1) + c72) + log(sqrt(-1/(c™2*x"2) + 1) + 1)/c

"2 - log(sqrt(-1/(c™2*x"2) + 1) - 1)/c”2)/c)*bxd*e”2 + 1/12%(3*x"4*arccsc(c

xx) + (c72xx73%(-1/(c™2%xx72) + 1)7(3/2) + 3xx*sqrt(-1/(c™2*x72) + 1))/c”3)*

bxe”~3 + axd"3*x + 1/2x(2xc*x*arccsc(c*x) + log(sqrt(-1/(c™2*x72) + 1) + 1)

- log(-sqrt(-1/(c™2%x72) + 1) + 1))*bxd~3/c

Fricas [A] time = 3.76748, size = 633, normalized size = 3.79

3actedx* + 12 actde®x® + 18 ac*d?ex? + 12 ac*d®x + 3 (bc4e3x4 + 4 bctdex® + 6 betd?ex? + 4 bc*d®x — 4 bc*d® — 6 bct

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~3*(atb*arccsc(c*x)),x, algorithm="fricas")

[Out] 1/12%(3*a*xc”4*e”3*xx"4 + 12%a*xc™4*xd*xe”2%x"3 + 18*a*xc™4*xd " 2*exx"2 + 12*xaxc 4x*
d"3%x + 3% (b*c 4*xe"3*x"4 + 4dxbxc 4xdxe”2%x"3 + 6xbxc”4*xd 2%e*xx"2 + 4xbkxc 4x*
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d™3*x - 4*b*c"4xd"3 - 6%bxc”4*d"2%e - 4xb*c”4*xd*e”2 - bkc"4xe”3)*arccsc(c*x
) — 6%(4%b*c”4*d"3 + 6xb*c”4*d"2xe + 4xbk*c”4*d*e”2 + b*c"4xe”3)*arctan(-c*x
+ sqrt(c™2%x72 - 1)) - 6%x(2xb*c”3*%d”"3 + bxckxd*e”2)*log(-c*x + sqrt(c™2*x"2
= 1)) + (bxc™2%e"3*%x"2 + 6xb*c”2*d*e”2*x + 18%b*c”2*d"2%e + 2*b*e”3)*sqrt(
cT2%x72 - 1)) /c”4

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a +bacsc(cx)) (d + ex)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**3*(atb*acsc(c*x)),x)

[Out] Integral((a + bxacsc(c*x))*(d + e*x)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (ex + d)3(b arcesc (cx) + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~3*(atb*arccsc(c*x)),x, algorithm="giac")

[Out] integrate((exx + d)~3x(b*arccsc(c*x) + a), x)
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345  [(d+ex)?(a+besc(cx)) dx

Optimal. Leaf size=123

csc(cx)

-1 1 1 1
(d + ex)? (a + bcsc‘l(cx)) ) b (6czd2 + ez) tanh ( 1- @) . bdex+[1 — 2 be?x?4[1 - 2z bd
c 6¢

3e 6¢3

3e

[Out] (bxd*exSqrt[1 - 1/(c™2*x"2)]1*x)/c + (b*e™2*xSqrt[1 - 1/(c™2%x72)1*x~2)/(6%*c)

- (bxd"3*ArcCsclc*x])/(3*%e) + ((d + exx) " 3x(a + bxArcCsclc*x]))/(3xe) + (b
*x(6%c”2%xd"2 + e”2)*ArcTanh[Sqrt[1 - 1/(c™2%x72)]1])/(6%c~3)

Rubi [A] time = 0.276766, antiderivative size = 123, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 10, number of rules used = 9, integrand size = 16, e o e

= 0.562, Rules used = {5227, 1568, 1475, 1807, 844, 216, 266, 63, 208}

integrand size

csc(cx)

2 -1 1 1 1
(d + ex)? (a + bcsc‘l(cx)) ) b (6c2d2 +e )tanh ( 1- @) . bdex[1 - 22 | be?x?4[1 - 22 bd
c 6¢

3e 6¢3

Antiderivative was successfully verified.

[In] Int[(d + ex*xx) 2x(a + bxArcCsclc*x]),x]

3e

[Out] (bxd*exSqrt[l - 1/(c™2*x"2)]1*x)/c + (b*e”™2*xSqrt[1l - 1/(c™2%x72)]1*x72)/(6%c)

- (b*d~3*ArcCscc*x])/(3*e) + ((d + exx) 3*(a + b*ArcCsclc*x]))/(3xe) + (b
*x(6%c”™2xd"2 + e”2)*ArcTanh[Sqrt[1 - 1/(c™2%x72)]1])/(6%c~3)

Rule 5227

Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.))*((d_.) + (e_.)*(x_))"(m_.), x_Symbol
] > Simp[((d + exx)"(m + 1)*(a + b*ArcCsclc*x]))/(ex(m + 1)), x] + Dist[b/
(cxex(m + 1)), Int[(d + exx)"(m + 1)/(x"2%Sqrt[1 - 1/(c™2*x"2)]1), x], x] /;
FreeQ[{a, b, c, d, e, m}, x] && NeQ[m, -1]

Rule 1568

Int[(x_ )" (m_.)*((d_) + (e_)*(x_)"(mn_.))"(q_.)*((a_) + (c_)*(x_)"(mn2_.))"
(p_.), x_Symbol] :> Int[x~(m + mn*q)*(e + d/x"mn) g*(a + c*x"n2)7p, x] /; F
reeQ[{a, c, d, e, m, mn, p}, x] && EqQ[n2, -2*mn] && IntegerQ[ql && (PosQ[n
2] || !'IntegerQlpl)

Rule 1475

Int[(x_ )" (m_.)*((a_) + (c_)*x )" (m2_.))"(p_)*(@) + (e_)*x )" ))"(q
_.), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(d + e*x)
“g*x(a + c*x"2)7p, x], x, x"n], x] /; FreeQ[{a, c, d, e, m, n, p, q}, x] &&
EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/n]]

Rule 1807

Int [(Pq )*((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> With[{
Q = PolynomialQuotient[Pq, c*x, x], R = PolynomialRemainder[Pq, c*x, x]}, S
imp[(R*x(cxx)"(m + 1)*(a + b*x"2)"(p + 1))/(a*xcx(m + 1)), x] + Dist[1/(axc*(
m+ 1)), Int[(c*xx)"(m + 1)*(a + b*x~2) “p*ExpandToSum[a*c*(m + 1)*Q - b*R*(m
+ 2%p + 3)*x, x], x], x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x] && LtQ
[m, -1] && (IntegerQ[2*p] || NeQ[Expon[Pq, x], 11)
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Rule 844

Int[((d_.) + (e_.)*(x_))"(m)*x((f_.) + (g_.)*x(x_))*((a_) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*x(a + c*xx"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + e*x)"m*(a + c*x~2)7p, x], x] /; FreeQ[{a, c, d,
e, £, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && 'IGtQ[m, O]

Rule 216

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 266

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1) *(a + b*x)7p, x1, x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQla/Db]

Rubi steps
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bf (d+ex) dx
d+ex)® (a+bescHex V22
f (d + ex)? (a + bcsc‘l(cx)) dx = ( ) ( ” ( )) + 3;2;2

)
bf(ﬁ;)dx

(d + ex)® (a +b csc‘l(cx)) \/1—ﬁ
+

3e 3ce
3
b Subst f (e+dx) - dx, x, )1—(
(d + ex)® (a +b csc‘l(cx)) By\1-5
- 3e - 3ce
—6de2—e(6d2 z)x -2d%x?
b Subst f :
2 [{__1 2 3 -1 2 1.2
242 2
be“\J1 - 55x (d + ex) (a +bcese (cx)) x 1_7
= +
6¢ 3e
e(6d2-+
b Subst f
bden|1 - Ly be? |1 - L2 tenP(a+bese? x
_ 22" X (d + ex) (a csc (cx)) ~ \
c 6c 3e 6
(bd3) Subst| [ -
bdegf1 - ox  be?y[1 — 522 3 -1
_ bae 22 . e ZaX s (d +ex) (a + bcse (cx)) ~ :
B c 6c 3e 3ce
bden|1 - Lx 2,/1 - —x2 -1 d 3 besel |
_ 22 szz 3 cse(cex) . (d + ex) (ﬂ +ocsc (Cx)) o
c 3e 3e
1
_ bde /1 - @x 21/1 - @x d3 cse(cx) .\ (d + ex)3 (a + bcsc‘l(cx)) s ‘
c 3e 3e
1
_ bde /1 — @x 2‘/1 - @ d3 csc1(ex) . (d + ex)® (a + bcsc‘l(cx)) s ‘
c 3e 3e

Mathematica [A] time = 0.185477, size = 122, normalized size = 0.99

c?x (Zac (3512 + 3dex + ezxz) + beq[1 - ﬁ(&l + ex)) +b (6c2d2 + ez) log (x (, 1- ﬁ + 1)) + 2bc3x cscY(cx) (3d2

6¢3

Antiderivative was successfully verified.

[In] Integratel[(d + e*x) 2x(a + b¥ArcCsc[c*x]),x]

[Out] (c™2*x*(b*exSqrt[l - 1/(c™2%x72)]*(6*%d + e*xx) + 2%axc*(3*%d"2 + 3xd*e*xx + e~
2%x72)) + 2%bxc”3*xx*(3*%d72 + 3xd*e*xx + e72%x72)*ArcCsclcxx] + bx(6%xc”2*xd"2
+ e”2)*Log[(1 + Sqrt[l - 1/(c”2*x"2)])*x])/(6%c~3)

Maple [B] time = 0.141, size = 361, normalized size = 2.9

ae®x3 ad®  be?arcesc (cx) x3

bd® bd3
+ ax?de + axd? + + bearccsc (cx) x?d + barcesc (cx) xd? + arcesc (cx) _ 2

3e 3 3e 3ecx

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((exx+d) ~2*(atb*arccsc(c*x)),x)

[Out] 1/3*a*xe”2*xx”3+a*xx~2xd*e+a*x*d”2+1/3*a/e*xd"3+1/3*bxe~2*arccsc(c*x) *x~3+b*ex*a
rccsc(ckxx) *x™2xd+b*arccsc (c*x) *x*d~2+1/3*bxd~3*arccsc(c*x) /e-1/3/c*b/ex(c”2
*x72-1)"(1/2)/ ((c™2%x"2-1)/c”2/x"2) " (1/2) /x*d"3*arctan(1l/(c"2*xx"2-1)"(1/2))
+1/c72xb*x (c™2%x72-1) " (1/2) / ((c™2*x72-1) /c~2/x72) " (1/2) /x*d"2*1n (cxx+(c~2*x~
2-1)"(1/2))+1/6/cxbxe”2/((c™2%x"2-1) /c"2/x"2) " (1/2)*x~2-1/6/c"3*b*e~2/((c"2
*x72-1)/¢c72/x72) " (1/2)+1/cxbxe/ ((c™2%x"2-1) /c”2/x72) " (1/2) *x*d-1/c~3*b*e/ ((
cT2%x"2-1)/c”2/x72) " (1/2) /x*d+1/6/c " 4xbxe" 2% (c"2*%x"2-1)"(1/2) / ((c"2*x"2-1)/
c”2/x72)"(1/2) /x*1n(c*xx+(c™2*xx"2-1)"(1/2))

Maxima [A] time = 1.00296, size = 267, normalized size = 2.17

[ 1 [ 1 / ]
2 —ﬂﬂ—l log( _ﬂ+1+1) log( —2
1 + 2 - 2
x”__CZxZ +1 1 cz(—212—1)+c2 € ¢
———— |bde + — ==
C

2

4 x3 arcesc (cx) +

arcesc (cx) +
12 c

1
3 ae®x3 + adex? + | x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2% (atb*arccsc(c*x)),x, algorithm="maxima"

[Out] 1/3*axe”2%x73 + axd*exx”2 + (x"2*arccsc(cxx) + x*sqrt(-1/(c™2xx72) + 1)/c)*
bxd*e + 1/12%(4xx"3*%arccsc(cxx) + (2*%sqrt(-1/(c™2*x72) + 1)/(c™2x(1/(c™2*x~

2) - 1) + c72) + log(sqrt(-1/(c™2*x"2) + 1) + 1)/c”2 - log(sqrt(-1/(c™2*x"2

) + 1) - 1)/c”2)/c)*b*e”2 + axd"2*xx + 1/2%(2*c*x*arccsc(c*x) + log(sqrt(-1/
(c™2*%x72) + 1) + 1) - log(-sqrt(-1/(c™2*x72) + 1) + 1))*b*d~2/c

Fricas [A] time = 2.87185, size = 462, normalized size = 3.76

2ac3e?x® + 6ac3dex? + 6 ac3d?x + 2 (bc3ezx3 + 3 bc3dex? + 3bc3d?x — 3bc3d? - 3 bc3de - bc3ez) arcesc (cx) — 4 (3 bc3d?

6c3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2*(atb*arccsc(c*x)),x, algorithm="fricas")

[Out] 1/6%(2%axc™3xe”2%x™3 + 6*axc™3kd*exx™2 + 6Gkakc™3*d™2*x + 2% (bxc™3xe”2xx"3 +
3xb*c " 3*d*exx”"2 + 3*bxc”3*d"2*x — 3*bxc”3*%d"2 - 3*b*c”3*dxe - b*xc"3xe”2)*a
rccsc(cxx) — 4x(3xb*c™3%d™2 + 3*%bxc”3*d*e + b*c~3*e”2)*arctan(-c*x + sqrt(c
“2*%x72 - 1)) - (6*%b*c”2xd"2 + bxe”2)xlog(-cxx + sqrt(c”2xx”2 - 1)) + (bxc*e

"2%x + 6*bxcxd¥e)*sqrt(c”2*x72 - 1))/c”3

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + bacsc(cx)) (d + ex)2 dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((e*x+d)**2*(atb*acsc(c*x)),x)

[Out] Integral((a + bxacsc(c*x))*(d + e*x)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (ex + d)z(b arcesc (cx) + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) "2x(atb*arccsc(c*x)),x, algorithm="giac")

[Out] integrate((exx + d) 2x(b*arccsc(c*x) + a), x)
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346  [(d+ex)(a+besc(cx)) dx

Optimal. Leaf size=83

-1 1 1
(d + ex)? (a + bcsc‘l(cx)) N bd tanh (\/1 - @) . bexyl1- 55 b s ()

2e c 2c 2e

[Out] (bxexSqrt[1 - 1/(c™2%x72)]1*x)/(2*%c) - (b*d"2xArcCsclc*x])/(2xe) + ((d + exx
)"2x(a + bxArcCsclc*x]))/(2*%e) + (b*d*ArcTanh[Sqrt[1 - 1/(c"2%x"2)]])/c

Rubi [A] time = 0.166665, antiderivative size = 83, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 9, integrand size = 14, e

0.643, Rules used = {5227, 1568, 1396, 1807, 844, 216, 266, 63, 208}

-1 1
(d + ex)? (u + bcsc‘l(cx)) N bd tanh (\/1 - @) . bex4[1 - ﬁ b2 csc(cx)

2e c 2c 2e

integrand size

Antiderivative was successfully verified.

[In] Int[(d + exx)*(a + b*ArcCsclc*x]),x]

[Out] (bxexSqrt[l - 1/(c”2*x"2)]*x)/(2*%c) - (b*d~2*xArcCsclcxx])/(2%e) + ((d + exx
)~2%(a + bkArcCsc[c*x]))/(2%e) + (bxd*ArcTanh[Sqrt[1 - 1/(c”2*x~2)]])/c

Rule 5227

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*((d_.) + (e_.)*(x_))"(m_.), x_Symbol
1 > Simp[((d + exx)"(m + 1)*(a + b*ArcCsc[c*x]))/(ex(m + 1)), x] + Dist[b/
(cxex(m + 1)), Int[(d + exx)"(m + 1)/(x"2*Sqrt[1 - 1/(c"2*x"2)]1), x], x] /;
FreeQ[{a, b, c, d, e, m}, x] && NeQ[m, -1]

Rule 1568

Int[(x_) " (m_.)*((d_) + (e_.)*(x_)"(mn_.))"(q_.)*((a_) + (c_.)*(x_)"(n2_.))"
(p_.), x_Symbol] :> Int[x~(m + mn*q)*(e + d/x"mn) g*(a + c*x"n2)7p, x] /; F
reeQ[{a, c, d, e, m, mn, p}, x] && EqQ[n2, -2*mn] && IntegerQ[q]l && (PosQ[n
2] || !IntegerQ[p]l)

Rule 1396

Int[((d) + (e_)*x(x_)"(n_))"(q_.)*x((a_) + (c_.)*(x_)"(n2_))"(p_), x_Symbol
] > -Subst[Int[((d + e/x"n) gx(a + c/x~(2*n))"p)/x"2, x], x, 1/x] /; FreeQ
[{a, ¢, d, e, p, g}, x] && EqQ[n2, 2*n] && ILtQ[n, O]

Rule 1807

Int [(Pq_)*((c_.)*x(x_))"(m_)*((a_) + (b_.)*x(x_)"2)"(p_), x_Symbol]l :> With[{
Q = PolynomialQuotient[Pq, c*x, x], R = PolynomialRemainder[Pq, c*x, x]}, S
imp[(R*(cxx) " (m + 1)*x(a + b*x"2)"(p + 1))/(a*xcx(m + 1)), x] + Dist[1/(axcx*(
m+ 1)), Int[(cxx)"(m + 1)*(a + b*x~2) “p*ExpandToSum[a*c*x(m + 1)*Q - b*R*(m
+ 2%p + 3)*x, x], x], x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x] && LtQ
[m, -1] && (IntegerQ[2*p] || NeQ[Expon[Pq, x], 1])

Rule 844
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Int[((d_.) + (e_)*(x_))"(m_)*x((f_.) + (g_)*x_))*((a_) + (c_)*(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*(a + c*xx"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + exx) mx(a + c*xx"2)7p, x], x] /; FreeQ[{a, c, 4,
e, £, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && 'IGtQ[m, O]

Rule 216

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[all/Rt[-b, 2], x] /; FreeQ[{a, b}, x] & GtQ[a, 0] && NegQ[b]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + bxx)~(1/p)]1, x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps
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bedx

d +ex)? (a + besc (cx 1- 552
f(d +ex) (a + bcsc‘l(cx)) dx = ( ) ( ( )) + &2
2e 2ce
d 2
e
(d + ex)? (a +b csc‘l(cx)) Pﬁ
Bl 2e " 2ce
2
b Subst f (e+dy) - dx, x, %
(d + ex)? (a +b csc‘l(cx)) 2\[1-5
B 2e - 2ce
2
b Subst f et dx, ,1
beqJ1 - ﬁx (d + ex)? (a +b csc‘l(cx)) xwll—’:—i :
B 2c - 2e - 2ce
(bd) Subst | [ dx,x,~ | (bd?)S
beq/1 - ﬁx (d + ex)? (a +b csc‘l(cx)) x\/l—f—i
- 2c - 2e - c -
bd) Subst | [ —— dx
be/1 - ﬁx bd? cscl(cx)  (d +ex)? (a +b csc‘l(cx)) (bd) [f -5
B 2c - 2e - 2e - 2c
1
bea/1 = 55X pd2 csel (d + ex)? (a +b csc‘l(cx))
3 22t bd”csc(cx) f
= r Y + Y + (bed) Subst 22,
’ -1 ’ 1
= - + +
2c 2e 2e c

Mathematica [A] time = 0.195894, size = 113, normalized size = 1.36

cx 2y2_1
bdx,/l - 2 2 tanh™ (\/ﬁ) .\ bex ’CCXZ—XZ

Ve2x2 —1 2c

1
adx + Eaexz + + bdx csc™Hcx) + Ebex2 esc(cx)

Antiderivative was successfully verified.

[In] Integratel[(d + e*x)*(a + b*ArcCsclc*x]),x]

[Out] axd*x + (axexx~2)/2 + (bxexx*Sqrt[(-1 + c™2%x72)/(c™2%x72)])/(2%c) + bxd*xx*
ArcCsclcxx] + (b*exx™2xArcCsclc*x])/2 + (b*xd*Sqrt[1 - 1/(c”2*x"2)]*x*ArcTan
h[(c*x)/Sqrt[-1 + c™2%x72]])/Sqrt[-1 + c~2*x"2]

Maple [A] time = 0.18, size = 140, normalized size = 1.7

ax’e barccesc (cx) x%e

— +adx +
y T 2

bex
+ barcesc (cx) xd + —chxz 11n ( cx + Ve2x? — )
2x2-1 2C c2x2-1 2C3
2 2
Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d)*(a+b*arccsc(c*x)),x)
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[Out] 1/2%a*xx”2*%e+axd*x+1/2%b*arccsc(c*x)*x~2%e+b*arccsc (c*x)*x*d+1/c”2*xb/ ((c™2%x
~2-1)/c”2/x"2) " (1/2) /xx (c™2%xx~2-1) " (1/2) *d*1n(c*xx+(c™2*xx~2-1) ~(1/2))+1/2/c*
b/ ((c™2xx"2-1)/c"2/x72) " (1/2)*x*e-1/2/c”3%b/ ((c™2%x"2-1) /c"2/x"2) " (1/2) /x*e

Maxima [A] time = 1.00062, size = 124, normalized size = 1.49

1 x _L2+1 (2cxarccsc(cx)+1og(,/—$ +1 +1)—10g(— —ﬁ+1+

1 2
— aex? + = | x? arcesc (cx) + = be + adx +
2 2 2c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arccsc(c*x)),x, algorithm="maxima"

[Out] 1/2*axe*xx”2 + 1/2*%(x"2*arccsc(cxx) + x*sqrt(-1/(c™2xx72) + 1)/c)*bxe + axdx
x + 1/2x(2*c*x*arccsc(c*xx) + log(sqrt(-1/(c™2*x72) + 1) + 1) - log(-sqrt(-1
/(c™2*%x72) + 1) + 1))*bxd/c

Fricas [A] time = 2.19668, size = 302, normalized size = 3.64

acex? + 2 ac’dx — 2 bed log (—cx + Ve - 1) + V22 — 1be + (bc26x2 + 2 bc?dx — 2 bc?d - bcze) arcesc (cx) — 2 (2‘

2c2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arccsc(c*x)),x, algorithm="fricas")

[Out] 1/2%(a*xc™2%exx™2 + 2%axc”2xd*x - 2xbxc*d*log(-c*x + sqrt(c™2*x"2 - 1)) + sq
rt(c”™2%x72 - 1)*bxe + (b*c™2%e*x™2 + 2%b*c™2*d*x - 2xb*c~2*xd - b*c~2%e)*arc
csc(c*xx) - 2x(2*bxc™2%d + bkxc~2xe)*arctan(-c*x + sqrt(c”™2*x"2 - 1)))/c™2

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + bacsc(cx)) (d + ex) dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(at+b*acsc(c*x)),x)

[Out] Integral((a + b*acsc(c*x))*(d + e*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (ex + d)(b arccsc (cx) + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arccsc(c*x)),x, algorithm="giac")

[Out] integrate((e*x + d)*(b*arccsc(c*x) + a), x)
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3.47 f (a + besc! (cx)) dx

Optimal. Leaf size=31

btanh ™ (,11 - ﬁ)

ax + + bx csc™(cx)
c

[Out] a*x + b*xxArcCsc[c*x] + (bxArcTanh[Sqrt[1 - 1/(c”2*x~2)1]1)/c

Rubi [A] time = 0.0229732, antiderivative size = 31, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 8, e

integrand size
0.5, Rules used = {5215, 266, 63, 208}

btanh ™ (Jl - ﬁ)

ax + + bx csc™ (cx)
c

Antiderivative was successfully verified.

[In] Int[a + b*ArcCsclc*x],x]
[Out] axx + b*x*ArcCsc[c*x] + (b*ArcTanh[Sqrt[1 - 1/(c"2%x"2)]])/c

Rule 5215

Int [ArcCsc[(c_.)*(x_)], x_Symbol] :> Simp[x*ArcCsc[c*x], x] + Dist[1/c, Int
[1/(x*Sqrt[1 - 1/(c"2*x"2)]1), x], x] /; FreeQlc, x]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)]1, x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]]1)/a, x] /; FreeQl{a, b}, x] && NegQ[a/b]

Rubi steps
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f (a +b csc‘l(cx)) dx=ax+b fcsc‘l(cx) dx
b [ ———dx

1
1 —o
C2X2

X
= ax + bx csc(cx) +

b Subst (f%dx,x, %)
x 1-5

2

= ax + bx csc™(cx) — o

1 1
= ax + bx csc™1(cx) + (bc) Subst (f v dx, x,4[1 - ﬁ)

btanh ™ (wll - ﬁ)

C

= ax + bx csc(cx) +

Mathematica [A] time = 0.0525964, size = 58, normalized size = 1.87

1 -1 cx
bxy[1 - @tanh (m)

Ve2x2 -1

+ bx csc™ (cx)

ax +

Antiderivative was successfully verified.

[In] Integratel[a + b*ArcCsc[c*x],x]

[Out] a*x + bxxxArcCsclc*x] + (bxSqrt[l - 1/(c”2*x"2)]*x*ArcTanh[(c*x)/Sqrt[-1 +
c™2xx72]])/Sqrt[-1 + c~2*x"2]

Maple [A] time = 0.173, size = 37, normalized size = 1.2

b 1
ax + bxarcesc (cx) + = Infex + cxq[1 - ——
c c2x

Verification of antiderivative is not currently implemented for this CAS.

[In] int(at+b*arccsc(c*x),x)

[Out] a*x+b*x*arccsc(c*x)+b/c*xln(cxx+cxx*x(1-1/c"2/x72)°(1/2))

Maxima [A] time = 0.977055, size = 72, normalized size = 2.32

(2cxarccsc (cx) + log (w/_é +1+ 1) —log (—‘/—ﬁ +1+ 1))b

2¢

ax +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atb*arccsc(c*x),x, algorithm="maxima"

[Out] a*x + 1/2x(2*xcxx*arccsc(c*x) + log(sqrt(-1/(c”2*x72) + 1) + 1) - log(-sqrt(
-1/(c™2%x72) + 1) + 1))*b/c
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Fricas [B] time = 2.07279, size = 154, normalized size = 4.97

acx — 2 bc arctan (—cx + Ve2x? - 1) + (bex — be) arcesc (cx) — blog (—cx + Ve2x2 — 1)

c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atb*arccsc(c*x),x, algorithm="fricas")

[Out] (a*xc*x - 2%bkxc*arctan(-c*x + sqrt(c™2*x”"2 - 1)) + (b*cxx - b*c)*arccsc(c*x)
- bxlog(-c*x + sqrt(c™2*x"2 - 1)))/c

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + bacsc(cx)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atb*acsc(c*x),x)

[Out] Integral(a + bxacsc(c*x), x)

Giac [A] time = 1.13005, size = 63, normalized size = 2.03

1 clog (|—x|c| + Ve2x2 — 1|)
xarcsin(a) -

b+ ax
lcl’sgn (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atb*arccsc(c*x),x, algorithm="giac")

[Out] (x*arcsin(1/(c*x)) - c*log(abs(-x*abs(c) + sqrt(c™2*x"2 - 1)))/(abs(c) 2*sg

n(x)))*b + ax*xx
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3 48 fa+b cscL(ex) dx

d+ex
Optimal. Leaf size=257

i(e_‘/ez_czdz)ei Csc_l(cx) i(\/ez_czdzﬂ)eicsc—l(cx)
2, ((l + b csi

ibPOlyLOg (2, od ) ibPOlyLOg od ibPOlyLOg (2/ eZi csc’l(cx))

- - + +
e e 2e

[Out] ((a + b*ArcCsclc*x])*Log[l - (I*(e - Sqrt[-(c™2xd"2) + e"2])*E~ (I*ArcCsc[cx*
x]1))/(c*xd)])/e + ((a + bxArcCsclc*x])*Log[l - (Ix(e + Sqrt[-(c™2xd"2) + e72

1)*E~ (I*ArcCsclc*x]))/(c*xd)]) /e - ((a + b*ArcCsclc*x])*Logl[l - E~((2*I)*Arc
Csclc*x])])/e - (I*bxPolyLogl[2, (I*(e - Sqrt[-(c™2*xd"2) + e~2])*E~(I*ArcCsc
[c*x]))/(cxd)])/e - (I*¥bxPolyLogl[2, (I*(e + Sqrt[-(c™2xd"2) + e~2])*E~(I*Ar
cCsclecxx]))/(c*xd)]) /e + ((I/2)*bxPolyLogl[2, E~((2*I)*ArcCsclc*x])])/e

Rubi [A] time = 0.405979, antiderivative size = 257, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 2, integrand size = 16, number of rules _

integrand size
0.125, Rules used = {5225, 2518}

i(e—‘/ez—c2d2)ei cscHex)

cd

(a +bcs

ibPolyLog (2, p

Dol i(W/ez—CZdz +e)ez‘csc*1(cx)
ibPolyL 2, -
wrolyLl.og leOIYLOg (2’ 321 csc 1(CX))

- -+ +
e e 2e

Antiderivative was successfully verified.

[In] Int[(a + bxArcCscl[c*x])/(d + e*x),x]

[Out] ((a + bxArcCsclc*x])*Log[l - (Ix(e - Sqrt[-(c™2xd"2) + e~2])*E~ (I*ArcCsc[c*
x]1))/(c*xd)])/e + ((a + bxArcCsc[c*x])*Log[l - (I*x(e + Sqrt[-(c™2xd"2) + e~2

1)*E™ (I*ArcCsclc*x]))/(c*xd)]) /e - ((a + b*ArcCsclc*x])*Logl[l - E~((2*I)*Arc
Csclc*xx])])/e - (Ixb*PolyLogl[2, (I*(e - Sqrt[-(c™2xd"2) + e~2])*E~(I*ArcCsc
[c*x]))/(c*d)])/e - (I*b*PolyLogl[2, (I*(e + Sqrtl[-(c™2*d~2) + e~2])*E”~(I*Ar
cCsclc*xx]))/(c*xd)]) /e + ((I/2)*bxPolyLogl[2, E~((2*I)*ArcCsclc*x])])/e

Rule 5225

Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.))/((d_.) + (e_.)*(x_)), x_Symbol] :> S
imp[((a + b*ArcCsc[c*x])*Log[l - (Ix*(e - Sqrt[-(c™2%d"2) + e72])*E~(I*ArcCs
clexx]))/(c*xd)]) /e, x] + (Dist[b/(c*e), Int[Logl[l - (I*(e - Sqrt[-(c~2*d"2)
+ e72])*E” (I*ArcCsclcxx]))/(c*d)]/(x"2*Sqrt[1 - 1/(c™2*xx"2)]), x], x] + Di
st[b/(cxe), Int[Logll - (I*(e + Sqrt[-(c™2*d"2) + e"2])*E~ (I*ArcCsclc*x]))/
(cxd)]/(x~2*Sqrt[1 - 1/(c"2*x~2)]), x], x] - Dist[b/(c*e), Int[Log[l - E~(2
xI*xArcCsclc*xx])]/(x"2*%Sqrt[1 - 1/(c”2*x"2)]), x], x] + Simp[((a + b*ArcCsc[
c*xx])*Log[l - (Ix(e + Sqrt[-(c™2xd"2) + e~2])*E~(I*ArcCsclc*x]))/(c*d)])/e,
x] - Simp[((a + bxArcCsc[c*x])*Logl[l - E~(2*IxArcCscl[c*x])])/e, x]) /; Fre
eQl{a, b, c, d, e}, x]

Rule 2518
Int[Logl[v_J]*(u_), x_Symbol] :> With[{w = DerivativeDivides[v, u*x(1 - v), x]

}, Simp[w*PolyLogl[2, 1 - v], x] /; !FalseQ[w]]

Rubi steps
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i(e_\/m)eicsc_l(cx)
(a +b csc‘l(cx)) log|1 - o

-1
fa+bcsc (cx) gy — N
d+ex e e

i(e—\/%)eicsc_l(cx)
(a + bcsc‘l(cx)) log|1 - —

= +
e e

. eqe—1
z(e+\/—c2d2+62)emb° G

cd

(a +b csc‘l(cx)) log|1 -

, icse—l
1(e+\/—c2d2 +e2)e’ csce

cd

(a +b csc‘l(cx)) log|1 -

Mathematica [A] time = 0.658497, size = 411, normalized size = 1.6

[ i( VEZ—CZdZ—e)e’icscil(Cx) i(,/ez_czdzﬂ)e—icsc*l(cx)
2,

b (81’ [PolyLog = J + PolyLog [2, - = )] +4i (Csc‘l(cx)2 + Poly

log(d
alog( +ex)+
e

Warning: Unable to verify antiderivative.

[In] Integratel[(a + bxArcCsclcx*x])/(d + ex*xx),x]

[Out] (axLogld + exx])/e + (b*(Ix(Pi - 2xArcCsclc*x])~2 + (32%I)*ArcSin[Sqrt[1 +
e/(cxd)]1/8qrt [2]]*ArcTan[((c*d - e)*Cot[(Pi + 2%ArcCsclc*x])/4])/Sqrt[-(c2
xd"2) + e72]] - 4x(Pi - 2%ArcCsclc*x] + 4*ArcSin[Sqrt[1 + e/(c*d)]/Sqrt[2]]
)*Log[1l + (Ix(e - Sqrt[-(c™2%d"2) + e72]))/(c*xd*E~ (I*xArcCsclc*x]))] - 4x(Pi
- 2%ArcCsc[c*x] - 4*ArcSin[Sqrt[l + e/(cxd)]1/Sqrt[2]1])*Logl[l + (I*(e + Sqr
t[-(c™2%xd"2) + e72]))/(cxd*E~(I*ArcCsclc*x]))] - 8*ArcCsclc*xx]*Logl[l - E~((
2xI)*ArcCsclc*x])] + 4x(Pi - 2*%ArcCsc[cxx])*Logle + d/x] + 8*ArcCsc[c*x]*Lo
gle + d/x] + (8%I)*x(PolyLog[2, (I*(-e + Sqrt[-(c™2%d”2) + e72]))/(c*xd*E™ (I*
ArcCsclc*x]))] + PolyLogl[2, ((-I)*(e + Sqrt[-(c™2*d"2) + e72]))/(c*d*E~(I*A
rcCsclecxx]))]) + (4*I)*(ArcCsclc*x]~2 + PolyLog[2, E~((2+I)*ArcCsclc*x])]))
)/ (8xe)

Maple [B] time = 0.417, size = 881, normalized size = 3.4

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arccsc(c*x))/(exx+d),x)

[Out] ax*ln(c*e*xx+c*xd)/e-b*e*arccsc(c*x)/(c™2xd"2-e"2)*1n((d*c*(I/c/x+(1-1/c"2/x72
)7 (1/2))+I*e-(c™2*d"2-e72) " (1/2) )/ (I*e-(c"2*d"2-e"2) ~(1/2)) ) -b*e*xarccsc(c*x
)/ (c™2xd"2-e"2) *1n((d*cx(I/c/x+(1-1/c"2/x72) " (1/2) ) +I*xe+(c"2*d"2-e72) " (1/2)
)/ (Ixe+(c™2%d"2-e72)7(1/2)))+I*b/exdilog(1+I/c/x+(1-1/c"2/x72)"(1/2))-b/exa
rccsc(exx)*1n(1+I/c/x+(1-1/c"2/x72) " (1/2) ) -I*c~2*b/e/ (c"2*xd"2-e"2) *dilog((d
xcx (I/c/x+(1-1/c72/x72) " (1/2))+I*xe-(c™2xd"2-e72) " (1/2)) / (I*xe-(c"2*d"2-e"2) "
(1/2)))*d"2-Ixc~2*b/e/(c"2xd"2-e"2) *dilog((d*cx(I/c/x+(1-1/c2/x72)~(1/2) )+
I*xe+(c™2+%d"2-e72) " (1/2))/ (I*xe+(c™2*%d"2-e72) " (1/2))) *d"2+c"2xb*d~2/e*arccsc (
cxx)/(c™2%d"2-e"2) *In((d*xc*x (I/c/x+(1-1/c"2/x72) " (1/2) ) +I*e-(c"2xd"2-e"2)" (1
/2))/(I*xe-(c™2xd"2-e72) " (1/2)))+c"2%¥b*d"2/e*arccsc(c*x) /(c"2*xd"2-e"2) *1n((d
xcx (I/c/x+(1-1/c72/x72) " (1/2) ) +I*xe+(c™2xd"2-e72) " (1/2)) / (I*e+(c"2*d"2-e"2) "
(1/2)))-Ixb/exdilog(I/c/x+(1-1/c~2/x72)~(1/2))+I*b*e/(c"2*d"2-e"2)*dilog((d
xcx (I/c/x+(1-1/c”2/x72)"(1/2) ) +I*xe+(c™2*xd"2-e72) " (1/2)) / (I*xe+(c™2*d"2-e72) "
(1/2)))+Ixbxe/(c”2*d"2-e"2)*dilog((d*c*(I/c/x+(1-1/c"2/x72)~(1/2))+I*xe-(c"2
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*d"2-e72)7(1/2)) / (I*xe-(c™2*d"2-e72) " (1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

arctan (1, Vex +1vVex - 1) alog (ex + d)
bf ex+d dx+ e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/(e*x+d),x, algorithm="maxima"

[Out] bxintegrate(arctan2(l, sqrt(c*x + 1)xsqrt(c*x - 1))/(exx + d), x) + axlog(e
xx + d)/e

Fricas [F] time = 0., size = 0, normalized size = 0.

integral

barccsc(cx) +a
, X
ex+d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/(exx+d),x, algorithm="fricas")

[Out] integral((bxarccsc(c*x) + a)/(exx + d), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f a + bacsc(cx) i

d+ex
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(c*x))/(e*xx+d) ,x)

[Out] Integral((a + bxacsc(c*x))/(d + e*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

barccsc(cx) +a
f dx
ex+d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/(exx+d),x, algorithm="giac")

[Out] integrate((b*arccsc(cxx) + a)/(e*xx + d), x)
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3 49 fa+b cscL(ex) dx

(d+ex)?

Optimal. Leaf size=102

-1 C2d+g
btanh 1—“
a+besc(cx) . NIZa Ved = | pesel(ex)
e(d + ex) dVe2d2 — e2 de

[Out] (bx*ArcCsclc*x])/(d*e) - (a + bxArcCsclc*x])/(ex(d + e*xx)) + (bxArcTanh[(c"2
*d + e/x)/(c*Sqrt[c2%d"2 - e72]*Sqrt[1 - 1/(c™2*x"2)]1)])/(d*Sqrt[c2%d"2 -
e"2])

Rubi [A] time = 0.155473, antiderivative size = 102, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 16, LT

0.438, Rules used = {5227, 1568, 1475, 844, 216, 725, 206}

integrand size

-1 CZEI"-E
btanh 1—"
a+besc(cx) . NIza Ved=e | pesel(ex)
e(d + ex) dVe2d2 — e2 de

Antiderivative was successfully verified.

[In] Int[(a + b¥ArcCsclc*x])/(d + e*x)~2,x]

[Out] (b*ArcCsclc*x])/(d*xe) - (a + bxArcCsclc*x])/(ex(d + exx)) + (bxArcTanh[(c"2
*d + e/x)/(cxSqrt[c™2*%d™2 - e~ 2]*Sqrt[1l - 1/(c”2%x72)]1)])/(d*Sqrt[c™2*d"2 -
e"2])

Rule 5227

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*((d_.) + (e_.)*(x_))"(m_.), x_Symbol
] > Simp[((d + exx)"(m + 1)*(a + b*ArcCscl[c*x]))/(ex(m + 1)), x] + Dist[b/
(cxex(m + 1)), Int[(d + exx)"(m + 1)/(x"2*Sqrt[1 - 1/(c”2*x"2)]1), x], x] /;
FreeQ[{a, b, c, d, e, m}, x] && NeQ[m, -1]

Rule 1568

Int[(x_ )" (m_.)*((d_) + (e_.)*(x_)"(mn_.))"(q_.)*((a_) + (c_)*(x_)"(n2_.))"
(p_.), x_Symbol] :> Int[x"(m + mn*q)*(e + d/x"mn) gx(a + c*x™n2)7p, x] /; F
reeQ[{a, c, d, e, m, mn, p}, x] && EqQ[n2, -2*mn] && IntegerQ[q]l && (PosQ[n
2] || !IntegerQ[p]l)

Rule 1475

Int[(x_ )" (m_.)*((a_) + (c_)*x_)"(m2_.))"(p_)*((d ) + (e_)*(x_)"(m_))"(q
_.), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(d + exx)
“gx(a + c*x”2)7p, x], x, x"n], x] /; FreeQ[{a, ¢, d, e, m, n, p, q}, x] &&
EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/n]]

Rule 844

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_.)*xx_))*((a_) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*(a + c*xx"2)7p, x], x] + D
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ist[(exf - d*g)/e, Int[(d + exx) mx(a + c*xx"2)7p, x], x] /; FreeQ[{a, c, 4,
e, £, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && !'IGtQ[m, O]

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 725

Int[1/(((d_) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(c*d™2 + a*e”™2 - x72), x], x, (a*e - c*d*x)/Sqrtla + c*x72]] /; FreeQ
[{a, c, d, e}, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps

1

bf dx

1
f a+bescl(ex) p a+besc(ex) V1-z g ¥ d+en)
— 0 —dx=- -

(d + ex)? B e(d + ex) ce
1
b=
_a+bescHcx) _ﬂ(”})x
Bl e(d + ex) ce
b Subst f; dx, x,)l—c
_a+besc(cx) (e+dx)\[1-5
Bl e(d + ex) ce
b Subst f ! dx, x,l b Subst f L dx, x,1
2 x 2 x
_a+besc(cx) (etdx)[1-5 N -2
B e(d + ex) cd cde
d+—
b Subst f + dx, x, CZ’;
2_¢ 2
_bescNex)  a+bese () ez =22
B de e(d + ex) cd
b t h_l C2d+§
an —_—
1
_bescMex)  a+bese () eVerd-et 1= 5

de e(d + ex) " AVe2d2 — o2

Mathematica [A] time = 0.220739, size = 141, normalized size = 1.38

blog (cx (cd— 1- ﬁ\/czdz —ez) +e) . blog(d + ex) . bsin™ (Cl)

a <) beseHex)

Ce(d+ex) dVe2d2 — o2 dVe2d2 — o2 de e(d + ex)

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcCsclc*x])/(d + e*x)~2,x]
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[Out] -(a/(ex(d + e*x))) - (b*ArcCsclc*x])/(ex(d + exx)) + (b*ArcSin[1/(c*x)])/(d
xe) + (b*Logld + e*x])/(d*Sqrt[c™2xd"2 - e72]) - (bxLogle + cx(cxd - Sqrtlc
“2%d72 - e72]xSqrt[1 - 1/(c72%x72)])*x])/(d*Sqrt[c™2xd"2 - e72])

Maple [B] time = 0.263, size = 214, normalized size = 2.1

b b 1 1 b 1 2d2 —
- ac _ charcese (cx) + Vc2x2 — 1 arctan - Ve2x2 —11n|2 < ;
(ecx +dc)e  (ecx +dc)e  ecxd Ve2x2 —1 \/c2x2—1 ecxd ecx + dc 2
C2X2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*x))/(exx+d)"2,x)

[Out] -c*a/(cxexx+c*xd)/e-c*b/ (ckxe*xx+c*d)/exarccsc(cxx)+1/cxb/ex(c™2%x"2-1)"(1/2)/
((c™2%x72-1)/c"2/x72)"(1/2) /x/d*arctan(1/(c”2*x"2-1)"(1/2) ) -1/c*b/e* (c"2*x"
2-1)7(1/2)/ ((c™2%x"2-1) /c"2/x72) ~(1/2) /x/d/ ((c"2*d"2-e72) /e~2) ~(1/2) *1n (2*(
((c™2xd"2-e72)/e"2) "~ (1/2)*(c™2*x"2-1) " (1/2) *e-d*c~2*xx-e) / (cxe*x+c*xd) )

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arccsc(c*x))/(e*x+d)~2,x, algorithm="maxima")

[Out] Timed out

Fricas [B] time = 2.36889, size = 960, normalized size = 9.41

Bd2x+cde+Vc2d2—e2 (czdx+e) + (c2d2+ V242 —ezcd—ez) Ve2x2-1

o + (bC2d3 - bdez) arcesc

ac’d® — ade? — \c2d? — e2 (bezx + bde) log

c2d4e — d2e3 + (czd?’ez - de4)x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/(e*xx+d)”~2,x, algorithm="fricas")

[Out] [-(a*c™2%d"3 - a*d*e”2 - sqrt(c™2*d”2 - e~2)*(b*e”2xx + bxd*e)*log((c~3*d"2
*x + cxd*e + sqrt(c”2*d”2 - e”2)*(c72xd*x + e) + (c72%d"2 + sqrt(c”2*d”"2 -
e"2)*xc*kd - e"2)*sqrt(c™2*x”2 - 1))/(exx + d)) + (b*c™2xd"3 - b*d*e~2)*arccs
c(c*xx) + 2x(b*c™2*%d"3 - bxd*e”2 + (b*c™2xd"2%e - bxe”3)*x)*arctan(-c*x + sq
rt(c™2xx72 - 1)))/(c72xd"4*e - d"2%e”3 + (c72%d"3%e”2 - d¥e”4)*x), —(akc™2x

d”3 - axd*e”2 + 2xsqrt(-c"2xd"2 + e72)*(b*e"2*x + b*xdxe)*arctan(-(sqrt(-c~2

xd"2 + e72)*sqrt(c”2*x"2 - 1)*e - sqrt(-c"2xd"2 + e”2)*(c*xexx + c*d))/(c”2x*

d”2 - e72)) + (bxc™2xd"3 - bxd*e"2)*arccsc(ckxx) + 2%(b*c™2%d"3 - b*xd*e”2 +
(b*xc™2*d"2*%e - b*e”3)*x)*arctan(-c*x + sqrt(c™2*x"2 - 1)))/(c"2*d"4*e - 472

*e"3 + (c72%d"3%e”2 - dxe”4)x*x)]



209

Sympy [F] time = 0., size = 0, normalized size = 0.

f a+ bacsc(cx) i

(d +ex)?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(c*x))/(exx+d)**2,x)

[Out] Integral((a + bxacsc(c*x))/(d + e*x)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

barccsc(cx) +a
f > dx
(ex +d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/(e*xx+d)~2,x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)/(e*x + d)72, x)
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3.50 f a+b csc™(cx) dx

(d+ex)3

Optimal. Leaf size=172

212 2 -1 Czd-*'E
- b(2cd —e)tanh 1—"
a+besc(cx) beef1 - 55 122V | sel(cx)
 2e(d+ex)? N 372 MDY 7
eld + ex) 2d (c2d2 - e2) (; + e) 242 (czdz _ ez) e

[Out] -(b*c*exSqrt[l - 1/(c™2*x72)])/(2%d*(c"2*d"2 - e"2)*(e + d/x)) + (bxArcCsc[
c*x])/(2%d"2%e) - (a + bxArcCsclc*xx])/(2xex(d + exx)~2) + (b*x(2%c™2*d"2 - e
~2)xArcTanh[(c™2*d + e/x)/(cxSqrt[c™2*d"2 - e~2]*Sqrt[1 - 1/(c™2%x72)1)1)/(
2xd"2x(c"2xd™2 - e72)7(3/2))

Rubi [A] time = 0.291905, antiderivative size = 172, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 8, integrand size = 16, e .

0.5, Rules used = {5227, 1568, 1475, 1651, 844, 216, 725, 206}

integrand size

2d+2
- b (2c2d2 —~ ez) tanh ™" 1—+x
a+besc(cx) beeq/1 - 22 e\l Ved—e | g1 (cx)
C 2ed+ex)? d * 32 t o,
2d (czd2 - ez) (} + e) 242 (c2d2 _ ez)

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCsclc*x])/(d + e*xx)~3,x]

[Out] -(b*cxexSqrt[l - 1/(c™2*x72)])/(2*d*(c™2%d"2 - e"2)*x(e + d/x)) + (bxArcCscl[
c*x])/(2%d"2xe) - (a + bxArcCsclc*x])/(2%ex(d + e*xx)"2) + (b*(2%c™2%d"2 - e
~2)*ArcTanh[(c™2*d + e/x)/(c*Sqrt[c™2xd™2 - e72]*Sqrt[1 - 1/(c™2*xx"2)]1)]1)/(
2%d"2%(c™2*d"2 - €72)~(3/2))

Rule 5227

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*((d_.) + (e_.)*(x_))"(m_.), x_Symbol
] > Simp[((d + exx)"(m + 1)*(a + b*ArcCsclc*x]))/(ex(m + 1)), x] + Dist[b/
(cxex(m + 1)), Int[(d + exx)"(m + 1)/(x"2*Sqrt[1 - 1/(c”2*x"2)]1), x], x] /;
FreeQ[{a, b, c, d, e, m}, x] && NeQ[m, -1]

Rule 1568

Int[(x )" (m_)*((d_) + (e_)*(x_)"(mn_.))"(q_.)*((a_) + (c_)*x_)"(m2_.))"
(p_.), x_Symbol] :> Int[x"(m + mn*q)*(e + d/x"mn) gq*(a + c*x™n2)7p, x] /; F
reeQ[{a, ¢, d, e, m, mn, p}, x] && EqQ[n2, -2+mn] && IntegerQ[q]l && (PosQ[n
2] || !IntegerQ[p]l)

Rule 1475

Int[(x )" (m_.)*((a_) + (c_.)*(x_)"(m2_.))"(p_)*((d_) + (e_.)*(x_)"(n_))"(q
_.), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(d + exx)
“g*x(a + c*x"2)7p, x], x, x"n], x] /; FreeQ[{a, c, d, e, m, n, p, q}, x] &&
EqQ[n2, 2*n] &% IntegerQ[Simplify[(m + 1)/nl]

Rule 1651
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Int[(Pq )*((d_) + (e_.)*(x_)) " (m_)*x((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :>
With[{Q = PolynomialQuotient[Pq, d + e*x, x], R = PolynomialRemainder [Pq,

d + exx, x]}, Simp[(exR*x(d + exx)"(m + 1)*(a + c*x"2)7(p + 1))/((m + 1)*(cx
d"2 + a*e”™2)), x] + Dist[1/((m + 1)*(c*xd"2 + a*e”2)), Int[(d + e*x)"(m + 1)
*x(a + cxx72) “p*ExpandToSum[(m + 1)*(cxd™2 + a*e™2)*Q + cxd*Rx(m + 1) - c*ex
Rx(m + 2xp + 3)*x, x], x], x]1] /; FreeQ[{a, c, d, e, p}, x] && PolyQ[Pq, x]
&% NeQ[c*d™2 + axe™2, 0] && LtQ[m, -1]

Rule 844

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xx_))*((a) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*(a + c*xx"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + exx) mx(a + c*xx"2)7p, x], x] /; FreeQ[{a, c, 4,
e, £, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && !'IGtQ[m, O]

Rule 216

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[al]l/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 725

Int[1/(((d_) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(c*d™2 + a*xe”™2 - x72), x], x, (a*xe - c*d*x)/Sqrtla + c*x"2]] /; FreeQ
[{a, c, 4, e}, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps
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b v g
f a+b Csc_l(cx) dx = a+b CSC_l(Cx) \/1——X2(d+ex)2
(d +ex)? T 2e(d + ex)? 206
b f dx
_a+besc(cx) 1/1—ﬁ(e+ ) 4
2e(d + ex)? 2ce
bSubst| [ x—zz dx, x, }1_6
a+ besc(cx) .\ (e+dx)2, /1_’;_2
2e(d + ex)? e

2
(bc) Subst f e_(d_ﬁ)x

1 ¥2
beeq|1 - 22 a+ bcsc‘l(cx) (e+dx) 1—6—

1
dx, x, "

Y (e - 2) (e 4 g) 2¢(d + ex)? 2¢ (c2d? - ¢2)
bSubst| [ —A=dv,x L[ (ve(2- 57)) Subst
) ubs = dx, x, - c|2~ 55| Subs
_ beey1 - 55 a+besc(cx) . -5
od (c2d2 _ ez) (e + g) 2e(d + ex)? 2cd?e > (Cza

1 -
Y . B (bc (2 Zdz)) Subst f P dx, :
ce 22 N bescH(cx)  a+DbescH(cx) 2

2 (- ) e+ d) e 2eldren? ’ 2(c2 - e?)

24 e
- b (2c2d2 - ez) tanh ™ C—Jr"l
beey1 - 55 bescl(cx)  a+ besecx) evedi=e, 1=
+ —_

+
32
2d (czd2 - ez) (e + g) 2d?e 2e(d + ex)? 242 (c2d2 - ez) !

Mathematica [A] time = 0.515473, size = 250, normalized size = 1.45

. beex+/1 — — b (2c2d2 - ez) log (cx (cd —\J1- ﬁ\/czdz - ez) + e) b (ZCZdZ _ 32) log(d
- +

1
2| ed+ex? 4 (c2d2 - e2) d2(cd — e)(cd + e)Vc2d? — ¢2 d2(cd - e)(cd + e)Vc?

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcCsclc*x])/(d + e*x)~3,x]

[Out] (-(a/(ex(d + exx)"2)) - (b*cxexSqrt[l - 1/(c™2*x72)]1*x)/(d*x(c™2%d"2 - e72)*
(d + exx)) - (b*ArcCsclc*x])/(ex(d + e*x)"2) + (bxArcSin[1/(c*x)])/(d"2%*e)

+ (bx(2xc™2xd"2 - e"2)*Logld + e*x])/(d"2x(cxd - e)*(cxd + e)*Sqrt[c™2xd"2

- e72]) - (bx(2xc™2xd"2 - e"2)*Logle + c*(c*d - Sqrtl[c™2xd~2 - e~2]*Sqrt[1

- 1/(c™2*%x72)])*x]) /(A" 2% (cxd - e)*(cxd + e)*Sqrt[c™2xd"2 - e72]))/2

Maple [B] time = 0.174, size = 1007, normalized size = 5.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((atb*arccsc(c*x))/(exx+d) ~3,x)

[Out] -1/2*c”2*a/(cxexx+c*xd) "2/e-1/2*%c”2*b/ (cxexx+c*xd) “2/e*xarccsc (c*x)+1/2*%c™2xbx*
(c™2%x72-1)"(1/2) /((c™2*x"2-1) /c"2/x72) "~ (1/2) / (c"2*d"2-e"2) / (c*xexx+c*d) *arc
tan(1/(c™2*%x"2-1)"(1/2))+1/2*xc"2*xb/ex (c"2*xx~2-1)"(1/2) / ((c™2*x"2-1) /c"2/x"2
)" (1/2) /x*d/ (c"2*d"2-e72) / (c*xexx+cxd) *arctan(1/(c™2*x"2-1)"(1/2) ) -c~2xb*x (c”
2%x72-1)"(1/2)/((c™2*x"2-1) /c~2/x72) ~(1/2) / ((c"2*xd"2-e"2) /e~2) ~(1/2) / (c~2*d
~2-e72) /(ckexx+cxd) *1In(2*x (((c™2*%d"2-e72) /e”2) " (1/2) *(c™2*xx"2-1) " (1/2) *e-d*c
~2xx-e) / (ckexx+c*xd) ) —c"2xb/ex (¢c™2%x"2-1) " (1/2) / ((c™2*x"2-1) /c~2/x"2) " (1/2)/
x*xd/ ((c™2*xd"2-e72)/e"2) " (1/2) /(c"2*d"2-e"2) / (c*xe*x+c*d) *1n (2% (((c"2*d"2-e"2
)/e”2) " (1/2)*x(c™2*x72-1) " (1/2) *e-d*c~2*xx-e) / (c*xe*x+c*xd) ) —1/2*c” 2xbxe/ ((c™2%
x"2-1)/c"2/x72) " (1/2)*x/d/ (c”2*xd"2-e72) / (c*xexx+c*d) +1/2*b*xe/ ((c™2*xx"2-1) /c~
2/x72)"(1/2)/x/d/ (c"2xd"2-e"2) / (cxe*xx+c*d) -1/2*xbxe 2% (¢"2*xx~2-1)~(1/2) / ((c~
2%x72-1)/c”2/x72)"(1/2)/d"2/(c"2%d"2-e"2) / (cke*xx+c*xd) *arctan(1/(c™2*%x"2-1) "
(1/2))-1/2%b*e*x(c™2*x"2-1)"(1/2) / ((c™2%x"2-1) /c"2/x"2) " (1/2) /x/d/ (c"2*d"2-e
~2)/ (c*e*xx+cxd) *arctan(1/(c™2*x"2-1) " (1/2) ) +1/2*¥b*e" 2% (c"2*xx"2-1)~(1/2) / ((c
“2%xx72-1)/c”2/x72)"(1/2)/d72/((c™2xd"2-e"2)/e"2) " (1/2) /(c"2*d"2-e"2) / (cxex*xx
+cxd) *In(2x (((c™2*%d"2-e72) /e72) ~(1/2) *(c™2*x"2-1) " (1/2) *e-d*c~2*x-e) / (c*e*xx
+c*xd) ) +1/2*xbxex (c™2*xx72-1) " (1/2) / ((c™2*x"2-1) /c~2/x72) " (1/2) /x/d/ ((c~2*xd"2-
e”2)/e”2)"(1/2)/(c"2xd"2-e"2) / (c*exx+c*d) *1n (2*x (((c"2*xd"2-e72) /e"2) " (1/2) *(
cT2xx72-1) " (1/2) *e-d*c~2*x~-e) / (cxexx+c*d))

Maxima [F] time = 0., size = 0, normalized size = 0.

(% Iog(cx+1)+% log(cx—l))
xe

2,32 2 9,2 232
ce’x +2cdex+cde) dx +
( f c2e3x4+2 c2de?x3-2 de2x+(c263x4+2 c2de?x3-2 dezx—d23+(czdze—e3)x2)(cx+1)(cx—l)—dze+(czd26—e3)x2

2 (e3x2 +2de?x + dze)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/(e*xx+d)~3,x, algorithm="maxima")

[Out] -1/2%(2x(c”™2*%e"3%x72 + 2xc™2*d*e”2*x + c~2*%d"2xe)*integrate(1/2xx*e”(1/2*lo
glcxx + 1) + 1/2xlog(c*xx - 1))/(c™2xe™3*x74 + 2%c™2*d*e 2xx"3 - 2kxd*e”2*x -

d™2%e + (c72%d"2%e - e73)*x72 + (cT2%e"3*x"4 + 2%xCcT2xd*e"2%xx"3 - 2kdke”2*x

- d"2%e + (c"2xd"2*%e - e73)*x"2)*e” (log(c*x + 1) + log(cxx - 1))), x) + ar
ctan2(1, sqrt(c*x + 1)*sqrt(cxx - 1)))*b/(e"3%x"2 + 2xd*e”2xx + d"2%e) - 1/
2%a/(e"3*%x72 + 2kd*e”2%x + d"2%e)

Fricas [B] time = 6.21897, size = 2223, normalized size = 12.92

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/(exx+d)~3,x, algorithm="fricas")

[Out] [-1/2*%(a*c”™4*d"6 + b*c~3*d"5*e - 2*a*xc™2xd"4*e”2 - bxc*d"3*e”3 + a*xd™2*xe”4
+ (b*c™3*d"3*e”3 — bxc*d*e”5)*x"2 - (2*b*xc"2*xd"4*e - b*d"2%e”3 + (2*b*xc”2*d
"2%e73 - b*e"b)*x"2 + 2% (2%b*c"2xd"3%e”2 - bxdxe”4)*x)*sqrt(cT2+xd”2 - e72)*
log((c™3*%d"2xx + c*d*e + sqrt(c™2*d™2 - e”2)*(c™2xd*x + e) + (c™2*%d"2 + sqr
t(c™2%d"2 - e72)*cxd - e”2)*sqrt(c”2*x72 - 1))/(e*xx + d)) + 2x(bxc~3*xd"4*e”

2 - bxc*d"2*e"4)*x + (b*c"4*d"6 - 2¥b*c”2*d"4*e”2 + bxd"2*xe"4)*arccsc(c*x)



214

+ 2% (b*c™4*d"6 - 2xb*xc”2*%d"4*e”2 + bkd"2*e"4 + (bxc"4*%d"4*e”2 - 2*b*xcT2xd"2
*e”4 + b*e”6)*x"2 + 2x(bxc"4*d"5*e - 2¥b*c”2*d"3*e”3 + bxdxe”5)*x)*arctan(-
ckx + sqrt(c™2*x72 - 1)) + (bxc™2xd"4*e”2 - bxd"2xe”4 + (b*c”™2xd"3*%e”3 - bx
dxe”5) *x) *sqrt (c™2*x"2 - 1))/(c™4*d"8*e - 2xc”2xd"6*e”3 + d"4*e”5 + (c74xd”
6%e”3 - 2*kc”2xd"4*e”5 + d72*%e”7)*x"2 + 2% (cT4*xd"T*e"2 - 2*xc"2%d"5%e”4 + 473
*e76)*x), -1/2%(a*xc”4*d"6 + bxc~3*%d"b*e - 2*a*xc”2xd"4*e”2 - bxcxd"3%e”3 + a
xd"2%e"4 + (b*c”3*%d"3*%e”3 - bxckxd*e"5)*x"2 + 2x(2%bxc”2xd"4*e - b*xd"2%e”3 +

(2%b*c™2%d"2%e”3 - b*e B)*x72 + 2% (2xb*c”2xd"3%e”2 - b*d*e”4)*x)*sqrt(-c”2
xd"2 + e”2)*arctan(-(sqrt(-c™2*xd"2 + e”2)*sqrt(c™2*x"2 - 1)*e - sqrt(-c~2xd
"2 + e”2)*k(ckexx + c*xd))/(c72%d"2 - e72)) + 2% (b*xc”3*d"4*xe”2 - b*c*d"2*e”4)
*xX + (b*c”™4*xd"6 - 2¥b*c”2xd"4*e”2 + b*xd"2*e”4)*arccsc(c*x) + 2*x(b*c”4*xd"6 -
2%bxc"2xd"4*e”2 + b*d"2%e”4 + (b*cT4*d"4*xe”2 - 2%bxc”2*d"2%e”4 + b*e”6)*x”
2 + 2% (b*c™4*d"b*e - 2%b*c”2*d"3*e”3 + bxd*e”5)x*x)*arctan(-c*xx + sqrt(c”2*x
72 = 1)) + (bxc”2xd"4*e”2 - bxd"2xe”4 + (b*c”"2xd"3*%e”3 - bxd*e”5)*x)*sqrt(c
“2%x72 - 1))/(cT4*xd"8*e — 2%c”2*xd"6*e”3 + d"4xe”5 + (cT4*xd"6*%e”3 - 2%c"2xd”
4*xe”5 + d72*%e”7)*x72 + 2% (cT4*xd"T7*e”2 - 2*xc”2xd"5*e”4 + d"3*e”6)*x)]

Sympy [F] time = 0., size = 0, normalized size = 0.

a+ bacsc(cx)
[rbese,,

d + ex)’
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(c*x))/(e*xx+d)**3,x)

[Out] Integral((a + b*acsc(c*x))/(d + e*x)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

barccsc(cx) +a
f 3 dx
(ex +d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/(e*xx+d)~3,x, algorithm="giac")

[Out] integrate((b*arccsc(cxx) + a)/(e*xx + d)~3, x)
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3.51 fo\/d + ex (a +b csc‘l(cx)) dx

Optimal. Leaf size=496

4bdV1 - c2x? (9C2d2 - ez) ddrex) EllipticF (Sin_l ( 1_Cx) , C;—ie) 242(d + ex)?? (Ll +b CSC_l(Cx)) 4d(d + ex)?
—_ + _

cd+e

3
105c%e2x /1 — %Vd +ex 3e

[Out] (4xbxd*Sqrt[d + exx]*(1 - c”2*x72))/(1056%c”3*e*xSqrt[1 - 1/(c™2*x"2)]1*x) - (
4xb* (d + exx)”(3/2)*(1 - c™2%x72))/(35*c™3*%exSqrt[1 - 1/(c™2%x72)]*x) + (2%
d™2x(d + exx)~(3/2)*(a + bxArcCsclc*x]))/(3xe™3) - (4xd*(d + e*x)”(5/2)*(a
+ bxArcCsc[cxx]))/(5xe~3) + (2x(d + exx)~(7/2)*(a + bxArcCscl[c*x]))/(7xe"3)
+ (4xbx(b*c™2*%d"2 - 9xe”2)xSqrt[d + exx]*Sqrt[l - c 2*x"2]*EllipticE[ArcSi
n[Sqrt[1 - c*xx]/Sqrt[2]], (2xe)/(cxd + e)])/(105xc™4*xe~2*Sqrt[1 - 1/(c™2*x™
2) I*x*Sqrt[(cx(d + exx))/(cxd + e)]) - (4*bxd*(9*c™2xd"2 - e~2)*Sqrt[(cx(d
+ exx))/(cxd + e)]*Sqrt[l - c”2*x"2]*EllipticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2]
1, (2xe)/(c*xd + e)])/(105xc™4*xe~2xSqrt[1 - 1/(c™2*x72)]*xxSqrt[d + e*x]) -
(32xb*d~4*Sqrt [(cx(d + e*x))/(c*d + e)]*Sqrt[l - c™2xx"2]*EllipticPi[2, Arc
Sin[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(c*d + e)])/(105*cxe”3*Sqrt[1 - 1/(c™2*x~
2)]*x*Sqrt[d + exx])

Rubi [A] time = 2.8273, antiderivative size = 693, normalized size of antiderivative =
1.4, number of steps used = 31, number of rules used = 16, integrand size = 21, M
integrand size

=(0.762, Rules used = {43, 5247, 12, 6721, 6742, 743, 844, 719, 424, 419, 958, 932, 168, 538,
537, 833}

2d2(d + ex)®? (a +b csc‘l(cx)) 4d(d + ex)>? (a +bescl (cx)) 2(d + ex)7? (a +besc (cx)) 32bd*V1 - szzv
—_ + —_

3e3 5e3 763

105c¢2¢2

Antiderivative was successfully verified.

[In] Int[x"2*Sqrt[d + exx]*(a + b*ArcCsclc*x]),x]

[Out] (4*b*xd*Sqrtl[d + e*xx]*(1 - c™2%x72))/(105%c”3*exSqrt[1 - 1/(c™2*x"2)]1*x) - (
4xb*x(d + e*xx)”(3/2)*(1 - c™2%x72))/(35xc™3*%exSqrt[1 - 1/(c™2*x72)]*x) + (2%
d72*(d + exx)~(3/2)*(a + b*ArcCsclc*x]))/(3%e”3) - (4xd*x(d + e*x)~(5/2)*(a
+ bxArcCsc[c*x]))/(5%xe~3) + (2%(d + exx)~(7/2)*(a + b*ArcCsclcxx]))/(T*e"3)
+ (32*%bxd"2*xSqrt[d + e*x]*Sqrt[1 - c”2*x"2]*EllipticE[ArcSin[Sqrt[1 - c*x]
/Sqrt[2]], (2*e)/(cxd + e)])/(105*%c™2xe~2+Sqrt[1 - 1/(c”™2*x~2)]*x*Sqrt [(c*(
d + exx))/(cxd + e)]) - (4*bx(c™2%d”2 + 3*%e”2)*Sqrt[d + exx]*Sqrt[l - c™2xx
~2]*EllipticE[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2*xe)/(cxd + e)])/(35xc~4*xe™2x
Sqrt[1 - 1/(c™2xx72)1*x*Sqrt [(c*x(d + exx))/(cxd + e)]) - (32xb*d~3*Sqrt[(c*
(d + exx))/(c*d + e)]*Sqrt[1l - c™2xx"2]*EllipticF[ArcSin[Sqrt[1 - c*x]/Sqrt
[21], (2xe)/(cxd + e)])/(105xc™2xe"2xSqrt[1 - 1/(c™2*x72)I*x*Sqrt[d + ex*x])
- (4xb*d*x(cxd - e)*(cxd + e)*Sqrt[(cx(d + exx))/(cxd + e)]*Sqrt[l - c™2*x~
2]*E1lipticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(c*d + e)])/(105xc~4*e~2x
Sqrt[1 - 1/(c™2*x72)]1*x*Sqrt[d + e*xx]) - (32xbxd~4xSqrt[(cx(d + ex*x))/(cx*d
+ e)]*Sqrt[1 - c”2*x"2]*EllipticPi[2, ArcSin[Sqrt[l - c*x]/Sqrt[2]], (2*e)/
(cxd + e)])/(105*%c*e”3*Sqrt[1 - 1/(c™2*x72)]1*x*Sqrt[d + exx])

Rule 43

Int[((a_.) + (b_D)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) mx(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
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Q[7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5247

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*(u_), x_Symbol] :> With[{v = IntHide
[u, x]}, Dist[a + b*ArcCsclc*x], v, x] + Dist[b/c, Int[SimplifyIntegrand[v/
(x72xSqrt[1 - 1/(c™2xx"2)]), x], x], x] /; InverseFunctionFreeQ[v, x]] /; F
reeQ[{a, b, c}, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 6721

Int[(u_)*((a_.) + (b_)*x(x_)"(n_))"(p_), x_Symbol] :> Dist[(b~IntPart [p]*(
a + b*x"n) “FracPart[p])/(x~ (n*FracPart[p])*(1 + a/(x"n*b)) FracPart[p]), In
t[uxx™ (nxp)*(1 + a/(x"n*b))"p, x], x] /; FreeQ[{a, b, p}t, x] && !'IntegerQ[
pl && ILtQ[n, O] && !'RationalFunctionQ[u, x] && IntegerQ[p + 1/2]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 743

Int[((d_) + (e_.)*(x_)) " (m_)*((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :> Simp[
(ex(d + exx)"(m - D)*(a + c*xx"2) " (p + 1))/(cx(m + 2%p + 1)), x] + Dist[1/(c
*(m + 2xp + 1)), Int[(d + exx)"(m - 2)*Simp[c*d™2*x(m + 2xp + 1) - a*xe™2x(m
- 1) + 2xcxd*ex(m + p)*x, x]*(a + c*x"2)7p, x], x] /; FreeQ[{a, c, d, e, m,
p}, x] && NeQ[c*d"2 + axe”2, 0] && If[RationalQ[m], GtQ[m, 1], SumSimplerQ
[m, -2]] && NeQ[m + 2*p + 1, 0] && IntQuadraticQ[a, O, c, d, e, m, p, x]

Rule 844

Int[((d_.) + (e_)*(x_))"(m_)*x((f_.) + (g_)*(x_))*((a_) + (c_)*(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*(a + c*xx"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + exx) mx(a + c*xx"2)7p, x], x] /; FreeQ[{a, c, d,
e, £, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && 'IGtQ[m, O]

Rule 719

Int[((d_) + (e_.)*(x_))"(m_)/Sqrtl(a_) + (c_.)*(x_)"2], x_Symbol] :> Dist[(
2xaxRt [-(c/a), 2]*(d + e*xx) m*Sqrt[1 + (c*x72)/al)/(cxSqrtla + c*x~2]*((c*(
d + exx))/(cxd - axexRt[-(c/a), 2]))"m), Subst[Int[(1 + (2*a*e*Rt[-(c/a), 2
1*%x72)/(c*d - axexRt[-(c/a), 2]))"m/Sqrt[l - x~2], x], x, Sqrt[(1 - Rt[-(c/
a), 2]1*x)/2]1, x] /; FreeQ[{a, c, d, e}, x] && NeQ[cxd™2 + a*e”2, 0] && EqQ
m~2, 1/4]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrtlal*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (bxc)/(axd)])/(Sqrtlcl*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] &% GtQ[a, O]

Rule 419
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Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)~"2]), x_Symbol] :> S
imp[(1*EllipticF[ArcSin[Rt[-(d/c), 2]1*x], (bxc)/(a*d)])/(Sqrt[al*Sqrt[c]*Rt
[-(d/c), 21), x] /; FreeQl{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ
[a, 0] && !(NegQ[b/al && SimplerSqrtQ[-(b/a), -(d/c)])

Rule 958

Int[((£_.) + (g_)*(x_))"(_)/(((d_.) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*(x_)"
2]), x_Symbol] :> Int[ExpandIntegrand[1/(Sqrt[f + g*x]*Sqrtla + c*xx72]), (f
+ gxx)"(n + 1/2)/(d + e*xx), x], x] /; FreeQl{a, c, d, e, f, g}, x] && NeQ[
exf - dxg, 0] && NeQ[cxd~2 + a*xe”2, 0] && IntegerQ[n + 1/2]

Rule 932

Int[1/(C(d_.) + (e_.)*(x_))*Sqrt[(f_.) + (g_.)*(x_)]xSqrtl[(a_) + (c_.)*(x_)
~2]), x_Symbol] :> With[{q = Rt[-(c/a), 21}, Dist[1/Sqrt[al, Int[1/((d + ex
x)*Sqrt[f + g*x]*Sqrt[l - g*x]*Sqrt[1 + g*x]), x], x]] /; FreeQ[{a, c, 4, e
, T, gr, x] && NeQlexf - dxg, 0] && NeQ[c*d™2 + axe”2, 0] && GtQ[a, O]

Rule 168

Int[1/(((a_.) + (b_.)*x(x_))*Sqrt[(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (f_.)*(x_
)I*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
axd - bxx"2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£*x72)/d, x]]*Sqrt[Simp[(d*g -
cxh)/d + (h*x~2)/d, x11), x], x, Sqrtlc + d*x]1, x] /; FreeQ[{a, b, ¢, d, e
, £, g, h}, x] && GtQ[(dxe - c*f)/d, 0]

Rule 538

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]xSqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1l + (d*x~2)/c]l/Sqrtlc + d*x~2], Int[1/((a +
b*x~2)*Sqrt [1 + (d*x~2)/cl*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, £}, x] & !'GtQlc, 0]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*x(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (cxf)/(d*e)])/(a*xSqrt[cl*Sqrtle]*Rt[-(d/c), 2]1), x] /; FreeQ[{a, b, ¢, d
, e, T}, x] && 'GtQ[d/c, 0] && GtQlc, 0] && GtQ[e, 0] && '( 'GtQ[f/e, O]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rule 833

Int[((d_.) + (e_.)*(x_))"(m_)*x((f_.) + (g_.)*(x_))*((a_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Simp[(g*(d + exx)"m*(a + c*x"2)7(p + 1))/(c*x(m + 2%p + 2)
), x] + Dist[1/(cx(m + 2%xp + 2)), Int[(d + e*xx)"(m - 1)*(a + c*x72) p*Simp[
ckdxf*x(m + 2%p + 2) - akxexgkm + ckx(exfx(m + 2xp + 2) + dxgxm)*x, x], x], x]
/; FreeQ[{a, c, d, e, f, g, p}, x] && NeQ[cxd"2 + a*e”2, 0] && GtQ[m, 0] &
& NeQ[m + 2xp + 2, 0] && (IntegerQ[m] || IntegerQ[p] || IntegersQ[2*m, 2x*p]
) && ! (IGtQ[m, 0] && EqQ[f, 0])

Rubi steps
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2d2(d + ex)®? (a +besc (cx)) 4d(d + ex)>? (a +b CSC_l(CX)) 2(d + ex)7? (a 4
- +

3e3 5¢3 76"

foVd +ex (a +b csc‘l(cx)) dx =

2d2(d + ex)?? (a +bescl (cx)) 4d(d + ex)>? (a +b csc‘l(cx)) 2(d + ex)7? (a 4
B 3e3 - 5e3 - 76

2d2(d + ex)®? (a +besc! (cx)) 4d(d + ex)d? (a +b csc‘l(cx)) 2(d + ex)7? (a 4
= - +

3e3 5¢3 76"

2d2(d + ex)?? (a +besc™ (cx)) 4d(d + ex)>? (a +b csc‘l(cx)) 2(d + ex)7? (a 4
B 3e3 - 5e3 - 76

2d%(d + ex)?2 (a +bescTl(ex)  4d(d +ex)®? (a+bescex))  2(d + ex)” (a
3e3 B 5e3 * 7¢°

16bd\/d +ex (1 -c xz) 4b(d + ex)3? (1 -c xz) 2d%(d + ex)3? (a +b csc‘l(cx):
B 3
1050341 — 5 35c3e4/1 - 3e
ceXx

_ 4bdVd + ex (1 -~ szz) 4b(d + ex)3? (1 e xz) 2d2(d + ex)3? (a + bcsc‘l(cx))

3
105631 - —sx 350341 - 3¢
ceX

_ 4bdVd + ex (1 -~ szz) 4b(d + ex)3? (1 e xz) 2d2(d + ex)3? (a + bcsc‘l(cx))

3
105631 — —sx 350341 - 3¢
ceXx

4bdVd + ex (1 - szz) 4b(d + ex)3? (1 -c xz) 2d2(d + ex)3? (a +b csc‘l(cx))

3
105631 — —osx 35041 - 3¢
ceX

4bd\/d +ex(l-c x2) 4b(d + ex)3? (1 -y x2) 2d%(d + ex)?? (a + besc™ (cx))

3
105c3e4/1 — 5 35c3e4/1 - 3¢
ceXx

4bd\/d +ex(l-c x2) 4b(d + ex)3? (1 x2) 2d%(d + ex)?? (a + besc™ (cx))

3
10503e4/1 — o5 35c3e4/1 - 3¢
ceXx




219

Mathematica [C] time = 13.9094, size = 870, normalized size = 1.75

2,2(p [1__1_ -1 o1 22 -1 522y [ 1
2ccx (2 1 c2x20+cdcsc (cx)) 8cx(cde 1 22 c4d“ csc (cx)) 4(982 5c2d) 1 22

-1
CSC CcX)— -
(cx) 35¢ 10502 105¢2

d 16¢3 csc—1 3
C( e)x _16¢° csc™ (ex)d _gch3
10563 7

2o

Vd+ex

Warning: Unable to verify antiderivative.

[In] Integrate[x~2#Sqrt[d + e*x]*(a + bx*ArcCsclc*x]),x]

[Out] -((a*xd”~3*Sqrt[d + exx]*Betal[-((e*xx)/d), 3, 3/2])/(e”3*Sqrt[1 + (exx)/d])) +

(b*x(=((c*x(e + d/x)*x*x((-4*(-5xc™2*xd"2 + 9*e~2)*Sqrt[1 - 1/(c"2xx~2)]) /(105
*xe”2) - (16*c~3*d"3xArcCsclc*x])/(105%e~3) - (2*c~3*x"3*ArcCsclc*x])/7 - (2
*xCT2xx 2% (2*exSqrt [1 - 1/(c™2%x72)] + c*d*ArcCsclc*x]))/(35%e) - (8*ckx*(c*
dxexSqrt[1 - 1/(c™2*x72)] - c~2xd"2*%ArcCsclc*x]))/(105%e~2)))/Sqrt[d + ex*x]
) - (2xSqrtle + d/x]*Sqrt[c*x]*((2*(9*c~3*%d"3xe - c*xd*e”3)*Sqrt[(cxd + cxex
x)/(c*xd + e)]*Sqrt[1 - c~2*x"2]*EllipticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2
xe)/(cxd + e)])/(Sqrt[1 - 1/(c™2*x72)]*Sqrtle + d/x]*(c*x)~(3/2)) + (2*%(8*c
“4%d74 + BxcT2xd"2%e”2 - 9xe”4)*Sqrt[(cxd + ckxexx)/(cxd + e)]*Sqrt[l - c”2x
x"2]*EllipticPi[2, ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2*e)/(cxd + e)])/(Sqrt[1

- 1/(c”2*%x"2)]1*Sqrtle + d/x]*(c*x)~(3/2)) + (2% (-5*c~3*d"3*e + Okcxd*e”3)*
Cos[2*ArcCsccxx]]*((c*d + cxexx)* (-1 + c™2xx72) + c”2xd*x*Sqrt[(cxd + cxex
x)/(c*xd + e)]xSqrt[l - c™2*x"2]*EllipticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2
xe)/(c*xd + e)] - (c*x*x(1 + c*x)*Sqrt[(e - c*xexx)/(c*d + e)]*Sqrt[(c*xd + cxe
*xx)/(c*xd - e)]*((c*d + e)*EllipticE[ArcSin[Sqrt[(cxd + cxe*x)/(c*xd - e)]],
(cxd - e)/(cxd + e)] - exEllipticF[ArcSin[Sqrt[(cxd + cxe*xx)/(cxd - e)]], (
cxd - e)/(c*xd + e)]))/Sqrt[(ex(1 + c*x))/(-(cxd) + e)] + cxe*xxxSqrt[(c*xd +
cxexx)/(cxd + e)]*Sqrt[1l - c 2*x"2]*EllipticPi[2, ArcSin[Sqrt[1 - c*x]/Sqrt
[21], (2xe)/(cxd + e)]))/(c*xd*Sqrt[1 - 1/(c”2*x"2)]1*Sqrtl[e + d/x]*Sqrt[c*x]
*(=2 + c72xx72))))/(105*%e~3*Sqrt[d + e*x])))/c"4

Maple [B] time = 0.285, size = 1222, normalized size = 2.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*(at+b*arccsc(c*x))*(e*xx+d)~(1/2),x)

[Out] 2/e 3% (ax(1/7*(exx+d) ~(7/2)-2/5%(e*xx+d) ~(5/2)*d+1/3* (exx+d) ~(3/2)*d"2) +b* (1

/Txarccsc(c*x)*(exx+d) ~(7/2)-2/5*arccsc (c*x) * (exx+d) " (5/2) *d+1/3*arccsc(c*x
)* (exx+d) ~(3/2)*d"2+2/105/c” 4% (3% (c/(c*d-e)) ~(1/2) * (exx+d) ~(7/2) *c~3-7*(c/(
cxd-e) )~ (1/2) *(e*xx+d) " (5/2) *c~3*d+5x (c/ (c*d-e)) " (1/2) * (e*xx+d) ~(3/2) *c~3*d"2
+4% (- ((exx+d) *c-d*xc+e) / (cxd-e) )~ (1/2) * (- ((exx+d) *c-d*c-e) / (c*d+e) ) ~(1/2) *E1
lipticF((exx+d)~(1/2)*(c/(cxd-e))~(1/2),((cxd-e)/(c*d+e) )~ (1/2))*c~3*d"3+5x
(- ((e*xx+d) *c-d*c+e) /(c*xd-e)) " (1/2) * (- ((e*xx+d) *c-d*c-e) / (c*d+e) )~ (1/2)*Ellip
ticE((exx+d) " (1/2)*(c/(c*d-e))~(1/2), ((c*d-e)/(c*d+e))~(1/2))*c~3*d"3-8*d"3
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* (- ((exx+d) *c-d*c+e)/(c*d-e)) ~(1/2) * (- ((exx+d) *c-d*c-e) / (c*kd+e) ) " (1/2) *E11i
pticPi((exx+d)~(1/2)*(c/(c*xd-e))~(1/2),1/c*(cxd-e)/d, (c/(cxd+e))~(1/2)/(c/(
cxd-e))~(1/2))*c”3-(c/(cxd-e) )~ (1/2)* (exx+d) " (1/2) *c~3*d~3-5* (- ((e*x+d) *c-d
xcte) /(c*xd-e) )~ (1/2)*x (- ((exx+d) *c-d*c-e)/(cxd+e)) ~(1/2) *E1llipticF ((e*xx+d) ~(
1/2)*(c/(c*xd-e))~(1/2), ((cxd-e)/(c*xd+e) )~ (1/2)) *c™2*%d" 2*e+5* (- ((e*xx+d) *c-d*
cte)/(c*xd-e)) "~ (1/2)* (- ((exx+d)*c-d*c-e) /(c*xd+e) )~ (1/2) *E1llipticE((exx+d)~ (1
/2)*%(c/(c*xd-e))~(1/2), ((cxd-e)/(c*xd+e)) ~(1/2)) *c~2*d"2xe-3*(c/(c*xd-e)) ~(1/2
) *x(exx+d) ~(3/2) *c*xe”2+8* (- ((exx+d) *c—-d*c+e) / (c*d-e)) " (1/2) * (- ((exx+d) *c-d*c
-e)/(cxd+e)) ~(1/2)*EllipticF ((e*xx+d) ~(1/2)*(c/(c*d-e))~(1/2), ((c*d-e)/(cxd+
e)) " (1/2)) *xcxd*xe”2-9*% (- ((exx+d) *c—-d*c+e) /(cxd-e) )~ (1/2) * (- ((e*x+d) *c-d*c-e)
/(c*xd+e))~(1/2)*EllipticE((e*x+d) ~(1/2)*(c/(c*xd-e))~(1/2), ((cxd-e)/(c*d+e))
~(1/2) ) *xcxd*xe~2+(c/ (c*d-e) )~ (1/2) x (exx+d) = (1/2) *cxd*e”2+9* (- ((e*xx+d) *c—d*c+
e)/(c*xd-e))~(1/2)* (- ((exx+d) *c-d*c-e)/(cxd+e)) ~(1/2)*EllipticF ((exx+d)~(1/2
)*(c/(cxd-e))~(1/2), ((cxd-e)/(cxd+e) )~ (1/2))*e~3-9% (- ((e*x+d) *c—d*c+e) / (c*d
-e)) " (1/2)*x (- ((exx+d) *c-d*c-e)/(cxd+e)) ~(1/2)*EllipticE((e*xx+d)~(1/2)*(c/(c
*d-e)) " (1/2), ((cxd-e)/(cxd+e) )~ (1/2))*e~3)/(c/(c*xd-e) )~ (1/2) /x/ ((c"2* (exx+d
) T2-2*d*c”2x (exx+d)+c"2xd"2-e72) /c"2/e72/x72)"(1/2)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccsc(c*x))*(e*xx+d)~(1/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((bx2 arcesc (cx) + axz)\/ex +d, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccsc(c*x))*(e*xx+d)~(1/2),x, algorithm="fricas")

[Out] integral ((bxx~2*arccsc(cxx) + a*x~2)*sqrt(e*x + d), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*x2*(a+b*acsc(c*x))* (exx+d)**(1/2),x%)

[Out] Timed out
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Giac [F] time = 0., size = 0, normalized size = 0.

f Vex + d(barcesc (cx) + a)x? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccsc(c*x))*(e*xx+d)~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(e*xx + d)*(b*arccsc(c*x) + a)*x~2, x)
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3.52 f xVd + ex (a +besc™ (cx)) dx

Optimal. Leaf size=404

I @) g es 0 (-1 (VIZE) 2
4b1_@ﬁ@gf_¥)EﬁgﬂmmwFGml(¢;ya%) 2d(d +ex)?2 (a+besclex))  2(d +ex)¥2 (a+be
- +

2 2
15c%ex4/1 - ﬁ\/d +ex 3e Se

[Out] (-4*b*Sqrtl[d + exx]*(1 - c™2%x72))/(15%c™3*Sqrt[1 - 1/(c™2%x72)]1*x) - (2*dx
(d + e*xx)~(3/2)*(a + b*ArcCsclcxx]))/(3*%e™2) + (2*x(d + e*x)”(5/2)*(a + b*Ar
cCsclc*xx]))/(5xe™2) - (8xb*xd*Sqrt[d + exx]*Sqrt[l - c™2xx"2]*EllipticE[ArcS
in[Sqrt[1 - c*xx]/Sqrt[2]], (2xe)/(cxd + e)])/(16*xc™2xe*xSqrt[1 - 1/(c™2*x"2)
Ixx*xSqrt [(cx(d + e*xx))/(cxd + e)]) + (4*b*x(3*c™2*d"2 - e~ 2)*Sqrt[(cx(d + ex
x))/(cxd + e)]*Sqrt[1 - c™2*x"2]*EllipticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (
2%e)/(cxd + e)])/(15xc™4xexSqrt[1 - 1/(c™2*x"2)]*x*Sqrt[d + exx]) + (8*b*d”
3xSqrt[(c*x(d + e*xx))/(c*xd + e)]*Sqrt[l - c™2*x"2]*EllipticPi[2, ArcSin[Sqrt

[1 - c*xx]/Sqrt[2]], (2xe)/(cxd + e)])/(15*xc*e™2xSqrt[1 - 1/(c™2*x72)]*x*Sqr

tld + exx])

Rubi [A] time = 2.19491, antiderivative size = 502, normalized size of antiderivative =

. . ber of rul
1.24, number of steps used = 24, number of rules used = 15, integrand size = 19, oo
integrand size

=0.79, Rules used = {43, 5247, 12, 6721, 6742, 743, 844, 719, 424, 419, 958, 932, 168, 538,
537}

c(d+ex) . =1 [ V1-cx 2e
_Zd(d + ex)32 (a +b csc‘l(cx)) N 2(d + ex)>? (a +b csc‘l(cx)) N 8bd*V1 ~ c2x2 e 1 (2} sin (—\/5 ) |E) il
2 2
3e Se 15ce2x4/1 - ﬁ\/d +ex

Antiderivative was successfully verified.

[In] Int[x*Sqrt[d + e*x]*(a + b*ArcCsc[c*x]),x]

[Out] (-4*b*Sqrtld + exx]*(1 - c™2%x72))/(15%c™3*Sqrt[1 - 1/(c™2%x72)]*x) - (2*dx*
(d + exx)"(3/2)*(a + b*ArcCsclcxx]))/(3*e”2) + (2x(d + exx)~(5/2)*(a + b*Ar
cCsclc*xx]))/(5*e”2) - (8*b*d*Sqrt[d + exx]*Sqrt[1 - ¢ 2*x"2]*EllipticE[ArcS
in[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(cxd + e)])/(16*xc™2xe*xSqrt[1 - 1/(c™2*x"2)
Ixx*xSqrt[(cx(d + e*xx))/(cxd + e)]) + (8*bxd~2*Sqrt[(cx(d + exx))/(cxd + e)]
*Sqrt[1 - c™2*x"2]*EllipticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2*e)/(cxd + e)
1)/ (15%c™2%e*xSqrt[1 - 1/(c™2*xx72)]*x*Sqrt[d + exx]) + (4*b*x(cxd - e)*(cxd +
e)*Sqrt[(cx(d + exx))/(cxd + e)]*Sqrt[1l - c™2*x"2]*EllipticF[ArcSin[Sqrt[1
- c*x]/Sqrt[2]], (2%e)/(c*xd + e)])/(16xc™4*exSqrt[l - 1/(c™2%xx"2)]*x*Sqrt[
d + exx]) + (8xb*xd~3xSqrt[(cx(d + e*x))/(c*d + e)]*Sqrt[l - c™2xx"2]*Ellipt
icPi[2, ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(c*d + e)])/(15xc*xe”2*xSqrt[1l -
1/(c™2xx~2) ] *x*Sqrt [d + exx])

Rule 43

Int[((a_.) + (b_D)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] && ( !IntegerQ[n] || (EqQlc, 0] && Le
Q[7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5247

Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.))*(u_), x_Symbol] :> With[{v = IntHide
[u, x]}, Dist[a + b*ArcCsclc*x], v, x] + Dist[b/c, Int[SimplifyIntegrand[v/
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(x"2*%Sqrt[1 - 1/(c™2*x~2)]1), x], x], x] /; InverseFunctionFreeQ[v, x]] /; F
reeQ[{a, b, c}, xI]

Rule 12

Int[(a_)*(u_), x_Symbol]l :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 6721

Int[(u_)*((a_.) + (b_)*(x )" (@ ))"(p_), x_Symbol] :> Dist[(b~IntPart [p]*(
a + bxx"n) “FracPart[p])/(x~ (n*FracPart[p])*(1 + a/(x"n*b)) FracPart[p]), In
t[uxx™ (nxp)*(1 + a/(x"n*b))"p, xJ, x] /; FreeQ[{a, b, pt, x] && !'IntegerQ[
pl && ILtQ[n, O] && !'RationalFunctionQ[u, x] && IntegerQ[p + 1/2]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 743

Int[((d)) + (e_)*x(x_))"(m_ )*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[
(ex(d + exx)"(m - 1)*x(a + c*xx"2)"(p + 1))/(cx(m + 2%p + 1)), x] + Dist[1/(c
x*(m + 2%xp + 1)), Int[(d + exx)"(m - 2)*Simp[c*d™2x(m + 2*p + 1) - a*e™2*(m
- 1) + 2*cxd*xex(m + p)*x, x]J*(a + c*x"2)7p, x], x] /; FreeQ[{a, c, d, e, m,
pr, x] && NeQ[c*xd~2 + axe”2, 0] && If[RationalQ[m], GtQ[m, 1], SumSimplerQ
[m, -2]] && NeQ[m + 2xp + 1, 0] &% IntQuadraticQ[a, O, c, d, e, m, p, x]

Rule 844

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_.)*xx))*((a) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*(a + c*xx"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + exx) mx(a + c*xx"2)7p, x], x] /; FreeQ[{a, c, 4,
e, £, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && 'IGtQ[m, O]

Rule 719

Int[((d)) + (e_.)*(x_)) " (m_)/Sqrtl(a_) + (c_.)*x(x_)"2], x_Symbol] :> Dist[(
2xaxRt [-(c/a), 2]*(d + e*xx) m*Sqrt[1 + (c*x72)/al)/(cxSqrtla + c*x~2]*((c*(
d + exx))/(c*xd - axexRt[-(c/a), 2]))"m), Subst[Int[(1 + (2*xaxexRt[-(c/a), 2
1*xx72) /(c*d - a*exRt[-(c/a), 2]))"m/Sqrt[l - x~2], x], x, Sqrt[(1 - Rt[-(c/
a), 21*x)/21]1, x] /; FreeQ[{a, c, d, e}, x] && NeQ[cxd~2 + a*e”2, 0] && EqQ
(m~2, 1/4]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrt[al*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*d)])/(Sqrtlcl*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, ¢, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ[a, O]

Rule 419

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp [(1*EllipticF[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*xd)])/(Sqrt[a]*Sqrt[c]*Rt
[-(d/c), 21), x] /; FreeQl{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ
[a, 0] && !(NegQ[b/al && SimplerSqrtQ[-(b/a), -(d/c)])

Rule 958
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Int[((f_.) + (g_)*(x_))"(n_)/(((d_.) + (e_.)*x(x_))*Sqrtl(a_) + (c_.)*x(x_)"
2]), x_Symbol] :> Int[ExpandIntegrand[1/(Sqrt[f + g*x]*Sqrtla + c*x72]), (f
+ gxx)"(n + 1/2)/(d + e*x), x], x] /; FreeQ[{a, c, 4, e, f, g}, x] && NeQ[
exf - dxg, 0] && NeQ[c*d™2 + axe”2, 0] && IntegerQ[n + 1/2]

Rule 932

Int[1/(C(d_.) + (e_.)*(x_))*Sqrt[(f_.) + (g_.)*x(x_)]*Sqrtl[(a_) + (c_.)*(x_)
~2]), x_Symbol] :> With[{q = Rt[-(c/a), 2]}, Dist[1/Sqrt[al, Int[1/((d + ex
x)*Sqrt [f + gxx]*Sqrt[1 - g*x]*Sqrtl[l + g*x]), x], x]] /; FreeQl{a, c, d, e
, £, g}, x] && NeQ[exf - dxg, 0] && NeQ[c*d"2 + a*e”2, 0] && GtQ[a, O]

Rule 168

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_
)1xSqrt(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
axd - bxx"2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£f*x72)/d, x]]*Sqrt[Simp[(d*g -
cxh)/d + (h*x~2)/d, x]1), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
, £, g, h}, x] && GtQ[(d*e - cxf)/d, 0]

Rule 538

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d*x~2)/c]/Sqrtlc + d*x~2], Int[1/((a +
bxx"2)*Sqrt[1 + (d*x~2)/cl*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, T}, x] & 'GtQlc, 0]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (c*xf)/(d*e)])/(axSqrt[c]l*Sqrt[el*Rt[-(d/c), 2]), x] /; FreeQ[{a, b, c, d
, e, £}, x] && 'GtQ[d/c, 0] && GtQ[c, O] && GtQle, 0] && !'( !'GtQ[f/e, O]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rubi steps
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2(d+ex)32 (-

bJ

24(d + ex)*2 (a + beseHex 2(d + ex)®? (a + besc ™ (cx 1502, [1-~

fx\/d+ex(a+bcsc‘l(cx)) dx = - ( ) ( ( )) n ( ) ( ( )) N VG
3e2 5¢2 p

@b [ 2

2d(d +ex)?? (a+besclex)  2(d +ex)?? (a+ bese (ex)) -

- 3¢? ’ 5e? * 15ce

2d(d +ex)?2 (a+bese ™l (ex))  2(d +ex)? (a + bese (ex)) (217\/1 - szz)

o 3¢ * 5e? " 15¢¢

ce’

2d(d + ex)?? (a+besclex)  2(d +ex)? (a + beselex)) (2bV1 - szz)
- + +

3¢2 5e2

]

2d(d + ex)3? (a +b Csc‘l(cx)) 2(d + ex)?? (a +b Csc‘l(cx)) (4bd V1 — 2’
3e 5e 1562 \/

4bVd + ex (1 —~ szz) 2d(d + ex)3? (a +b csc‘l(cx)) 2(d + ex)°? (a +besc
- +

2 2
15634/1 — 3¢ Se
ceXx

4bVd + ex (1 - szz) 2d(d + ex)3? (a +b Csc‘l(cx)) 2(d + ex)®? (a + besc
— +

2 2
156341 - ——x 3¢ Se
ceX

4bVd +ex(1-c222)  2d(d +ex)¥? (a+ besc(ex))  2(d +ex)*? (a+ besc
- +

2 2
15¢34/1 - %x 3¢ Se
ceX

4bVd + ex (1 -~ szz) 2d(d + ex)*? (a +besc (cx)) 2(d + ex)>? (a +besc
- +

2 2
156341 - ——x 3¢ Se
ceXx

4bVd + ex (1 -~ szz) 2d(d + ex)3? (a +bescl (cx)) 2(d + ex)>? (a +besc
- +

2 2
156341 - —x 3¢ Se
ceXx

4bVd + ex (1 -~ szz) 2d(d + ex)?? (a +bescl (cx)) 2(d + ex)>? (a +besc
- +

2 2
156341 - —x 3¢ Se
ceX

Mathematica [C] time = 1.61413, size = 368, normalized size = 0.91

1 4ib/ e(ecf;l) A/ :;f: ((—c2d2 — 2cde + ez) EllipticF (i sinh™! (1 /—ﬁ\/d + ex) , z—f:) + 2¢2d%T1 (é +1;1 sinh ™
15 8p2y. 1 — L [
cexq/1 c2x2 cd+e

Antiderivative was successfully verified.

[In] Integrate[x*Sqrt[d + exx]*(a + bxArcCsclc*x]),x]
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[Out] ((4*b*Sqrt[l - 1/(c”2*x72)]1*x*Sqrt[d + e*xx])/c + (2%a*xSqrt[d + e*x]*(-2xd"2
+ d¥e*xx + 3*%e”2%x72))/e”2 + (2xb*Sqrt[d + exx]*(-2xd"2 + dkexx + 3*e”2%xx"2
)*ArcCsclc*x])/e”2 - ((4*I)*bxSqrt[(ex(1 + c*x))/(-(c*xd) + e)]*Sqrt[(e - c*
exx)/(cxd + e)]*(-2%c*xdx(cxd - e)*EllipticE[I*ArcSinh[Sqrt[-(c/(c*d + e))]*
Sqrt[d + exx]], (cxd + e)/(cxd - e)] + (-(c™2%d"2) - 2xc*d*e + e"2)*Ellipti
cF[I*ArcSinh[Sqrt[-(c/(c*d + e))]*Sqrtld + e*x]], (cxd + e)/(cxd - e)] + 2%
c"2*%d"2*E1lipticPi[1 + e/(c*d), I*ArcSinh[Sqrt[-(c/(c*d + e))]*Sqrt[d + exx

11, (c*xd + e)/(c*xd - e)]))/(c"3*xe~2*xSqrt[-(c/(cxd + e))]*Sqrt[1 - 1/(c™2*x"
2)1*x))/15

Maple [B] time = 0.281, size = 836, normalized size = 2.1

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(a+b*arccsc(c*x))x*(e*xx+d) ~(1/2),x%)

[Out] 2/e"2x(a*x(1/5%(exx+d) " (5/2)-1/3*(e*xx+d) ~(3/2)*d) +b*x (1/5*%arccsc (c*x) * (exx+d)
~(5/2)-1/3*xarccsc(c*x) * (exx+d) ~(3/2) *d+2/15/c~3*%((c/(c*d-e) )~ (1/2) *(exx+d) "
(5/2)*c™2-2*x(c/(c*xd-e)) " (1/2) * (exx+d) " (3/2) *c~2*d-d~ 2% (- ((exx+d) *c-d*c+e) / (
ckxd-e)) "~ (1/2) * (- ((exx+d) *c-d*c-e) /(c*xd+e) ) ~(1/2) *E1llipticF ((e*xx+d) ~(1/2) *(c
/(cxd-e))~(1/2), ((cxd-e)/(cxd+e)) ~(1/2) ) *c™2-2% (- ((e*xx+d) *c-d*c+e) /(c*xd-e))
~(1/2)* (- ((e*x+d) *c-d*c-e) /(cxd+e)) ~(1/2) *E1llipticE((e*x+d) ~(1/2)*(c/(c*d-e
))"(1/2), ((c*xd-e) /(cxd+e) )~ (1/2) ) xc™2%d"2+2%d" 2% (- ((e*xx+d) *c—d*c+e) / (c*xd-e)
)~ (1/2) % (- ((exx+d) *c—d*c-e) / (c*xd+e) ) ~(1/2)*E1llipticPi ((e*xx+d) ~(1/2) *(c/ (c*d
-e))”~(1/2),1/cx(cxd-e)/d, (c/(cxd+e))~(1/2)/(c/(c*d-e)) " (1/2)) *c"2+(c/(c*d-e
)) " (1/2) % (exx+d) ~ (1/2) *c~2xd~2+2x (- ((e*x+d) *c-d*c+e) / (cxd-e) ) ~(1/2) * (- ((e*x
+d) *c-dxc-e)/(c*xd+e) )~ (1/2)*EllipticF ((exx+d) ~(1/2)*(c/(c*xd-e))~(1/2), ((cxd
-e)/(c*d+e)) " (1/2) ) *cxd*xe-2* (- ((e*xx+d) *c—-d*xc+e) / (cxd-e) ) ~(1/2) * (- ((e*x+d) *c
-d*c-e)/(cxd+e)) ~(1/2)*E1llipticE((e*x+d)~(1/2)*(c/(cxd-e))~(1/2), ((c*xd-e)/(
ckxd+e) )~ (1/2)) *cxd*e+ (- ((exx+d) *c-d*c+e)/(cxd-e)) ~(1/2) * (- ((e*x+d) *c-d*c-e)
/(c*xd+e))~(1/2)*EllipticF ((e*x+d) ~(1/2)*(c/(c*xd-e))~(1/2), ((cxd-e)/(c*d+e))
~(1/2))*e"2-(c/(cxd-e) )~ (1/2) *(exx+d) " (1/2)*e72) / (c/(cxd-e)) ~(1/2) /x/ ((c™2x%
(exx+d) "2-2*xd*xc" 2% (exx+d) +c~2xd"2-e"2) /c"2/e"2/x"2) " (1/2)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*arccsc(c*x))*(exx+d)~(1/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x*(at+b*arccsc(c*x))*(e*xx+d)~(1/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*acsc(c*x))* (e*xx+d)**(1/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f Vex + d(barccsc (cx) + a)x dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*arccsc(cxx))*(exx+d)~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(e*x + d)*(b*arccsc(c*x) + a)*x, Xx)
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3.53 f\/d + ex (a +b csc‘l(cx)) dx

Optimal. Leaf size=315

(d+ex) o . . -1 (V1= 2 (d+ex) .
4bdV1 — c2x? %EHIPUCF (sm (—Cx) : ) 2(d + ex)?2 (a+bcsc‘1(cx)) ) 4bd* V1 — c2x2 %H (2; si

" cd+e N
3c2x4[1 - %\/d +ex 3e 3cex4[1 - %\/E
ceXx ceXx

[Out] (2x(d + exx)~(3/2)*(a + b*ArcCsclc*x]))/(3*%e) - (4xb*Sqrt[d + exx]*Sqrt[l -
c"2xx"2]*E1lipticE[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(c*d + e)])/(3%c™2
xSqrt[1 - 1/(c™2%x72) ] *x*Sqrt[(c*x(d + e*x))/(cxd + e)]) - (4xbxd*Sqrt[(cx(d
+ exx))/(cxd + e)]*Sqrt[1l - c”2*x"2]*EllipticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2
11, (2xe)/(c*xd + e)])/(3*c™2xSqrt[1 - 1/(c™2*x72)1*x*Sqrt[d + e*x]) - (4xbx
d"2xSqrt[(cx(d + exx))/(cxd + e)]*Sqrt[l - c 2*x"2]*EllipticPi[2, ArcSin[Sq
rt[1 - c*xx]/Sqrt[2]], (2xe)/(cxd + e)])/(3*cxexSqrt[1l - 1/(c™2%x72)]*x*Sqrt
[d + exx])

Rubi [A] time = 0.48491, antiderivative size = 315, normalized size of antiderivative =
1., number of steps used = 15, number of rules used = 11, integrand size = 18, number of rules

= 0.611, Rules used = {56227, 1574, 958, 719, 419, 933, 168, 538, 537, 844, 424}

(d+ex) g (Viex), 2 (drex) o . -1 (V1=
2(d + ex)32 (a+bcsc‘1(cx)) 4bd?*V1 — c2x2 %H (2;8111 ( \/;X)Iﬁ) 4bdV1 - c?x? %F(sm ( \/;x

3e 3cex4[1 - ﬁ\/d +ex 3c2x4[1 - ﬁ\/d +ex

Antiderivative was successfully verified.

integrand size

[In] Int([Sqrt[d + ex*x]*(a + b*ArcCsclc*x]),x]

[Out] (2%(d + e*x)~(3/2)*(a + b*ArcCsc[c*x]))/(3xe) - (4xbxSqrt[d + e*x]*Sqrt[1l -
c"2xx"2]*E1llipticE[ArcSin[Sqrt[1 - cxx]/Sqrt[2]]1, (2%e)/(c*xd + e)])/(3*c™2
xSqrt[1 - 1/(c™2%x72) ] *x*Sqrt[(c*x(d + e*x))/(cxd + e)]) - (4xbxd*xSqrt[(cx(d

+ exx))/(c*xd + e)]*Sqrt[l - c”2*xx"2]*EllipticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2

11, (2%e)/(c*xd + e)])/(3*xc™2*xSqrt[1 - 1/(c”2*x"2)]1*x*Sqrt[d + exx]) - (4xbx
d~2xSqrt[(cx(d + exx))/(cxd + e)]*Sqrt[l - c 2*x"2]*EllipticPi[2, ArcSin[Sq

rt[1 - c*xx]/Sqrt[2]], (2xe)/(cxd + e)])/(3*ckxexSqrt[1l - 1/(c™2%x72)]*x*Sqrt

[d + exx])

Rule 5227

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*((d_.) + (e_.)*(x_))"(m_.), x_Symbol
1 :> Simp[((d + e*x)"(m + 1)*(a + b*ArcCsclc*x]))/(ex(m + 1)), x] + Dist[b/
(cxex(m + 1)), Int[(d + exx)"(m + 1)/(x"2%Sqrt[1 - 1/(c™2*x"2)]1), x], x] /;
FreeQ[{a, b, c, d, e, m}, x] && NeQ[m, -1]

Rule 1574

Int[(x_)"(m_.)*((a_.) + (c_.)*(x_)"(mn2_.)) " (p_)*((d_) + (e_.)*(x_)"(n_.))"
(q_.), x_Symbol] :> Dist[(x~(2*n*FracPart[p])*(a + c/x”(2*n)) FracPart[p])/
(c + a*xx™(2*n)) “FracPart[p], Int[x"(m - 2*n*p)*(d + e*xx"n) g*x(c + a*x”(2xn)
)7p, x]1, x] /; FreeQ[{a, c, d, e, m, n, p, q}, x] && EqQ[mn2, -2*n] && !'In
tegerQ[p] && !IntegerQ[q]l && PosQ[n]

Rule 958
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Int[((f_.) + (g_)*(x_))"(n_)/(((d_.) + (e_.)*x(x_))*Sqrtl(a_) + (c_.)*x(x_)"
2]), x_Symbol] :> Int[ExpandIntegrand[1/(Sqrt[f + g*x]*Sqrtla + c*x72]), (f
+ g¥x)"(n + 1/2)/(d + exx), x], x] /; FreeQ[{a, c, d, e, £, g}, x] && NeQ[
exf - dxg, 0] && NeQ[c*d™2 + a*e”2, 0] && IntegerQ[n + 1/2]

Rule 719

Int[((d_) + (e_.)*(x_))"(m_)/Sqrtl(a_) + (c_.)*(x_)"2], x_Symbol] :> Dist[(
2xaxRt [-(c/a), 2]*(d + e*xx) m*Sqrt[1 + (c*x72)/al)/(cxSqrtla + c*x™2]*((c*(
d + exx))/(cxd - axexRt[-(c/a), 2]))"m), Subst[Int[(1 + (2*a*e*Rt[-(c/a), 2
1*x72) /(c*d - a*exRt[-(c/a), 2]))"m/Sqrt[l - x~2], x], x, Sqrt[(1 - Rt[-(c/
a), 21*x)/21]1, x] /; FreeQ[{a, c, d, e}, x] && NeQ[cxd"2 + a*e”2, 0] && EqQ
[m~2, 1/4]

Rule 419

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1*EllipticF[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*xd)])/(Sqrt[a]*Sqrt[c]*Rt
[-(d/c), 21), x] /; FreeQl{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ
[a, 0] && !(NegQ[b/al && SimplerSqrtQ[-(b/a), -(d/c)])

Rule 933

Int[1/C((d_.) + (e_.)*x(x_))*Sqrt[(f_.) + (g_.)*(x_)]*Sqrtl(a_) + (c_.)*(x_)
~2]), x_Symbol] :> With[{q = Rt[-(c/a), 2]}, Dist[Sqrt[1l + (c*x72)/al/Sqrt[
a + cxx72], Int[1/((d + exx)*Sqrt[f + gxx]*Sqrt[l - qg*x]*Sqrt[l + g*x]), xI]
, x11 /; FreeQl{a, c, d, e, f, g}, x] && NeQ[exf - d*g, 0] && NeQ[c*d™2 + a
xe~2, 0] && !'GtQ[a, O]

Rule 168

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_
)I*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
axd - bxx"2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£f*x72)/d, x]]*Sqrt[Simp[(d*g -
cxh)/d + (h*x~2)/d, x11), x], x, Sqrtlc + d*x]]1, x] /; FreeQ[{a, b, ¢, d, e
, £, g, h}, x] && GtQ[(d*e - cxf)/d, 0]

Rule 538

Int[1/(((a_) + (b_.)*(x_)~2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d*x~2)/c]/Sqrtlc + d*x~2], Int[1/((a +
bxx~2)*Sqrt[1 + (d*x~2)/cl*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, T}, x] && 'GtQlc, 0]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*x(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (c*xf)/(d*e)])/(a*xSqrt[c]l*Sqrt[el*Rt[-(d/c), 2]), x] /; FreeQ[{a, b, c, d
, e, T}, x] && 'GtQ[d/c, 0] && GtQlc, 0] && GtQ[e, 0] && '( 'GtQ[f/e, O]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rule 844

Int[((d_.) + (e_.)*(x_))"(m)*x((f_.) + (g_.)*x(x_))*((a_) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*x(a + c*xx"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + e*x)"m*(a + c*x~2)7p, x], x] /; FreeQl[{a, c, d,
e, f, g, m, pr, x] && NeQ[cxd~2 + a*xe”2, 0] && !IGtQ[m, O]



Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrt[(c_) + (d_.)*
(Sqrtl[al*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (b*c
), 21), x] /; FreeQ[{a, b,

Rubi steps

c, d}, x] && NegQ[d/c] && GtQlc,
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(x_)"2], x_Symbol] :> Simp[
)/ (a*d)])/(Sqrt [c]*Rt[-(d/c
0] && GtQ[a, 0]

f\/d +ex (a +b csc‘l(cx)) dx

(Zb) f (d+ex)32
2(d + ex)32 (a +b csc‘l(cx)) mez
+
3e 3ce
3/2
(Zb,/—;2 + xz) f (dmlc) dx
2(d + ex)32 (a +b csc‘l(cx)) N arard
+
3e 3ceq /1 ﬁx
2
2b\-= + x2) ) 2de + a + -
¢ Vd-+ex, [—Cizﬂc2 xVd+ex, /—Clz+x2 \

2(d + ex)32 (a +b csc‘l(cx))
+

3e

2(d + ex)32 (a +b csc‘l(cx))
= +

1
3ce /1 — @x
abd -1+ xZ) (2bd2 1,
(10~ +2) [ —— = rﬁ vz

3e

2(d + ex)32 (a +b csc‘l(cx))

+
3ce

dx (2bd,/—cl2 ; xz) [ .

3e

2@+ ex)3/2 (a +b csc‘l(cx))

| ]
3c 1_0_2

4hd?
c(d+ex) — 2.2 . -1 {Vl-cx 2e (
) de’/—cdﬂ» V1 - c%x F(sm ( 7 )l_cd+e) )

3e

3c24/1 - %x\/d +ex
ceXx

.1
2(d + ex)?? (a +b csc‘l(cx)) 4bVd + exV1 - ¢2x2E (sm ( 7 ) |%) 4bd /=
3e - 2 c(d+ex) -
3c \/1 T ze2X \/ cd+e
2(d + ex)%? (a +b csc‘l(cx)) 4bVd + exV1 - 2x2E (rsill_1 (%) |C§i) 4bd\/z(('
3e - 2 c(d+ex) B
3c \/1 ~ 22N Taire

Mathematica [B]

Vi-cx
V2

2e
cd+e

ad, /—czxz(l—ﬁ)EllipticF(sin_l( )

b(cd + cex)

time = 13.2616, size = 657, normalized size = 2.09

cd+cex El
cd+e

) sin(4 csc‘l(cx)) sec(Z csc! (cx))[czdx1 / —c2x2(1— ﬁ

cd+cex
cd+e

1
X 1_ﬁ (Cd+€)

2a(d + ex)?? _

3e
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Warning: Unable to verify antiderivative.

[In] Integrate[Sqrtl[d + exx]*(a + bxArcCsc[c*x]),x]

[Out] (2xax(d + e*x)~(3/2))/(3xe) - (bx(c*d + ckxexx)*((-2%(2*xexSqrt[1 - 1/(c™2*x”
2)] + c*xd*ArcCsclc*x] + cxexx*ArcCsclc*x]))/e + (4*xd*Sqrt[-(c™2x(1 - 1/(c"2
*x72))*x"2)]*EllipticF [ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2*e)/(c*xd + e)]1)/((c
xd + e)*Sqrt[l - 1/(c™2*x72)]*x*Sqrt[(cxd + cxe*xx)/(cxd + e)]) - (4*x(-(cxd)
+ e)*Sqrt[-(c™2x(1 - 1/(c™2%x72))*x"2)]*E1lipticPi[2, ArcSin[Sqrt[1l - c*x]
/Sqrt[2]], (2*xe)/(cxd + e)])/(cxexSqrt[l - 1/(c™2xx"2)]*x*Sqrt[(c*d + cxex*x
)/ (cxd + e)]) + ((c™2%(1 - 1/(c™2%x72))*x"2%(c*kd + c*xe*x) + c”2*d*x*Sqrt[-(
c™2x(1 - 1/(c™2%x72))*x72)]*Sqrt [(c*xd + c*exx)/(cxd + e)]*EllipticF[ArcSin[
Sqrt[1 - c*x]/Sqrt[2]], (2%e)/(c*d + e)] - (c*kxx(1 + c*xx)*Sqrt[(e - cxe*xx)/
(c*xd + e)]*Sqrt[(c*xd + c*xexx)/(cxd - e)]*((c*d + e)*EllipticE[ArcSin[Sqrt[(
cxd + cxexx)/(cxd - e)]], (cxd - e)/(cxd + e)] - exEllipticF[ArcSin[Sqrt([(c
*d + ckxexx)/(cxd - e)]], (cxd - e)/(cxd + e)]))/Sqrt[(ex(1 + c*x))/(-(cxd)
+ e)] + crexxxSqrt[-(c™2*x(1 - 1/(c™2*x72))*x~2)1*Sqrt [(c*d + cxexx)/(c*d +
e)]*EllipticPi[2, ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2*e)/(c*d + e)])*Sec[2*Ar
cCsclc*x]]*Sin[4*ArcCsclc*x]])/(c™2*%(1 - 1/(c™2*x72))*(e + d/x)*x72)))/(3*c
~2xSqrtd + ex*xx])

Maple [A] time = 0.273, size = 388, normalized size = 1.2

1 1 dc—
2—(1/3 (ex + d)s/2 a+b|1/3 (ex + 01)3/2 arccsc (cx) + 2/3 — [ 2dEllipticF | Vex +d < Al ¢ ¢ — Ellipti
e c2x Ndc—e' Vdc+e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*xx))*(exx+d)~(1/2),x)

[Out] 2/ex(1/3%(exx+d) " (3/2)*a+b*(1/3*(exx+d) ~(3/2)*arccsc(c*x)+2/3/c”2x (2*d*E11l1
pticF((e*x+d)~(1/2)*(c/(c*d-e))~(1/2), ((c*d-e)/(c*xd+e))~(1/2))*c-E1lipticE(
(e*xx+d) " (1/2)*(c/(c*d-e))~(1/2), ((c*d-e)/(c*xd+e)) ~(1/2) ) *ckd-d*E11lipticPi ((
exx+d) " (1/2)*(c/(c*xd-e))~(1/2),1/cx(cxd-e)/d, (c/(c*xd+e))~(1/2)/(c/(cxd-e))~
(1/2))*c+E1lipticF ((e*xx+d) ~(1/2)*(c/(c*d-e))~(1/2), ((c*d-e)/(cxd+e))~(1/2))
xe-EllipticE((e*xx+d)~(1/2)*(c/(c*xd-e))~(1/2), ((c*d-e)/(cxd+e))~(1/2))*e)x (-
((exx+d) *c—d*c-e)/(cxd+e)) "~ (1/2) * (- ((e*xx+d) *c-d*c+e) /(cxd-e)) ~(1/2) /(c/ (c*d

-e)) " (1/2) /x/ ((c™2* (exx+d) "2-2%d*c~2* (e*xx+d) +c~2*xd"2-e72) /c"2/e”2/x"2) ~(1/2

)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))*(e*xx+d)~(1/2),x, algorithm="maxima"

[Out] Exception raised: ValueError
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Fricas [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))*(e*xx+d)~(1/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(c*x))*(exx+d)**(1/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f Vex + d(b arcesc (cx) + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))*(e*xx+d)~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(exx + d)*(bxarccsc(c*x) + a), x)
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\/d+ex(a+b cscl (cx)) q

354 | X
X
Optimal. Leaf size=23
Vd + ex (a +b csc‘l(cx))
Unintegrable " ,X

[Out] Unintegrable[(Sqrt[d + exx]*(a + bxArcCsclc*x]))/x, x]

Rubi [A] time = 0.0708815, antiderivative size = 0, normalized size of antiderivative
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, - -
integrand size

0., Rules used = {}

X

f Vd + ex (a + bcsc‘l(cx)) ;

X

Verification is Not applicable to the result.
[In] Int[(Sqrtl[d + exx]*(a + bxArcCsclc*x]))/x,x]

[Out] Defer[Int] [(Sqrt[d + exx]*(a + b*ArcCsclc*x]))/x, x]

Rubi steps

dx

X =

f Vd + ex (a +b Csc‘l(cx)) ;

X

f Vd + ex (a +b csc‘l(cx))

X

Mathematica [A] time = 17.5124, size = 0, normalized size = 0.

f Vd + ex (a + bcsc‘l(cx)) ;

X

X

Verification is Not applicable to the result.

[In] Integrate[(Sqrt[d + e*x]*(a + b*ArcCsclc*x]))/x,x]

[Out] Integrate[(Sqrt[d + e*x]*(a + b*ArcCsclc*x]))/x, x]

Maple [A] time = 5.796, size = 0, normalized size = 0.

f a + barccsc (cx) Vox ddx

X

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*xx))*(exx+d) " (1/2)/x,x)

[Out] int((at+b*arccsc(c*x))*(exx+d)~(1/2)/x,x)
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))*(e*xx+d)~(1/2)/x,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 0., size = 0, normalized size = 0.

Vex + d(barccsc (cx) + a) .

X

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))*(e*xx+d)~(1/2)/x,x, algorithm="fricas")

[Out] integral(sqrt(e*xx + d)*(b*arccsc(c*x) + a)/x, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*acsc(c*x))*(exx+d)**(1/2)/x,%)

[Out] Timed out

Giac [A] time = 0., size = 0, normalized size = 0.

f Vex + d(barccsc (cx) + a) i

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))*(exx+d)~(1/2)/x,x, algorithm="giac")

[Out] integrate(sqrt(e*x + d)*(b*arccsc(c*x) + a)/x, x)
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\/d+ex(a+b cscl (cx)) q

3.55 X
J—=
Optimal. Leaf size=23
Vd + ex (a +b csc‘l(cx))
Unintegrable =2 ,X

[Out] Unintegrable[(Sqrt[d + exx]*(a + bxArcCsclc*x]))/x"2, x]

Rubi [A] time = 0.0757837, antiderivative size = 0, normalized size of antiderivative
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, - -
integrand size

0., Rules used = {}

X

f Vd + ex (a + bcsc‘l(cx)) ;

X2

Verification is Not applicable to the result.
[In] Int[(Sqrtl[d + exx]*(a + bxArcCsclc*x]))/x"2,x]

[Out] Defer[Int] [(Sqrt[d + exx]*(a + b*ArcCsclc*x]))/x"2, x]

Rubi steps

dx

X =

f Vd + ex (a +b Csc‘l(cx)) ;

x2

f Vd + ex (a +b csc‘l(cx))

x2

Mathematica [A] time = 7.99731, size = 0, normalized size = 0.

f Vd + ex (a + bcsc‘l(cx)) ;

x2

X

Verification is Not applicable to the result.

[In] Integrate[(Sqrt[d + e*x]*(a + b*ArcCsclc*x]))/x"2,x]

[Out] Integrate[(Sqrt[d + e*x]*(a + b*ArcCsclc*x]))/x"2, x]

Maple [A] time = 4.339, size = 0, normalized size = 0.

a + barccsc (cx)
f > Vex +ddx

X

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*xx))*(exx+d) " (1/2)/x"2,%)

[Out] int((a+b*arccsc(c*x))*(exx+d)~(1/2)/x72,%)
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arccsc(c*x))*(e*xx+d)~(1/2)/x2,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 0., size = 0, normalized size = 0.

Vex + d(barccsc (cx) + a)

integral 2 , X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))*(e*xx+d)~(1/2)/x72,x, algorithm="fricas")

[Out] integral(sqrt(e*xx + d)*(b*arccsc(c*x) + a)/x"2, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(c*x))*(exx+d)**(1/2)/x**2,x%)

[Out] Timed out

Giac [A] time = 0., size = 0, normalized size = 0.

f Vex + d(barccsc (cx) + a) i

12
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c#*x))*(exx+d)~(1/2)/x72,x, algorithm="giac")

[Out] integrate(sqrt(e*xx + d)*(b*arccsc(c*x) + a)/x"2, x)
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356  [(d+ex)¥?(a+besc(ex)) dx

Optimal. Leaf size=372

4T = 22 (2282 + &) %EuipticF(sm‘l(Vi;z”‘),w%) 2d + ex)? (a + bese o)) PV,

+
15c4x4/1 - ﬁ\/d +ex Se 5¢

[Out] (-4*bxexSqrtl[d + e*x]*(1 - c™2%x72))/(16%c”3*3qrt[1 - 1/(c™2%x72)]*x) + (2%
(d + exx)~(5/2)*(a + bxArcCsclc*x]))/(5xe) - (28*b*xdxSqrt[d + e*xx]*Sqrt[l -
c™2xx"2]*E1lipticE[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(cxd + e)])/(16xc”
2xSqrt[1 - 1/(c™2xx72) ] *x*Sqrt [(c*x(d + e*xx))/(cxd + e)]) - (4xb*x(2xc™2*d"2

+ e72)*Sqrt[(c*x(d + e*x))/(cxd + e)]*Sqrt[1 - c™2xx"2]*EllipticF[ArcSin[Sqr

t[1 - c*x]/Sqrt[2]], (2%e)/(c*xd + e)])/(15xc™4*Sqrt[1 - 1/(c™2*x"2)]*x*Sqrt

[d + e*xx]) - (4*%bxd~3*Sqrt[(c*(d + exx))/(c*xd + e)]*Sqrt[l - c 2*xx"2]*Ellip

ticPi[2, ArcSin[Sqrt[l - c*x]/Sqrt[2]], (2*e)/(cxd + e)])/(bxc*xexSqrt[l - 1
/(c™2xx72) 1 *x*Sqrt [d + exx])

Rubi [A] time = 0.754832, antiderivative size = 372, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 22, number of rules used = 13, integrand size = 18, e o e
integrand size

= 0.722, Rules used = {5227, 1574, 958, 719, 419, 933, 168, 538, 537, 844, 424, 931, 1584}

(d+ex) . -1 (V1- 2 (d+ex)
2(d + ex)?? (a + bCSC_l(Cx)) 4bV1 — c2x2 (262d2 + 62) YF (s1n ( cx) |—e) 4bd3V1 - c2x21[—ccdf: H‘

3 cd+e V2 ) cd+e
S 15c4x4/1 - %\/d +ex 5cex+[1 — 71
cexe CoX

Antiderivative was successfully verified.

[In] Int[(d + e*xx)~(3/2)*(a + bxArcCsclc*x]),x]

[Out] (-4*bk*exSqrtl[d + exx]*(1 - c™2*x72))/(15*%c™3*Sqrt[1 - 1/(c™2*x72)I*x) + (2%
(d + exx)~(5/2)*(a + bxArcCsclc*x]))/(5xe) - (28*b*xdxSqrt[d + e*xx]*Sqrt[l -
c"2xx"2]*E1lipticE[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(cxd + e)])/(16xc”
2x3qrt[1 - 1/(c”2*x72) ] *x*Sqrt [(cx(d + exx))/(cxd + e)]) - (4*b*x(2xc~2*xd~2

+ e72)*Sqrt [(c*x(d + e*x))/(cxd + e)]*Sqrt[1l - c™2xx"2]*EllipticF[ArcSin[Sqr

t[1 - c*xx]/Sqrt[2]], (2xe)/(c*d + e)])/(16*xc™4*Sqrt[1 - 1/(c™2%x72)]*x*Sqrt

[d + exx]) - (4*b*d”3*Sqrt[(c*x(d + exx))/(c*d + e)]*Sqrt[l - c™2*x"2]*Ellip

ticPi[2, ArcSin[Sqrt[1l - c*x]/Sqrt[2]], (2*e)/(cxd + e)])/(bxc*kexSqrt[l - 1
/(c™2*x72) 1 *xxSqrt [d + ex*xx])

Rule 5227

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*((d_.) + (e_.)*(x_))"(m_.), x_Symbol
] > Simp[((d + exx)"(m + 1)*(a + b*ArcCsclc*x]))/(ex(m + 1)), x] + Dist[b/
(cxex(m + 1)), Int[(d + exx)"(m + 1)/(x"2*Sqrt[1 - 1/(c”2*x"2)]1), %], x] /;
FreeQ[{a, b, c, d, e, m}, x] && NeQ[m, -1]

Rule 1574

Int[(x_ )" (m_.)*((a_.) + (c_.)*x(x_)"(mn2_.))"(p)*((d) + (e_)*x(x_)"(n_.))"
(g_.), x_Symbol] :> Dist[(x~(2*n*FracPart[p])*(a + c/x”(2*n)) FracPart[p])/
(c + a*x™(2*n)) “FracPart([p], Int[x"(m - 2*n*p)*(d + e*x"n) g*x(c + a*xx~(2*n)
)7p, x1, x] /; FreeQ[{a, ¢, d, e, m, n, p, q}, x] && EqQ[mn2, -2*n] && !In
tegerQ[p] && !'IntegerQlq] && PosQ[n]
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Rule 958

Int[((£_.) + (g_.)*(x_))"(m_)/C((d_.) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*x(x_)~
2]), x_Symbol] :> Int[ExpandIntegrand[1/(Sqrt[f + g*x]*Sqrtla + c*x72]), (f
+ gxx)~(n + 1/2)/(d + exx), x], x] /; FreeQl{a, c, d, e, £, g, x] && NeQ[
exf - dxg, 0] && NeQ[c*d™2 + a*e”2, 0] &% IntegerQ[n + 1/2]

Rule 719

Int[((d_) + (e_.)*(x_))"(m_)/Sqrt[(a_) + (c_.)*(x_)"2], x_Symbol] :> Dist[(
2xaxRt [-(c/a), 2]1*(d + e*xx) m*Sqrt[1 + (c*x~2)/al)/(cxSqrtla + c*x~2]*((c*(
d + e*x))/(cxd - axexRt[-(c/a), 2]1))"m), Subst[Int[(1 + (2*a*e*Rt[-(c/a), 2
1*x72)/(c*d - axexRt[-(c/a), 2]))™m/Sqrt[l - x72], x], x, Sqrt[(1 - Rt[-(c/
a), 21*x)/211, x] /; FreeQ[{a, c, d, e}, x] && NeQ[cxd™2 + a*e”2, 0] && EqQ
m~2, 1/4]

Rule 419

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)~"2]), x_Symbol] :> S
imp[(1*EllipticF[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*xd)])/(Sqrt[a]*Sqrt[c]l*Rt
[-(d/c), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ
[a, 0] && !(NegQ[b/al &% SimplerSqrtQ[-(b/a), -(d/c)1)

Rule 933

Int[1/C((d_.) + (e_.)*x(x_))*Sqrt[(f_.) + (g_.)*(x_)]*Sqrtl(a_) + (c_.)*(x_)
~2]), x_Symbol] :> With[{q = Rt[-(c/a), 2]}, Dist[Sqrt[1l + (c*x"2)/al/Sqrtl
a + cxx72], Int[1/((d + exx)*Sqrt[f + gxx]*Sqrt[l - g*x]*Sqrt[l + g*x]), x]
, x]1 /; FreeQ[{a, c, d, e, f, g}, x] && NeQ[exf - dxg, 0] && NeQ[cxd"2 + a
xe~2, 0] && 'GtQ[a, O]

Rule 168

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_
)I*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
axd - bxx"2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£*x~2)/d, x]]1*Sqrt[Simp[(dxg -
c¥h)/d + (h*x~2)/d, x11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, 4, e
, £, g, h}, x] && GtQ[(dxe - cx*f)/d, 0]

Rule 538

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1l + (d*x~2)/c]l/Sqrtlc + d*x~2], Int[1/((a +
b*x”2)*Sqrt[1 + (d*x~2)/cl*Sqrtle + £*x72]), x], x] /; FreeQ[{a, b, c, d, e
, T+, x] && 1GtQlc, O]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (cxf)/(d*e)])/(axSqrt[cl*Sqrtle]l*Rt[-(d/c), 2]1), x] /; FreeQ[{a, b, ¢, d
, e, T}, x] & 'GtQ[d/c, 0] && GtQlc, 0] && GtQ[e, 0] && '( 'GtQ[f/e, O]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rule 844

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_.)*x(x_))*((a_) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*x(a + c*xx"2)7p, x], x] + D
ist[(exf - dxg)/e, Int[(d + exx)"m*x(a + c*x72)7p, x], x] /; FreeQ[{a, c, d,
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e, f, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && !'IGtQ[m, O]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrt[al*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*xd)])/(Sqrtlc]l*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Rule 931

Int[((d_.) + (e_.)*(x_))"(m_)/(Sqrt[(f_.) + (g_.)*(x_)]*Sqrtl(a_) + (c_.)*(
x_)"2]), x_Symbol] :> Simp[(2*%e”2%(d + e*x)~(m - 2)*Sqrt[f + g*x]*Sqrtla +
c*x72])/(cxg*x(2%m - 1)), x] - Dist[1/(cxg*x(2*m - 1)), Int[((d + exx)"(m - 3
)*Simp [a*xe™ 2% (d*g + 2%exfx(m - 2)) - c*d™3xg*(2*m - 1) + ex(ex(a*xexg*x(2*m -
3)) + cxd*x(2%exf - 3xd*xgx(2xm - 1)))*x + 2%e”2x(ckxe*xf - 3kcxd*g)*(m - 1)*x
~2, x]1)/(8qrt[f + g*x]*Sqrtla + c*x72]), x], x] /; FreeQ[{a, c, 4, e, f, g}
, x] && NeQlexf - dxg, 0] && NeQ[c*d™2 + axe”2, 0] && IntegerQ[2+*m] && GeQ[
m, 2]

Rule 1584

Int[(u_.)*(x_)"(m_.)*x((a_.)*(x_)"(p_.) + (b_.)*(x_)"(q_.))"(n_.), x_Symbol]
:> Int[uxx"(m + n*p)*(a + b*x~(q - p))°n, x] /; FreeQ[{a, b, m, p, q}, x]
&& IntegerQ[n] && PosQlq - p]

Rubi steps
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2(d + ex)?? (a +b csc‘l(cx)) Pﬁxz
+
5e 5ce

f(d + ex)3? (a +besc! (cx)) dx =

2(d + ex)°? (a +b csc‘l(cx))
= +
5e 1

1 3d2e a3
(Zb -5 +x2) i + +
Vd+ex, [—l2+x2 xVd+ex, [—l+x2
C

2(d + ex)>? (a +b csc‘l(cx))

¢ 5ce4[1 - 22X
(617012,/—12 + x2) [— 2 (2bd3,/——2
2(d + ex)?? (a +b csc‘l(cx)) Vd+ex\/—clz+x2
= + +
5 5eyf1 - oy |
(b5 +22) [ 2
4beVd + ex (1 - szz) 2(d + ex)>? (a +besc™ (cx)) -5

+

+
[ 1 5e [ 1
15C3 1- @x 5c¢4/1 — @x

(d+ex) [
4be\d + ex (1 - szz) 2(d + ex)>? (a +besc™? (cx)) 12bd2\/ % 1-c2x?F

+ —_
[ 1 5e [ 1
15C3 1- @x 5C2 1- @

4be\d + ex (1 - szz) 2(d + ex)>? (u +besc ! (cx)) 12bdVd + exV1 - 2x2E ‘

+ p—
1 5e 1
15¢34/1 - 53X 5c24[1 - 537

4be\d + ex (1 - szz) 2(d + ex)*? (a +besc? (cx)) 12bdVd + exV1 - 2x2E ‘
— + p—
15631 - o Se 521 - g

Abed + ex (1 - szz) 2(d + ex)°? (a + besc™? (cx)) 28bdVd + exV1 — 22E

+ .
Se 1
15¢3\/1 - 5 2x 15¢2\[1 = 5.

Mathematica [C] time = 1.42274, size = 333, normalized size = 0.9

1| e(gcx;l A/ £ dex ( 9c2d2 7cde + e )ElllpthF (z sinh™ (, /—F\/d e ) cd+e ) zdzn( +1;isinh ( \[
15 ey 1 — L [
crexy/1 22 cd+e

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)~(3/2)*(a + bxArcCsc[c*x]),x]
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[Out] ((4*bxexSqrt[1 - 1/(c”™2*x"2)]1*x*Sqrt[d + exx])/c + (6*ax(d + exx)"(5/2))/e
+ (6%bx(d + exx)”(5/2)*ArcCsclc*x])/e - ((4xI)xb*xSqrt[(ex(1 + c*x))/(-(cxd)

+ e)]*Sqrt[(e - cxexx)/(c*d + e)]*(-Txcxd*(cxd - e)*EllipticE[I*ArcSinh[Sq
rt[-(c/(c*d + e))]*Sqrt[d + exx]], (cxd + e)/(cxd - e)] + (9*c™2*%d"2 - T*c*

dxe + e"2)*EllipticF[I*ArcSinh[Sqrt[-(c/(cxd + e))1*Sqrtld + exx]], (cxd +
e)/(c*d - e)] - 3xc~2%d"2*EllipticPi[1 + e/(c*d), I*ArcSinh[Sqrt[-(c/(cxd +
e))1*Sqrt[d + exx]], (cxd + e)/(cxd - e)]))/(c"3*xexSqrt[-(c/(c*d + e))]*Sq
rt[1 - 1/(c™2%x72)]1*x)) /15

Maple [B] time = 0.278, size = 810, normalized size = 2.2

1 1
2 - [1/5 (ex + d)** a + b|1/5 arcesc (cx) (ex + d)™ + 2/15 — | | ‘ (ex+d)* -2, /L (ex +d)*? c2d + 9
e x| Vdc—e dc—e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)~(3/2)*(at+b*arccsc(c*x)),x)

[Out] 2/e*x(1/5%(exx+d)~(5/2)*a+b*(1/5%arccsc(c*x)*(e*xx+d) ~(5/2)+2/15/c~3*((c/(c*d
-e)) " (1/2) % (exx+d) " (5/2) *c~2-2%(c/ (c*d-e) ) " (1/2) * (exx+d) "~ (3/2) *c~2*d+9*d " 2%
(= ((exx+d)*c-d*xc+e) /(cxd-e)) ~(1/2) * (- ((exx+d) *c-d*c-e) /(c*xd+e) )~ (1/2)*Ellip
ticF((e*xx+d)~(1/2)*(c/(c*d-e))~(1/2), ((cxd-e)/(cxd+e)) ~(1/2) ) *c™2-7* (- ((e*x
+d) *c-dxc+e)/(c*xd-e)) ~(1/2) x (- ((exx+d) *c-d*c-e)/(c*d+e)) ~(1/2)*EllipticE((e
*xx+d) " (1/2)*(c/(cxd-e))~(1/2), ((c*d-e) /(cxd+e) )~ (1/2) ) *xc™2+d~2-3*d"2* (- ((ex*
x+d) *c—dxc+e) /(c*xd-e) )~ (1/2) * (- ((exx+d) *c-d*c-e)/(cxd+e)) ~(1/2)*E1llipticPi(
(exx+d)~(1/2)*(c/(cxd-e))~(1/2) ,1/c*(c*d-e) /d, (c/(cxd+e) )~ (1/2)/(c/(c*xd-e))
~(1/2))*c”2+(c/ (cxd-e) )~ (1/2) * (exx+d) " (1/2) *c~2*xd"2+7* (- ((exx+d) *c—-d*c+e) / (
cxd-e) )~ (1/2) * (- ((exx+d) *c-d*c-e) /(c*xd+e)) " (1/2) *E1llipticF ((exx+d) ~(1/2)*(c
/(c*d-e))~(1/2), ((c*xd-e)/(c*xd+e) )~ (1/2)) *xcxd*xe-7T* (- ((e*xx+d)*c-d*c+e)/(c*xd-e
))~(1/2) % (- ((e*xx+d) *c-d*c-e) /(c*d+e) )~ (1/2) *E1lipticE((e*xx+d) ~(1/2) *(c/(c*d
-e))~(1/2), ((c*d-e) /(cxd+e) )~ (1/2) ) *cxdxe+ (- ((exx+d)*c-d*c+e) /(cxd-e)) ~(1/2
)* (= ((e*xx+d)*c-d*c-e)/(c*d+e) )~ (1/2)*E1llipticF ((e*xx+d) ~(1/2)*(c/(c*d-e)) (1
/2),((cxd-e)/(cxd+e)) ~(1/2))*e~2-(c/(c*d-e)) ~(1/2)*(exx+d) ~(1/2)*e~2) /(c/(c
xd-e)) " (1/2)/x/ ((c™2* (e*xx+d) "2-2*xd*c~2* (exx+d) +c~2%d"2-e72) /c~2/e"2/x"2) " (1
/2)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)~(3/2)*(at+b*arccsc(c*x)),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((exx+d)~(3/2)*(atb*arccsc(c*x)),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**(3/2)* (atb*acsc(c*x)),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (ex + d)g(b arccsc (cx) + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)~(3/2)*(atb*arccsc(c*x)),x, algorithm="giac")

[Out] integrate((exx + d)~(3/2)*(b*arccsc(c*x) + a), x)
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‘[-x3(a+i7csc_1(cx))
Vd+ex

Optimal. Leaf size=714

3.57 b

64bd*V1 - 22 \[ U lipicF (sin‘l( 1‘”‘),£) 3261 — 2x2(cd - ¢)(cd + )| D EllipticF (sin_l (ﬁ
cd+e 2 cd+e cd+e A

3&?§x41—7£;Vd+ex 1O&ﬁéqu—2%§Vd+ex

[Out] (-4*b*Sqrt[d + e*x]*(1 - c”2%x72))/(35*c™3*%exSqrt[1 - 1/(c™2%x72)]) + (4*bx
dxSqrt[d + e*xx]*(1 - c™2%x72))/(21*c™3*%e"2*Sqrt[1 - 1/(c™2*x"2)]1*x) - (2%d”
3xSqrt[d + exx]*(a + bxArcCsclc*x]))/e™4 + (2xd"2x(d + exx)~(3/2)*(a + b*Ar
cCsclc*x]))/e”4 - (6%d*x(d + e*x)~(5/2)*(a + bxArcCsclcxx]))/(5%e”4) + (2x(d
+ exx) " (7/2)*(a + b¥ArcCsclc*xx]))/(7*e”4) - (24xbxd~2*Sqrt[d + exx]*Sqrt[1l
- ¢ 2*xx"2]*EllipticE[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2*e)/(cxd + e)])/(35%
c"2xe”3*%Sqrt[1 - 1/(c™2*x"2) 1 *x*Sqrt[(cx(d + exx))/(cxd + e)]) + (4*b*x(2%c”
2%d"2 - 9xe”2)*Sqrt[d + exx]*Sqrt[l - c™2+x"2]*EllipticE[ArcSin[Sqrt[1 - cx
x]1/8qrt[2]], (2xe)/(cxd + e)])/(105xc™4*e"3*Sqrt[1 - 1/(c™2*x"2)]*x*Sqrt[(c
*(d + exx))/(cxd + e)]) + (64xb*xd"~3*Sqrt[(c*x(d + e*x))/(cxd + e)]*Sqrt[1 -
c"2xx"2]*E1lipticF [ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(c*xd + e)])/(35*c™2
xe”3x3qrt[1 - 1/(c™2*x72)I*x*Sqrt[d + exx]) - (32xb*d*(cxd - e)*(cxd + e)*S
qrt[(cx(d + exx))/(cxd + e)]*Sqrt[l - c 2*x"2]*EllipticF[ArcSin[Sqrt[1 - cx
x]/8qrt[2]], (2%e)/(cxd + e)])/(105%c™4*e”~3*Sqrt[1 - 1/(c”2*x72)]*x*Sqrt[d
+ exx]) + (64xbxd~4*Sqrt[(cx(d + e*x))/(c*d + e)]*Sqrt[1 - c™2*x"2]*Ellipti
cPi[2, ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2*e)/(cxd + e)])/(35*xcxe”4xSqrt[1l -
1/(c™2*%x~2) ] *x*Sqrt [d + exx])

Rubi [A] time = 2.58945, antiderivative size = 714, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 27, number of rules used = 17, integrand size = 21, e o e
integrand size

= 0.81, Rules used = {43, 5247, 12, 6721, 6742, 719, 424, 944, 419, 932, 168, 538, 537, 833,
844, 942, 1654}

2d3d + ex (a +besc! (cx)) 2d%(d + ex)3? (u +besc! (cx)) 6d(d + ex)®? (a +b csc‘l(cx)) 2(d + ex)7? (a 4
- + - +
et e 5e* 7¢

Antiderivative was successfully verified.

[In] Int[(x"3*(a + bxArcCscl[c*x]))/Sqrtld + exx],x]

[Out] (-4*b*xSqrt[d + e*xx]*(1 - c”2*%x72))/(35*c™3*%exSqrt[1 - 1/(c™2%x72)]) + (4*bx*
dxSqrt[d + exx]*(1 - c™2%x72))/(21*c~3*%e"2*Sqrt[1 - 1/(c™2*x"2)]*x) - (2%d”
3xSqrt[d + exx]*(a + bxArcCsclc*x]))/e™4 + (2xd"2x(d + e*x)~(3/2)*(a + b*Ar
cCsclc*x]))/e”4 - (6*%d*(d + exx)~(5/2)*(a + bxArcCsclc*x]))/(5%xe~4) + (2x(d
+ e*xx)~(7/2)*(a + b*ArcCsclc*xx]))/(7xe"4) - (24xbxd~2xSqrt[d + e*x]*Sqrt[1
- ¢c”2*xx"2]*EllipticE[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2*e)/(cxd + e)])/(35%
c"2xe”3*%Sqrt[1 - 1/(c™2*x72) 1 *x*Sqrt [(cx(d + exx))/(cxd + e)]) + (4*b*x(2%c”
2xd72 - 9%e”2)*Sqrt[d + e*xx]*Sqrt[l - c 2*x"2]*EllipticE[ArcSin[Sqrt[1 - c*
x]1/8qrt[2]], (2xe)/(cxd + e)])/(105*c~4*e~3*Sqrt[1 - 1/(c™2*x~2)]*x*Sqrt[(c
*x(d + exx))/(cxd + e)]) + (64xb*xd~3*Sqrt[(c*x(d + e*x))/(cxd + e)]*Sqrt[1 -
c"2xx"2]*E1lipticF [ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(c*xd + e)])/(35*c™2
xe”3x3qrt[1 - 1/(c™2*x72) ]*x*Sqrt[d + exx]) - (32xb*d*x(cxd - e)*(cxd + e)*S
grt[(c*x(d + exx))/(cxd + e)]*Sqrt[l - c 2*x"2]*EllipticF[ArcSin[Sqrt[1 - c*
x]/8qrt[2]], (2%e)/(cxd + e)])/(105%xc™4*e~3*Sqrt[1 - 1/(c”2*x"2)]*x*Sqrt[d
+ exx]) + (64*bxd~4*Sqrt[(cx(d + exx))/(cxd + e)]*Sqrt[l - c™2*x"2]*Ellipti
cPi[2, ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2*e)/(cxd + e)])/(35xcxe"4*Sqrt[1 -
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1/(c™2*x72) ] *x*Sqrt [d + e*xx])

Rule 43

Int[((a_.) + (b_D)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*x(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%x(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5247

Int[((a_.) + ArcCscl[(c_.)*(x_)I*(b_.))*(u_), x_Symbol] :> With[{v = IntHide
[u, x]}, Dist[a + b*ArcCsclc*x], v, x] + Dist[b/c, Int[SimplifyIntegrand[v/
(x"2*%Sqrt[1 - 1/(c™2*x~2)]1), x], x], x] /; InverseFunctionFreeQ[v, x]] /; F
reeQ[{a, b, c}, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 6721

Int[(u_.)*((a_.) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[(b~IntPart [p]*(
a + b*x"n) “FracPart[p])/(x~ (n*FracPart[p])*(1 + a/(x"n*b)) FracPart[p]), In
t[uxx™ (nxp)*(1 + a/(x"n*b))"p, x], x] /; FreeQl[{a, b, p}, x] && !'IntegerQ[
pl && ILtQ[n, O] && !'RationalFunctionQ[u, x] && IntegerQ[p + 1/2]

Rule 6742

Int[u_, x_Symbol]l :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 719

Int[((d_) + (e_.)*(x_))"(m_)/Sqrtl(a_) + (c_.)*(x_)"2], x_Symbol] :> Dist[(
2xaxRt [-(c/a), 2]1*(d + e*x) m*Sqrt[1 + (c*x72)/al)/(cxSqrtla + c*x~2]*((c*(
d + e*xx))/(cxd - a*xexRt[-(c/a), 2]))"m), Subst[Int[(1 + (2*axexRt[-(c/a), 2
1%x72) /(c*d - axexRt[-(c/a), 2]))"m/Sqrt[l - x~2], x], x, Sqrt[(1 - Rt[-(c/
a), 21*x)/211, x] /; FreeQ[{a, c, d, e}, x] && NeQ[cxd™2 + a*e”2, 0] && EqQ
(m~2, 1/4]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrt[al*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(axd)])/(Sqrtlcl*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, 0]

Rule 944

Int[Sqrt[(f_.) + (g_.)*x(x_)1/(((d_.) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*x(x_)"2
1), x_Symbol] :> Distl[g/e, Int[1/(Sqrt[f + gxx]*Sqrtla + c*x72]), x], x] +
Dist[(exf - dxg)/e, Int[1/((d + exx)*Sqrt[f + gxx]*Sqrtla + c*x72]), x], x]
/; FreeQ[{a, c, d, e, £, g}, x] && NeQ[exf - dxg, 0] && NeQ[cxd~2 + a*xe”2,
0]

Rule 419
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Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)~"2]), x_Symbol] :> S
imp[(1*EllipticF[ArcSin[Rt[-(d/c), 2]1*x], (bxc)/(a*d)])/(Sqrt[al*Sqrt[c]*Rt
[-(d/c), 21), x] /; FreeQl{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ
[a, 0] && !(NegQ[b/al && SimplerSqrtQ[-(b/a), -(d/c)])

Rule 932

Int[1/(C(d_.) + (e_.)*(x_))*Sqrt[(f_.) + (g_.)*x(x_)]*Sqrtl[(a_) + (c_.)*(x_)
~2]), x_Symbol] :> With[{q = Rt[-(c/a), 2]}, Dist[1/Sqrt[al, Int[1/((d + ex
x)*Sqrt [f + gxx]*Sqrt[1l - g*x]*Sqrtl[l + g*x]), x], x]1] /; FreeQl{a, c, d, e
, £, g}, x] && NeQ[exf - dxg, 0] && NeQ[c*d™2 + a*e”2, 0] && GtQ[a, O]

Rule 168

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_
)1xSqrt(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
axd - bxx"2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£f*x72)/d, x]]*Sqrt[Simp[(d*g -
cxh)/d + (h*x~2)/d, x11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
, £, g, h}, x] && GtQ[(d*e - cxf)/d, 0]

Rule 538

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d*x~2)/c]/Sqrtlc + d*x~2], Int[1/((a +
bxx"2)*Sqrt[1 + (d*x~2)/c]l*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, T}, x] & 'GtQlc, 0]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]xSqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (c*xf)/(d*e)])/(axSqrt[c]l*Sqrtlel*Rt[-(d/c), 2]), x] /; FreeQ[{a, b, c, d
, e, £}, x] && 'GtQ[d/c, 0] && GtQ[c, O] && GtQle, 0] && !'( !'GtQ[f/e, O]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rule 833

Int[((d_.) + (e_)*x_D) " (m)*((f_.) + (g_.)*(x_))*x((a_) + (c_.)*x_)"2)"(p
_.), x_Symbol] :> Simp[(g*(d + exx)"mx(a + c*x"2)7(p + 1))/(c*x(m + 2%p + 2)
), x] + Dist[1/(cx(m + 2*%p + 2)), Int[(d + e*x)"(m - 1)*x(a + c*xx"2) p*Simp[
ckdxfx(m + 2xp + 2) - akxexgkm + ckx(exfx(m + 2xp + 2) + d*xgxm)*x, x], x], x]
/; FreeQ[{a, c, 4, e, f, g, p}, x] && NeQ[c*d"2 + a*xe”2, 0] && GtQ[m, 0] &
& NeQ[m + 2xp + 2, 0] && (IntegerQ[m] || IntegerQ[p] || IntegersQ[2*m, 2x*p]
) && ' (IGtQ[m, O] &% EqQ[f, 0])

Rule 844

Int[((d_.) + (e_)*(x_)) " (m_)*x((f_.) + (g_)*x_))*((a_) + (c_)*(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*(a + c*xx"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + exx) mx(a + c*xx"2)7p, x], x] /; FreeQ[{a, c, d,
e, £, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && 'IGtQ[m, O]

Rule 942

Int[(((d_.) + (e_.)*x(x_)) " (m_)*Sqrt[(f_.) + (g_.)*(x_)])/Sqrtl(a_) + (c_.)*
(x_)72], x_Symbol] :> Simp[(2xe*(d + e*x)~(m - 1)*Sqrt[f + g*x]*Sqrtla + c*
x72])/(cx(2*m + 1)), x] - Dist[1/(cx(2*m + 1)), Int[((d + e*x)~(m - 2)*Simp
[axex(d*xg + 2xexfx(m - 1)) - cxd™2*f*(2+m + 1) + (a*xe ™ 2*xgx(2*m - 1) - cxdx*(
dxexfrm + dxgkx(2%m + 1)))*x - ckex(exf + dxgx(4*m - 1))*x72, x])/(Sqrt[f +
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gxx]*Sqrt[a + c*x~2]), x], x] /; FreeQl[{a, c, 4, e, £, g}, x] && NeQ[exf -
dxg, 0] && NeQ[c*d™2 + axe”2, 0] && IntegerQ[2+#m] && GtQ[m, 1]

Rule 1654

Int [(Pq_)*((d_) + (e_.)*(x_)) " (m_.)*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol]

> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]]}, Simp[(fx(d + e*x
)7(m + q - Dx*x(a + c*xx™2)7(p + 1))/(cxe"(q - D*(m + q + 2%p + 1)), x] + Di
st[1/(cxe”gx(m + q + 2%p + 1)), Int[(d + exx) m*(a + c*x~2) p*ExpandToSum[c
xe"qx(m + q + 2%p + 1)*Pq - cxf*(m + q + 2%p + 1)x(d + exx)"q - £x(d + exx)
“(q - 2)*%(axe™2x(m + q - 1) - cxd™2x(m + q + 2%xp + 1) - 2%c*d*ex(m + q + p)
*xx), x], x], x] /; GtQlq, 1] && NeQ[m + q + 2*p + 1, 0]] /; FreeQ[{a, c, d,
e, m, p}, x] && PolyQ[Pq, x] && NeQ[cxd~2 + a*e”2, 0] && !(EqQ[d, 0] && T
rue) && !(IGtQ[m, O] && RationalQ[a, c, d, e] && (IntegerQ[p] || ILtQ[p +
1/2, 01))

Rubi steps
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X =-

Vd + ex et et 5e*

f 23 (a+bese™(cx)) ] 28°Vd + ex (a+besc(cx))  2d%(d + ex)*? (a+ beseN(ex))  6d(d + ex)*2 (a+ b
+ —
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4b\d + ex (1 -~ szz) 4bdVd + ex (1 - szz) 2d3d + ex (a +b csc‘l(cx)) 2d2(c
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1 et
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1 et
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Mathematica [C] time = 13.7471, size = 873, normalized size = 1.22

40c36d3+8063d) od+eex Vl—czszllipticF sirf1 1-cx ,i 2(48C4d4+1662€2d2+9€4) od+cex V1-c2x211 2,'sin71
cd+e V2 [ cd+e cd+e
+

2
d
24/ b +evcx| = —
Pﬂ” §+e(cx)3/2 A “_ﬂ §+e(cx)3/2

Y1 1B e (4, 1) 4
1 2

d
e*\d + ex

Warning: Unable to verify antiderivative.

+

[In] Integrate[(x"3*(a + bxArcCsclc*x]))/Sqrtld + e*x],x]

[Out] (axd~4*Sqrt[1 + (exx)/d]*Betal[-((exx)/d), 4, 1/2])/(e”4*Sqrt[d + exx]) + (b
x(=((cx(e + d/x)*x* ((-4x(16%c™2*%d"2 + 9*xe~2)*Sqrt[1 - 1/(c"2*x~2)])/(105%e”
3) + (32xc”3xd"3xArcCsclc*x])/(35%e™4) - (2%c™3*x"3*ArcCsclc*xx])/(7xe) - (4
*xcT2xx 2% (exSqrt[1 - 1/(c™2%x72)] - 3xcxdxArcCsclc*x]))/(35%xe”2) + (dxckxx*(
BkcxdkexSqrt[1 - 1/(c™2xx72)] - 12%c~2*d"2*ArcCscc*x]))/(105%e”~3)))/Sqrt[d
+ exx]) + (2xSqrtle + d/x]*Sqrt[c*x]*((2%(40*c~3*d"3*e + 8*xcxd*e~3)*Sqrt[(
cxd + ckxexx)/(c*xd + e)]*Sqrt[l - c™2*x"2]*EllipticF[ArcSin[Sqrt[1 - c*x]/Sq
rt[2]], (2xe)/(cxd + e)1)/(Sqrt[1 - 1/(c™2%xx"2)]1*Sqrtle + d/xI*(c*x)~(3/2))
+ (2% (48*c™4%d™4 + 16%c™2xd"2%e”2 + 9xe~4)xSqrt[(cxd + cxe*x)/(cxd + e)]*S
qrt[1 - c¢™2*x"2]*EllipticPi[2, ArcSin[Sqrt[l - c*x]/Sqrt[2]], (2*e)/(cxd +
e)])/(Sqrt[1 - 1/(c™2*x~2)]*Sqrtle + d/x]*(c*x)~(3/2)) + (2x(-16*c~3*d"3xe
- 9xc*d*xe”3) *Cos [2%ArcCsc[cxx] 1 *((c*xd + ckexx)*x (-1 + c72%xx72) + c”2*xd*x*Sqr
t[(cxd + cxe*x)/(cxd + e)]*Sqrt[l - c 2*x"2]*EllipticF[ArcSin[Sqrt[1 - c*x]
/Sqrt[2]], (2%e)/(c*xd + e)] - (cxx*(1 + cxx)*Sqrt[(e - cxexx)/(c*xd + e)]*Sq
rt[(cxd + cxexx)/(c*d - e)]*((cxd + e)*EllipticE[ArcSin[Sqrt[(cxd + c*e*x)/
(cxd - e)]], (c*xd - e)/(c*xd + e)] - exEllipticF[ArcSin[Sqrt[(c*d + c*xex*xx)/(
cxd - e)]], (cxd - e)/(c*xd + e)]))/Sqrtl(ex(1 + c*x))/(-(cxd) + e)] + cxe*x
*Sqrt [(cxd + cxe*xx)/(cxd + e)]*Sqrt[l - c 2*x"2]*EllipticPi[2, ArcSin[Sqrtl[
1 - c*x]/Sqrt[2]], (2xe)/(c*d + e)]))/(c*xd*Sqrt[1l - 1/(c™2*x"2)]*Sqrtle + d
/x]*Sqrt [cxx]* (-2 + c™2%x72))))/(105*%e”4*Sqrt[d + exx])))/c”4

Maple [A] time = 0.286, size = 1248, normalized size = 1.8

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*(atb*arccsc(c*x))/(exx+d)~(1/2),x)

[Out] 2/e"4x(ax(1/7*(exx+d)~(7/2)-3/5%(exx+d) ~(5/2) *d+(e*xx+d) ~(3/2) *d"2-d"3* (e*xx+
d) " (1/2))+bx(1/7*arccsc (c*x) * (e*xx+d) ~(7/2) -3/5*arccsc (c*x) * (e*xx+d) ~ (5/2) *xd+
arccsc(c*x)*(exx+d) ~(3/2) *d"2-arccsc(c*x) *d~3* (exx+d) ~(1/2)+2/105/c~4* (3*(c
/(cxd-e))~(1/2)*x(exx+d) ~(7/2)*c"3-14x(c/(c*d-e) )~ (1/2) * (exx+d) " (5/2) *c~3*d+
19*%(c/(cxd-e) )~ (1/2) * (e*xx+d) " (3/2) *c~3*d~2-24% (- ((e*x+d) *c-d*c+e) /(cxd-e) )~
(1/2) * (- ((e*x+d) xc-d*c-e) /(c*d+e) )~ (1/2)*E1lipticF ((e*xx+d) ~(1/2) *(c/(c*d-e)
)" (1/2), ((c*xd-e) /(cxd+e)) " (1/2) ) *c~3*%d"3-16* (- ((e*xx+d) *c—-d*c+e) / (c*xd-e)) " (1
/2)* (= ((exx+d) *c-d*c-e)/(c*xd+e) )~ (1/2) *E1llipticE((exx+d) ~(1/2)*(c/(c*d-e))~
(1/2), ((c*d-e) /(cxd+e) )~ (1/2) ) *c~3*xd~3+48%d"3* (- ((exx+d) *c-d*c+e) /(c*d-e) )"
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(1/2) % (- ((e*x+d) *c-d*c-e) / (ckd+e) ) ~(1/2) *E11lipticPi ((e*x+d) ~(1/2)*(c/(cxd-e
))~(1/2) ,1/c*(cxd-e)/d, (c/(cxd+e) )~ (1/2) /(c/(c*d-e)) ~(1/2) ) *c™3-8*(c/(cxd-e
)) " (1/2) % (exx+d) ~(1/2) *c~3%d~3+16%* (- ((exx+d) *c—-d*c+e) / (cxd-e) )~ (1/2) * (- ((ex
x+d) *c-d*c-e)/(c*d+e)) ~(1/2)*E1llipticF ((e*x+d) ~(1/2)*(c/(cxd-e))~(1/2), ((cx*
d-e)/(cxd+e)) "~ (1/2)) *c™2*xd"2*e-16% (- ((e*x+d) *c-d*c+e) / (c*xd-e) )~ (1/2) * (- ((e*
x+d)*c-d*c-e)/(cxd+e)) " (1/2)*E1llipticE((exx+d)~(1/2)*(c/(cxd-e))~(1/2), ((c*
d-e)/(cxd+e)) ™ (1/2))*c™2xd"2%e-3*(c/ (c*xd-e) )~ (1/2) * (exx+d) ~(3/2) xcxe™~2+ (- ((
exx+d)*c-dxc+e)/(c*d-e)) ~(1/2) * (- ((e*x+d) *c-d*c-e) / (cxd+e)) ~(1/2)*E1lipticF
((exx+d)~(1/2)*(c/(c*xd-e))~(1/2), ((cxd-e) /(cxd+e) ) ~(1/2) ) *cxd*e”2-9* (- ((e*x
+d) *c—d*c+e) / (c*xd-e) )~ (1/2) * (- ((e*x+d) *c-d*c-e) / (c*xd+e) )~ (1/2) *EllipticE((e
*x+d) " (1/2)*(c/(cxd-e)) ~(1/2), ((cxd-e) /(c*xd+e) )~ (1/2) ) *cxd*xe”2+8* (c/ (c*d-e)
)7 (1/2) % (e*xx+d) " (1/2) xckd*e™2+9% (- ((e*x+d) *c-d*c+e) / (cxd-e) ) " (1/2) * (- ((e*x+
d)*xc-d*c-e)/(cxd+e)) " (1/2)*E1llipticF ((e*x+d) ~(1/2)*(c/(c*d-e))~(1/2), ((c*d-
e)/(cxd+e))~(1/2))*e"3-9% (- ((exx+d) ¥c-d*c+e) / (ckd-e) )~ (1/2) * (- ((e¥x+d) *c-d*
c-e)/(cxd+e))~(1/2)*E1llipticE((e*x+d) ~(1/2)*(c/(cxd-e))~(1/2), ((c*d-e)/(c*d
+e)) " (1/2))*e73)/(c/(c*xd-e))~(1/2) /x/ ((c™ 2% (e*xx+d) "2-2*%dxc™ 2% (exx+d) +c~2xd"
2-e72)/c”2/e2/x72)"(1/2)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccsc(c*x))/(e*xx+d)~(1/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(at+b*arccsc(c*x))/(e*x+d)~(1/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*(atb*acsc(c*x))/(exx+d)**(1/2),x)

[Out] Timed out
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Giac [F] time = 0., size = 0, normalized size = 0.

(barcesc (cx) + a)x®

dx
Vex +d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccsc(c*x))/(e*xx+d)~(1/2),x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)*x~3/sqrt(e*xx + d), x)
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‘[-xz(a+i7csc_1(cx))
Vd+ex

Optimal. Leaf size=530

3.58 X

V2 ) cd+e
15c2e2x4[1 - ﬁ\/d +ex 15cte?x4/1 — ﬁ\/d +ex

[Out] (-4*bxSqrt[d + exx]*(1 - c”2*x72))/(15*%c™3*%e*x3qrt[1 - 1/(c™2%x72)]*x) + (2%
d~2#Sqrt[d + exx]*(a + bxArcCsclc*x]))/e”3 - (4xd*(d + exx)~(3/2)*(a + b*Ar
cCsclecxx]))/(3*%e”3) + (2*(d + exx)~(5/2)*(a + b*ArcCsclc*x]))/(5%xe”3) + (4%
bxd*Sqrt[d + e*xx]*Sqrt[l - c™2xx"2]*EllipticE[ArcSin[Sqrt[1 - c*x]/Sqrt[2]]
, (2xe)/(c*xd + e)])/(5xc™2xe”2*Sqrt[1 - 1/(c™2xx72)]*x*Sqrt[(c*x(d + e*xx))/(
cxd + e)]) - (32*%b*d"2*Sqrt[(c*(d + e*x))/(c*d + e)]*Sqrt[l - c™2*x"2]*E11li
pticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2*e)/(cxd + e)])/(15xc~2*xe~2*Sqrt[1 -
1/(c™2*%x72) ] *x*Sqrt [d + exx]) + (4xb*x(cxd - e)*(cxd + e)*Sqrt[(cx(d + exx)
)/(cxd + e)]*Sqrt[1l - c”2*x"2]*EllipticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2%
e)/(c*xd + e)])/(15xc™4*e"2xSqrt[1 - 1/(c™2*x72)]*x*Sqrt[d + exx]) - (32xbxd
~3xSqrt[(cx(d + exx))/(cxd + e)]*Sqrt[l - c~2*x"2]*EllipticPi[2, ArcSin[Sqr
t[1 - c*x]/Sqrt[2]], (2*e)/(cxd + e)])/(15xcxe”3*Sqrt[1 - 1/(c™2%x72)]*x*Sq
rt[d + e*x])

32bd%V1 — c2x2 %EllipticF (Sin_1 ( 1_Cx) i) 4bV1 - c2x2(cd — e)(cd + e) %EllipticF (sin_1 (E\[_
N ‘

Rubi [A] time = 1.90737, antiderivative size = 530, normalized size of antiderivative =
1., number of steps used = 20, number of rules used = 15, integrand size = 21, M
integrand size

= (0.714, Rules used = {43, 5247, 12, 6721, 6742, 719, 424, 944, 419, 932, 168, 538, 537, 833,
844}

(
2d42/d + ex (a +b csc‘l(cx)) 4d(d + ex)3? (a + besc? (cx)) 2(d + ex)>? (a + besc? (cx)) 32bd*V1 - CZxZ\/:(
— + p—

2,2
150@x\

Antiderivative was successfully verified.

[In] Int[(x"2*(a + bxArcCsc[c*x]))/Sqrtld + exx],x]

[Out] (-4*b*Sqrt[d + e*xx]*(1 - c™2%x72))/(15xc”3*%exSqrt[1 - 1/(c™2*x72)]*x) + (2%
d~2#Sqrt[d + exx]x(a + bxArcCsclc*x]))/e”3 - (4xd*(d + exx)”(3/2)*(a + b*Ar
cCsclc*x]))/(3*xe73) + (2x(d + exx)~(5/2)*(a + bxArcCsclc*x]))/(5%xe~3) + (4%
bxd*Sqrt[d + e*xx]*Sqrt[l - c”2xx"2]*EllipticE[ArcSin[Sqrt([1 - c*x]/Sqrt[2]]
, (2xe)/(cxd + e)])/(5*xc™2%e”2+Sqrt[1 - 1/(c™2+x72)]*x*Sqrt[(cx(d + e*x))/(
ckd + e)]) - (32xb*xd”"2xSqrt[(cx(d + e*x))/(c*d + e)]*Sqrt[l - c™2xx"2]*E11li
pticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2*e)/(cxd + e)])/(15xc~2*xe~2*Sqrt[1 -
1/(c™2xx72) 1 *x*Sqrt[d + exx]) + (4*bx(c*kd - e)*(c*kd + e)*Sqrt[(c*x(d + e*x)
)/(cxd + e)]*Sqrt[1l - c”2*x"2]*EllipticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2%
e)/(c*xd + e)])/(15xc™4*xe~2xSqrt [1 - 1/(c™2*x"2)]*x*Sqrt[d + exx]) - (32xbxd
~3xSqrt [(cx(d + exx))/(cxd + e)]*Sqrt[l - c~2*x"2]*EllipticPi[2, ArcSin[Sqr
t[1 - c*x]/Sqrt[2]], (2*e)/(cxd + e)])/(15xcxe”3xSqrt[1 - 1/(c™2xx72)]*x*Sq
rtld + exx])

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
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Q[7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5247

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*(u_), x_Symbol] :> With[{v = IntHide
[u, x]}, Dist[a + b*ArcCsclc*x], v, x] + Dist[b/c, Int[SimplifyIntegrand[v/
(x72xSqrt[1 - 1/(c™2xx"2)]), x], x], x] /; InverseFunctionFreeQ[v, x]] /; F
reeQ[{a, b, c}, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 6721

Int[(u_)*((a_.) + (b_)*x(x_)"(n_))"(p_), x_Symbol] :> Dist[(b~IntPart [p]*(
a + b*x"n) “FracPart[p])/(x~ (n*FracPart[p])*(1 + a/(x"n*b)) FracPart[p]), In
t[uxx™ (nxp)*(1 + a/(x"n*b))"p, x], x] /; FreeQ[{a, b, p}t, x] && !'IntegerQ[
pl && ILtQ[n, O] && !'RationalFunctionQ[u, x] && IntegerQ[p + 1/2]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 719

Int[((d_) + (e_.)*(x_)) " (m_)/Sqrt[(a_) + (c_.)*(x_)"2], x_Symbol] :> Dist[(
2xaxRt [-(c/a), 2]*(d + e*xx) m*Sqrt[1 + (c*x72)/al)/(cxSqrtla + c*x~2]*((c*(
d + exx))/(cxd - axexRt[-(c/a), 2]))"m), Subst[Int[(1 + (2*a*e*Rt[-(c/a), 2
1*xx72) /(c*d - a*exRt[-(c/a), 2]))"m/Sqrt[l - x~2], x], x, Sqrt[(1 - Rt[-(c/
a), 21*x)/21]1, x] /; FreeQ[{a, c, d, e}, x] && NeQ[cxd"2 + a*e”2, 0] && EqQ
[m~2, 1/4]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrt[al*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (bxc)/(a*d)])/(Sqrtlcl*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] &% GtQ[a, O]

Rule 944

Int[Sqrt[(f_.) + (g_.)*(x_)1/(((d_.) + (e_.)*x(x_))*Sqrt[(a_) + (c_.)*(x_)"2
1), x_Symbol] :> Distlg/e, Int[1/(Sqrt[f + g*xx]*Sqrtla + c*x72]), x], x] +
Dist[(exf - dxg)/e, Int[1/((d + exx)*Sqrt[f + gxx]*Sqrtla + c*x~2]), x], xI]
/; FreeQ[{a, c, d, e, f, g}, x] && NeQl[exf - dxg, 0] && NeQ[c*d™2 + axe”2,
0]

Rule 419

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)~2]), x_Symbol] :> S
imp [(1*E1llipticF[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(axd)])/(Sqrtl[al*Sqrt[c]*Rt
[-(d/c), 2]), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ
[a, 0] && !(NegQ[b/al && SimplerSqrtQ[-(b/a), -(d/c)])

Rule 932
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Int[1/(C(d_.) + (e_.)*(x_))*Sqrt[(f_.) + (g_.)*x(x_)]*Sqrtl[(a_) + (c_.)*(x_)
~2]), x_Symbol] :> With[{q = Rt[-(c/a), 21}, Dist[1/Sqrtl[al, Int[1/((d + ex
x)*xSqrt[f + g*x]*Sqrt[l - g*x]*Sqrt[1l + g*x]), x], x]] /; FreeQ[{a, c, d, e
, T, g¥, x] && NeQ[exf - dxg, 0] && NeQ[cxd™2 + axe”2, 0] && GtQ[a, O]

Rule 168

Int[1/(((a_.) + (b_.)*x(x_))*Sqrtl[(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (f_.)*(x_
)I*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
axd - b*x"2, x]*Sqrt[Simp[(d*e - cxf)/d + (f*x72)/d, x]]1*Sqrt[Simp[(d*g -
cxh)/d + (h*x~2)/d, x11), x], x, Sqrtlc + d*x]]1, x] /; FreeQ[{a, b, ¢, d, e
, £, g, h}, x] && GtQ[(d*e - c*f)/d, 0]

Rule 538

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*x(x_)~"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1l + (d*x~2)/c]l/Sqrtlc + d*x~2], Int[1/((a +
b*x~2)*Sqrt[1 + (d*x~2)/cl*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, T}, x] && 'GtQlc, 0]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (c*xf)/(d*e)])/(axSqrt[c]l*Sqrtlel*Rt[-(d/c), 2]), x] /; FreeQ[{a, b, c, d
, e, T}, x] && 'GtQ[d/c, 0] && GtQlc, 0] && GtQle, O] && '( 'GtQ[f/e, O]
&% SimplerSqrtQ[-(f/e), -(d/c)])

Rule 833

Int[((d_.) + (e_.)*(x_))"(m_)*x((f_.) + (g_.)*(x_))*((a)) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Simp[(gx(d + exx) mx(a + cxx"2)7(p + 1))/(cx(m + 2%p + 2)
), x] + Dist[1/(c*(m + 2%p + 2)), Int[(d + exx)"(m - 1)*x(a + c*x"2) " p*Simp[
ckdxfx(m + 2%p + 2) - axexg*m + ckx(exfx(m + 2xp + 2) + d*xgxm)*x, x], x], x]
/; FreeQ[{a, c, d, e, f, g, p}, x] && NeQ[cxd"2 + a*e”2, 0] && GtQ[m, 0] &
& NeQ[m + 2xp + 2, 0] && (IntegerQ[m] || IntegerQ[p] || IntegersQ[2*m, 2x*p]
) & ! (IGtQ[m, 0] &% EqQ[f, 0])

Rule 844

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_.)*xx_))*((a_) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)x(a + c*xx"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + exx) mx(a + c*xx"2)7p, x], x] /; FreeQ[{a, c, 4,
e, f, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && !'IGtQ[m, O]

Rubi steps
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X =

\d +ex e3 3e3 5e3

f x? (2 +bese™(cx)) ] 2d2Vd + ex (a+besc(cx))  4d(d +ex)¥2 (a+bescTH(cx))  2(d +ex)¥2 (a + beseTl(c
= - +

2d°Vd + ex (a +b csc‘l(cx)) 4d(d + ex)3? (u +besc! (cx)) 2(d + ex)°? (u +bese (e
= - +
e3 3e3 5¢3

2d%\d + ex (u +b csc‘l(cx)) 4d(d + ex)3/? (a +besc! (cx)) 2(d + ex)°? (a +besc(c
= +

2d%\d + ex (a +b csc‘l(cx)) 4d(d + ex)3? (a +besc (cx)) 2(d + ex)°? (a +besc(c
= — +
e3 3e3 53

2d%d + ex (a +b csc‘l(cx)) 4d(d + ex)3/? (a +besc (cx)) 2(d + ex)°? (a +besc(c
= - +
e3 3e3 53

4b\d + ex (1 -~ c2x2) 2d%Vd + ex (a +b csc‘l(cx)) 4d(d + ex)3/? (u +b csc‘l(cx))
1 e3 3e3

4b\d + ex (1 -~ szz) 2d%Nd + ex (a +b csc‘l(cx)) 4d(d + ex)3? (a +b csc‘l(cx))
= — + — +
1 e3 3e3

4b\d + ex (1 -~ szz) 2d%d + ex (a +b csc‘l(cx)) 4d(d + ex)3? (a +b csc‘l(cx))
1 e3 3¢3

4b\d + ex (1 -~ szz) 2d%Nd + ex (a +b csc‘l(cx)) 4d(d + ex)3? (a +b csc‘l(cx))
T 1563 1 " e3 - 3¢
coe4ll — —2X
ceX

+ -

4b\d + ex (1 -~ szz) 2d%d + ex (a +b csc‘l(cx)) 4d(d + ex)3? (a +b csc‘l(cx))
T 1563 1 * e3 - 3e3 "
coe4ll — —2X
ceX
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Mathematica [C] time = 13.5729, size = 784, normalized size = 1.48

cx(cx+1)4/ [
[ V1= h c
6cdecos(2csc’1(cx)) 2dxV1-c2x2 7Ci;iixEllipticF(sin_l( 1 CX) 2¢ )—

2 "cd+e

7C2d2€+63),/ cd-+cex ElhptlcF(sm ( ) 2 )
"cd+e
2\/cx\/—+e

A ll—ﬂ(cx)?’/zﬂgﬂ

Antiderivative was successfully verified.

[In] Integrate[(x"2*(a + bxArcCsclc*x]))/Sqrtld + e*x],x]

[Out] -((a*xd”~3*Sqrt[1 + (exx)/d]*Betal-((e*x)/d), 3, 1/2])/(e"3*Sqrt[d + exx])) +
(b*x(=((c*x(e + d/x)*x*((4*cxd*Sqrt[1 - 1/(c™2*x72)])/(5*e”2) - (16%c™2xd~2x*
ArcCsclc*x])/(15%e73) - (2xc™2xx"2xArcCsc[c*x])/(5xe) - (4*cxx*(exSqrt[l -
1/(c™2%x72)] - 2*c*d*ArcCsclc*x]))/(15%e”2)))/Sqrt[d + exx]) - (2*Sqrtl[e +
d/x]*Sqrt [cxx]*((2%x (7Txc~2*d"2*%e + e73)*Sqrt[(c*d + c*exx)/(cxd + e)]*Sqrt[1
- ¢c”2*xx"2]*EllipticF[ArcSin[Sqrt[1 - c*x]/Sqrt([2]], (2*e)/(cxd + e)])/(Sqr
t[l - 1/(c”2*x"2)]1*Sqrtle + d/x]*(c*xx)~(3/2)) + (2%(8%c”3*%d"3 + 3*kcxd*e”2)*
Sqrt[(c*xd + cxexx)/(c*d + e)]*Sqrt[1 - c™2xx"2]*EllipticPi[2, ArcSin[Sqrt[1
- c*xx]/Sqrt[2]], (2%e)/(cxd + e)]1)/(Sqrt[1l - 1/(c™2%x"2)]*Sqrt[e + d/x]*(c
*x) " (3/2)) - (6xckd*exCos[2*ArcCsccxx]]*((ckd + cke*xx)*x(-1 + c™2%xx72) + c~
2xd*xx*Sqrt [(cxd + cxe*xx)/(cxd + e)]*Sqrt[1 - c™2*x"2]*EllipticF[ArcSin[Sqrt
[1 - c*x]/Sqrt[2]], (2*e)/(cxd + e)] - (c*xxx(1 + cxx)*Sqrt[(e - c*xexx)/(cxd
+ e)]*Sqrt[(cxd + c*xexx)/(c*xd - e)]*((c*d + e)*EllipticE[ArcSin[Sqrt[(c*d
+ ckexx)/(cxd - e)]], (cxd - e)/(cxd + e)] - exEllipticF[ArcSin[Sqrt[(c*xd +
ckexx)/(cxd - e)]], (cxd - e)/(cxd + e)]))/Sqrtl(ex(1 + c*xx))/(-(cxd) + e)
] + cxexx*Sqrt[(cxd + cxe*xx)/(cxd + e)]*Sqrt[l - c™2*x"2]*EllipticPi[2, Arc
Sin[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(c*xd + e)]))/(Sqrt[l - 1/(c™2xx"2)]*Sqrt[
e + d/x]*Sqrtlc*xx]*(-2 + c™2*x72))))/(15%e~3*Sqrt[d + e*x])))/c”3

Maple [A] time = 0.276, size = 862, normalized size = 1.6

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~2*(a+b*arccsc(c*x))/(exx+d)~(1/2),x)

[Out] 2/e"3*(ax(1/5*%(exx+d)~(5/2)-2/3*(exx+d) ~(3/2)*d+d~2* (exx+d) ~(1/2) ) +b*(1/5*a
rccsc(cxx) *x (exx+d) ~(5/2)-2/3*arccsc(c*xx) * (exx+d) ~(3/2) *d+arccsc(c*xx) *d"2* (e
*x+d) " (1/2)+2/15/¢c”3*((c/ (c*xd-e) ) ~(1/2) * (exx+d) " (5/2) *c~2-2% (c/ (c*d-e)) " (1/
2)* (exx+d) ~(3/2) *c~2*d+4xd"~2* (- ((e*xx+d) *c—d*c+e) / (cxd-e) ) " (1/2) * (- ((e*xx+d) *
c-d*c-e)/(cxd+e)) " (1/2)*E1lipticF ((e*xx+d)~(1/2)*(c/(cxd-e))~(1/2), ((cxd-e)/
(cxd+e)) ~(1/2) ) *c™2+3* (- ((e*x+d) *c-d*xc+e) / (c*xd-e) ) " (1/2) * (- ((e*x+d) *c-d*c-e
)/ (c*xd+e)) " (1/2)*EllipticE((exx+d) ~(1/2)*(c/(cxd-e))~(1/2), ((cxd-e)/(c*d+e)
)~ (1/2))*c™2xd"2-8+%d"2x (- ((e*x+d) *c—d*xc+e) / (cxd-e) ) " (1/2) * (- ((e*x+d) *c-d*c—
e)/(c*xd+e))~(1/2)*E1llipticPi((e*x+d)~(1/2)*(c/(c*d-e))~(1/2),1/c*(c*d-e)/d,
(c/(c*xd+e))~(1/2)/(c/(cxd-e))~(1/2))*xc™2+(c/(cxd-e)) ~(1/2) * (exx+d) ~(1/2) *c”
2xd"2-3* (- ((e*x+d) *c-d*c+e) / (c*xd-e) ) ~(1/2) * (- ((exx+d) *c-d*c-e) / (c*d+e)) ~(1/
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2)*E1lipticF ((e*x+d)~(1/2)*(c/(c*xd-e))~(1/2), ((c*d-e)/(c*kd+e) )~ (1/2))*cxdxe
+3% (- ((exx+d) *c-d*c+e) /(cxd-e) )~ (1/2) * (- ((e*xx+d) *c-d*c-e) / (cxd+e) ) ~(1/2) *E1
lipticE((exx+d) ~(1/2)*(c/(cxd-e))~(1/2), ((cxd-e)/(c*d+e)) ~(1/2) ) *cxd*e+ (- ((
exx+d)*c—dxc+e) /(c*d-e) )~ (1/2) * (- ((exx+d) *c-d*c-e)/(cxd+e)) ~(1/2)*EllipticF
((exx+d)~(1/2)*(c/(c*xd-e))~(1/2), ((cxd-e)/(cxd+e)) ~(1/2) ) *e~2-(c/(c*d-e)) ~(
1/2)*(exx+d) =~ (1/2)*e"2) /(c/(c*xd-e) )~ (1/2) /x/ ((c™2* (e*x+d) ~2-2*d*c”2* (exx+d)
+c72xd"2-e72)/c"2/e72/x72)"(1/2)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccsc(c*x))/(e*xx+d)~(1/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccsc(c*x))/(e*xx+d)”~(1/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2#(atb*acsc(c*x))/(exx+d)**(1/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

(barcesc (cx) + a)x?

Vex+d

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccsc(c*x))/(e*xx+d)~(1/2),x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)*x~2/sqrt(e*xx + d), x)
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f x(a+b cscl (cx))
Vd-+ex

Optimal. Leaf size=344

3.59 X

(d+ex) o . . -1 (V1= 2
8baVT - 2\ DElliptick (sin (V) 2%)  aayTrex (a + bese (o) | 2+ e (a+ bese ! (e)

2 2
3c2ex4[1 - ﬁ\/d +ex € 3e

[Out] (-2*dxSqrt[d + exx]*(a + bxArcCsclc*x]))/e”2 + (2*%(d + exx)~(3/2)*(a + bxAr
cCsclc*xx]))/(3*%e”2) - (4*bxSqrt[d + e*xx]*Sqrt[l - c 2*x"2]*EllipticE[ArcSin
[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(cxd + e)])/(3*c™2*exSqrt[l - 1/(c”™2*xx"2)]*x
*xSqrt[(cx(d + exx))/(c*xd + e)]) + (8xb*d*Sqrt[(c*(d + exx))/(cxd + e)]*Sqrt

[1 - c¢™2%x"2]*EllipticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2*xe)/(cxd + e)]1)/(3
xc"2%exSqrt[1 - 1/(c™2*xx72)]*xxSqrt[d + exx]) + (8xbxd~2xSqrt[(c*(d + exx))

/(cxd + e)]*Sqrt[1 - c 2*x"2]*EllipticPi[2, ArcSin[Sqrt[1 - c*x]/Sqrt[2]],
(2%e)/(c*xd + e)])/(3xcxe”2xSqrt[1 - 1/(c™2xx"2)]*x*Sqrt[d + ex*x])

Rubi [A] time = 1.60028, antiderivative size = 344, normalized size of antiderivative =

o - . ber of rul
1., number of steps used = 14, number of rules used = 13, integrand size = 19, i
integrand size

= 0.684, Rules used = {43, 5247, 12, 6721, 6742, 719, 424, 944, 419, 932, 168, 538, 537}

(d+ex) . 1 (Vier), 2
2dVd + ex (a +b csc‘l(cx)) N 2(d + ex)3? (a +b csc‘l(cx)) N 8bd*V1 ~ c2x2 _ch:: I (2} sin (—\/;x) |é)
h 2 2 i
¢ 3e 3ce?xA[1 - CZ%VCI + ex

Antiderivative was successfully verified.

[In] Int[(x*(a + b*ArcCsclc*x]))/Sqrtld + exx],x]

[Out] (-2*d*Sqrt[d + exx]*(a + bxArcCsclc*x]))/e"2 + (2x(d + exx)”~(3/2)*(a + b*Ar
cCsclc*x]))/(3xe”™2) - (4xb*xSqrt[d + e*x]*Sqrt[l - c™2*x"2]*EllipticE[ArcSin
[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(cxd + e)])/(3*%c™2*exSqrt[l - 1/(c™2*xx"2)]*x
*xSqrt[(cx(d + e*xx))/(c*xd + e)]) + (8xb*d*Sqrt[(c*x(d + exx))/(cxd + e)]*Sqrt

[1 - c™2*x"2]*EllipticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(cxd + e)]1)/(3
xcT2xexSqrt[1 - 1/(c™2xx72)1*x*Sqrt[d + exx]) + (8*b*d~2xSqrt[(cx(d + exx))

/(cxd + e)]*Sqrt[1 - c”2*x"2]*EllipticPi[2, ArcSin[Sqrt[1 - c*x]/Sqrt[2]],
(2%e)/(c*xd + e)])/(3xcxe”™2xSqrt[1 - 1/(c™2*xx72)]*x*Sqrt[d + ex*x])

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)”"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%x(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5247

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*(u_), x_Symbol] :> With[{v = IntHide
[u, x]}, Dist[a + b*ArcCsclc*x], v, x] + Dist[b/c, Int[SimplifyIntegrand[v/
(x"2*Sqrt[1 - 1/(c"2*x"2)1), x]1, x], x] /; InverseFunctionFreeQ[v, x]] /; F
reeQ[{a, b, c}, x]

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 6721

Int[Cu_.)*((a_.) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[(b~IntPart [p]*(
a + bxx"n) “FracPart[p])/(x~ (n*FracPart[p])*(1 + a/(x"n*b)) FracPart[p]), In
t[uxx™ (nxp)*(1 + a/(x"n*b))"p, x], x] /; FreeQ[{a, b, p}t, x] && !'IntegerQl
pl && ILtQ[n, O] && !'RationalFunctionQ[u, x] && IntegerQ[p + 1/2]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 719

Int[((d_) + (e_.)*(x_))"(m_)/Sqrtl(a_) + (c_.)*(x_)"2], x_Symbol] :> Dist[(
2xaxRt [-(c/a), 2]*(d + e*xx) m*Sqrt[1 + (c*x72)/al)/(cxSqrtla + c*xx~2]*((c*(
d + exx))/(c*xd - a*xexRt[-(c/a), 2]))"m), Subst[Int[(1 + (2*xaxexRt[-(c/a), 2
1*xx72) /(c*d - a*exRt[-(c/a), 2]))"m/Sqrt[l - x~2], x], x, Sqrt[(1 - Rt[-(c/
a), 21*x)/21]1, x] /; FreeQ[{a, c, d, e}, x] && NeQ[c*d"2 + a*e”2, 0] && EqQ
(m~2, 1/4]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*d)])/(Sqrtlcl*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, ¢, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ[a, O]

Rule 944

Int[Sqrt[(f_.) + (g_.)*(x_)]1/(((d_.) + (e_.)*x(x_))*Sqrt[(a_) + (c_.)*(x_)"2
1), x_Symbol] :> Distlg/e, Int[1/(Sqrt[f + g*xx]*Sqrtla + c*x72]), x], x] +
Dist[(exf - d*g)/e, Int[1/((d + e*x)*Sqrt[f + gxx]*Sqrtla + c*x~2]), x], x]
/; FreeQ[{a, c, d, e, f, g}, x] && NeQ[exf - dxg, 0] && NeQ[c*d"2 + axe”2,
0]

Rule 419

Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]*Sqrt[(c_) + (d_.)*(x_)~"2]), x_Symbol] :> S
imp [(1*E1llipticF[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(axd)])/(Sqrt[a]l*Sqrt[c]*Rt
[-(d/c), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ
[a, 0] && !(NegQ[b/al && SimplerSqrtQ[-(b/a), -(d/c)])

Rule 932

Int[1/(C(d_.) + (e_.)*(x_))*Sqrt[(f_.) + (g_.)*x(x_)]x*Sqrtl[(a_) + (c_.)*(x_)
~2]), x_Symbol] :> With[{q = Rt[-(c/a), 213}, Dist[1/Sqrt[al, Int[1/((d + ex
x)*xSqrt[f + g*x]*Sqrt[l - g*x]*Sqrt[1l + g*x]), x], x]] /; FreeQl{a, c, d, e
, T, g¥, x] && NeQlexf - dxg, 0] && NeQ[c*d™2 + axe”2, 0] && GtQ[a, O]

Rule 168

Int[1/(((a_.) + (b_.)*x(x_))*Sqrtl[(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (f_.)*(x_
)IxSqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
axd - b*x"2, x]*Sqrt[Simp[(d*e - cxf)/d + (f*x72)/d, x]]1*Sqrt[Simp[(d*g -
cxh)/d + (h*x~2)/d, x11), x], x, Sqrtlc + d*x]]1, x] /; FreeQ[{a, b, ¢, d, e
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, £, g, h}, x] && GtQ[(d*e - cxf)/d, 0]

Rule 538

Int[1/(((a ) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e ) + (f_.)x*(x
_)72]), x_Symbol] :> Dist[Sqrt[l + (d*x~2)/c]/Sqrtlc + d*x"2], Int[1/((a +
bxx~2)*Sqrt[1 + (d*x~2)/c]*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, £}, x] && 1GtQ[c, 0]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt(c_) + (d_.)*(x_)"2]1*Sqrtl(e_ ) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (cxf)/(d*e)])/(a*xSqrtlcl*Sqrtlel*Rt[-(d/c), 2]), x] /; FreeQ[{a, b, c, d
, e, £}, x] & 'GtQ[d/c, 0] && GtQlc, 0] && GtQ[e, 0] && '( 'GtQ[f/e, O]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rubi steps
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e? " 3e2 i R

3ces4[1 — 22X

2dVd + ex (a +b Csc‘l(cx)) 2(d + ex)3? (a +b Csc‘l(cx)) (Zb V1i- szz) f(m
+

d+ex

e2

3e2

[ 1
21— —
3cey|1 = 53X

d+ex

2dVd + ex (a +b Csc‘l(cx)) 2(d + ex)3? (a +b Csc‘l(cx)) (4bd V1= szz) J xW
+

e2

3e2

[ 1
2. 1- —
3ce“y1 - 53x

2dVd + ex (a +b csc‘l(cx)) 2(d + ex)3? (a +b CSC_l(Cx)) (4bd2 1- szz) f x\/cl-i—_exl\ﬁ
+ —

e2

3e2

[ 1
2. [1- —
Scey[1 - 53x

2dVd + ex (a +b csc‘l(cx)) 2(d + ex)¥? (a +b CSC_l(CX)) 4bVd + exV1 - 2E (sin_
+ —

e2

3e2

1
3c2eq[1 - @x\ﬁ

2dd + ex (a +b csc‘l(cx)) 2(d + ex)3? (a +b csc‘l(cx)) 4bVd + exV1 - 2x2E (sin_
+ —_

e2

3e2

1
3c2e /1 - @x\ﬁ

2dVd + ex (a +b Csc‘l(cx)) 2(d + ex)3? (a +b Csc‘l(cx)) 4bVd + exV1 - c2x2E (Sin_
+ —_

o2

3e2

1 [
3c2eq[1 - ﬁx\[

2dVd + ex (a +b Csc‘l(cx)) 2(d + ex)3? (a +b Csc‘l(cx)) 4bVd + exV1 - c2x2E (sin_
+ —_

o2

3e2

time = 1.42907, size = 289, normalized size = 0.84

1 [
3c2eq[1 - @x\[

2b\/ 6(:6;1 d+ ((Cd"'e)ElllPthF(lSlnh (\/:\/LT) Cd+g)+(cd e)E(z sinh™ (EW) Cdﬂ’) -2 dH( +1;isinh™ (\/:\/ET) Cd+e))

Antiderivative was successfully verified.

[In] Integrate[(xx(a + bxArcCscl[c*x]))/Sqrtld + ex*x],x]

[Out] (2*x(ax(-2*%d + exx)*Sqrt[d + e*x] + bx(-2%d + exx)*Sqrt[d + e*x]*ArcCsc[c*x]
+ ((2*%I)*bxSqrt [(ex(1 + c*x))/(-(c*d) + e)]*Sqrt(e - ckexx)/(cxd + e)]*((
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cxd - e)*EllipticE[I*ArcSinh[Sqrt[-(c/(c*d + e))]*Sqrtl[d + exx]], (cxd + e)
/(cxd - e)] + (cxd + e)*EllipticF[I*ArcSinh[Sqrt[-(c/(c*d + e))]*Sqrtl[d + e
*x]], (cxd + e)/(c*d - e)] - 2%cxd*EllipticPi[l + e/(c*d), I*ArcSinh[Sqrt[-
(c/(c*xd + e))]*Sqrtld + exx]], (cxd + e)/(cxd - e)]))/(c™2xSqrt[-(c/(c*d +
e))]*Sqrt[1 - 1/(c™2*x72)]1*x)))/(3*%e~2)

Maple [A] time = 0.278, size = 412, normalized size = 1.2

1 1
2 2 a (1/3 (ex + d)3/2 —dVex + d) +b|1/3 (ex + d)3/2 arcesc (cx) — arcesc (cx)dVex +d — 2/3 2 dEllipticF Ve

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(atb*arccsc(c*xx))/(exx+d)~(1/2),x)

[Out] 2/e”2%(a*x(1/3*(exx+d) ~(3/2)-d*(exx+d)~(1/2))+bx(1/3*(exx+d)~(3/2)*arccsc(cx
x)—arccsc(cxx) *d* (exx+d) ~(1/2)-2/3/c"2x (d*E1lipticF ((e*xx+d) ~(1/2)*(c/ (c*d-e
))~(1/2), ((c*d-e)/(c*xd+e) )~ (1/2) ) *c+EllipticE((exx+d) ~(1/2)*(c/(c*d-e))~(1/

2), ((cxd-e)/(c*xd+e))~(1/2) ) *c*d-2xd*E1lipticPi ((exx+d) ~(1/2)*(c/(cxd-e))~ (1
/2),1/cx(cxd-e)/d, (c/(cxd+e)) ~(1/2)/(c/(c*d-e) )~ (1/2) ) *c-EllipticF ((exx+d)~
(1/2)*(c/(c*d-e) )~ (1/2), ((c*d-e) /(cxd+e)) ~(1/2) ) *e+E1llipticE((e*xx+d) ~(1/2) *
(c/(c*d-e))~(1/2), ((cxd-e)/(c*d+e) )~ (1/2))*e) * (- ((e*x+d) *c-d*c-e)/(c*d+e)) "~

(1/2) % (- ((exx+d) *c-d*c+e) / (cxd-e) ) ~(1/2) /(c/ (cxd-e) ) ~(1/2) /x/ ((c™2x (exx+d) ~
2-2*dxc” 2% (exx+d) +c"2xd"2-e72) /c"2/e72/x72) " (1/2)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*arccsc(c*x))/(exx+d)~(1/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*arccsc(c*x))/(exx+d)~(1/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f x (a + bacsc (cx)) i
Vd + ex
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*acsc(c*x))/(exx+d)**(1/2),x%)

[Out] Integral(x*(a + b*acsc(cxx))/sqrt(d + exx), x)

Giac [F] time = 0., size = 0, normalized size = 0.

(barcesc (cx) + a)x
dx

Vex +d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*arccsc(cx*x))/(exx+d)~(1/2),x, algorithm="giac")

[Out] integrate((b*arccsc(cxx) + a)*x/sqrt(exx + d), x)
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3 60 fa+bcsc (cx)d

Optimal. Leaf size=212

c(d+ex) V1-cx 2e c(d+ex) .
4b\/ ———EllipticF (sm (T) cd?) /A + ex (a b CSC_l(CX)) 4bdV1 — c?x?[———T1 (2; sin

+ —_
2x4/1 - ﬁ\/d +ex ¢ cexyf1 - %\/d 4
ceXx ceX

[Out] (2xSqrt[d + e*x]*(a + b*ArcCsclc*x]))/e - (4xbxSqrt[(cx(d + exx))/(cxd + e)
1*8qrt[1 - c™2*x"2]*EllipticF[ArcSin[Sqrt[1 - cx*x]/Sqrt[2]], (2*e)/(c*d + e
)1)/(c™2xSqrt[1 - 1/(c”2*x72)1*x*Sqrt[d + exx]) - (4xbxd*Sqrt[(c*(d + e*x))
/(cxd + e)]*Sqrt[1 - c”2*x"2]*EllipticPi[2, ArcSin[Sqrt[1 - c*x]/Sqrt[2]],
(2%e)/(c*d + e)])/(cxexSqrt[1 - 1/(c™2*x72)]*xxSqrt[d + ex*xx])

Rubi [A] time = 0.318515, antiderivative size = 212, normalized size of antiderivative =
1., number of steps used = 9, number of rules used = 9, integrand size = 18, number of rules_

0.5, Rules used = {5227, 1574, 944, 719, 419, 933, 168, 538, 537}

(d+ VI 2 (@+ex) g (VI
2Vd + ex (a + bcsc‘l(cx)) ApVT — 252 [ F( ( ﬁcx) Iﬁ) 4bdV1 - c2x? _ch:x H(Z; sin~! (—\/;X)

€ c2x4[1 - @\/d +ex cexA[1 - \/d +ex

Antiderivative was successfully verified.

integrand size

[In] Int[(a + b*ArcCsclc*x])/Sqrtld + ex*x],x]

[Out] (2#Sqrt[d + e*x]x(a + b*ArcCsclc*x]))/e - (4xbxSqrt[(cx(d + e*x))/(cxd + e)
1xSqrt[1 - c™2*xx"2]*EllipticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(cxd + e
)1)/(c™2%Sqrt[1 - 1/(c™2*x72)]*x*xSqrt[d + e*xx]) - (4xb*d*Sqrt[(c*(d + ex*x))
/(cxd + e)]*Sqrt[1 - c™2%x"2]*EllipticPi[2, ArcSin[Sqrt[1 - cxx]/Sqrt[2]],
(2xe)/(c*xd + e)])/(cxexSqrt[1l - 1/(c™2*x72)]*x*Sqrt[d + ex*x])

Rule 5227

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*((d_.) + (e_.)*(x_))"(m_.), x_Symbol
] > Simp[((d + exx)"(m + 1)*(a + b*ArcCsclc*x]))/(ex(m + 1)), x] + Dist[b/
(cxex(m + 1)), Int[(d + e*xx)"(m + 1)/(x"2*Sqrt[1 - 1/(c™2*x"2)]1), x], x] /;
FreeQ[{a, b, c, d, e, m}, x] && NeQ[m, -1]

Rule 1574

Int[(x_)"(m_.)*((a_.) + (c_.)*x(x_)"(mn2_.)) " (p_)*((d_) + (e_.)*x(x_)"(n_.))"
(q_.), x_Symbol] :> Dist[(x~(2*n*FracPart[p])*(a + c/x”(2*n)) FracPart[p])/
(c + a*xx™(2*n)) “FracPart[p], Int[x"(m - 2*n*p)*(d + e*xx"n) g*x(c + a*x™(2*n)
)°p, x1, x] /; FreeQ[{a, c, d, e, m, n, p, q}, x] & EqQ[mn2, -2*n] && !'In
tegerQ[p] && !'IntegerQ[ql && PosQ[n]

Rule 944

Int[Sqrt[(f_.) + (g_.)*x(x_)1/(((d_.) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*x(x_)"2
1), x_Symbol] :> Distl[g/e, Int[1/(Sqrt[f + gxx]*Sqrtla + c*x72]), x], x] +
Dist[(exf - dxg)/e, Int[1/((d + exx)*Sqrt[f + g*x]*Sqrtla + c*x72]), x], x]
/; FreeQ[{a, c, d, e, £, g}, x] && NeQ[exf - dxg, 0] && NeQ[cxd~2 + a*xe”2,
0]



264

Rule 719

Int[((d_) + (e_.)*(x_)) " (m_)/Sqrtl(a_) + (c_.)*(x_)"2], x_Symbol] :> Dist[(
2xaxRt [-(c/a), 2]*(d + e*xx) m*Sqrt[1 + (c*x72)/al)/(cxSqrtla + c*x™2]*((c*(
d + exx))/(c*xd - a*xexRt[-(c/a), 2]))"m), Subst[Int[(1 + (2*xaxexRt[-(c/a), 2
1*xx72) /(c*d - a*exRt[-(c/a), 2]))"m/Sqrt[l - x~2], x], x, Sqrt[(1 - Rt[-(c/
a), 21*x)/21]1, x] /; FreeQ[{a, c, d, e}, x] && NeQ[cxd"2 + a*e”2, 0] && EqQ
(m~2, 1/4]

Rule 419

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)~2]), x_Symbol] :> S
imp [(1*E1llipticF[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*xd)])/(Sqrtl[a]l*Sqrt[c]*Rt
[-(d/c), 21), x] /; FreeQl{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ
[a, 0] && !(NegQ[b/al && SimplerSqrtQ[-(b/a), -(d/c)])

Rule 933

Int[1/(C(d_.) + (e_.)*(x_))*Sqrt[(f_.) + (g_.)*x(x_)]*Sqrtl[(a_) + (c_.)*(x_)
~2]), x_Symbol] :> With[{q = Rt[-(c/a), 2]}, Dist[Sqrt[1 + (c*x72)/al/Sqrtl[
a + cxx72], Int[1/((d + exx)*Sqrt[f + gxx]*Sqrt[l - qg*x]*Sqrt[l + g*x]), xI]
, x]11 /; FreeQl{a, c, d, e, f, g}, x] && NeQ[exf - d*g, 0] && NeQ[c*d"2 + a
xe”2, 0] && !'GtQ[a, O]

Rule 168

Int[1/(((a_.) + (b_.)*x(x_))*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_
)I*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
axd - bxx"2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£f*x72)/d, x]]*Sqrt[Simp[(d*g -
cxh)/d + (h*x~2)/d, x11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
, £, g, h}, x] && GtQ[(d*e - cxf)/d, 0]

Rule 538

Int[1/(((a_) + (b_.)*(x_)~2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d*x~2)/c]/Sqrtlc + d*x~2], Int[1/((a +
bxx~2)*Sqrt[1 + (d*x~2)/cl*Sqrtle + f*x72]), x], x] /; FreeQ[{a, b, c, 4, e
, T}, x] && 'GtQlc, 0]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (cxf)/(d*e)])/(a*xSqrt[c]l*Sqrt[el*Rt [-(d/c), 2]), x] /; FreeQ[{a, b, c, d
, e, £}, x] && 'GtQ[d/c, 0] && GtQlc, 0] && GtQle, 0] && '( !GtQ[f/e, O]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rubi steps



265

f a+bescHcx) p
Vd + ex e

(2b) f Vd+ex dx

2Vd + ex (a +b csc‘l(cx)) \ll‘ﬁxz

* ce

(Zb —12 + x2) f CALCIY

2Vd + ex (a +b Csc‘l(cx)) x\/‘clz“‘z

= +
€ ce4f1 72X
1 1 1

b1 + x2) dx (Zbd./—— ; x2)
( ¢ f Vi+ex [——+22 ¢ f xVd+ex

2Vd + ex (a +b csc‘l(cx))
= +

e

2Vd + ex (a +b csc‘l(cx))

C
[ 1 1
C+ll — ==x cerll — =—=x
c2x2 c2x2

(4b d+eex V1 - szz) :

d+-

c

(Zbd\/ —czxz)fxmmmd

e

_ 2Vd +ex (a +b csc‘l(cx))

1
cerl — 5=x c?
c2x2 !

4bdV1 - szz) {
4b [\ 22F (Sin_l (_Vl_cx) |£) (
cd+e V2 cd+e 3

e

 2Vd+ex (a +b csc‘l(cx))

2\1- %x\/d +ex
cexe

c(d+ex) ) . -1 Vl-cx), 2e
4b\/—cd+e V1 ch(sm ( 7 )|Cd+e) )

c(d+ex)
(4bd, [ Ly

e

2\/11 + ex (u +bcsc l(cx)

21— %x\/d +ex
4b /c(d+ex \/WF(SIII_l( 1- cx) %) ahd ,C(d+ex \/—

e

Mathematica [A]

3 b
2bcx? cx+14/ %(COS(% cscfl(cx))+sin(% csc’l(cx)))(cos(% csc’l(cx))—sin(% csc’l(cx))) EllipticF(sin_l( i/;x),cj—ie) (d-+ex) [
a(d+ex
+ +

c2\J1 - ﬁx\/d +ex ce\/

time = 3.50003, size = 243, normalized size = 1.15

2cdx

\/l—cx(czxz—l) e

Warning: Unable to verify antiderivative.

Vd + ex

[In] Integratel[(a + bxArcCsclc*x])/Sqrtld + ex*x],x]

[Out] (2x((ax(d + e*x))/e + (bx((d + exx)*ArcCsclc*x] + (2*%ckxd*Sqrt[l - 1/(c™2*x”
2) I*x*Sqrt [(cx(d + exx))/(cxd + e)]*EllipticPi[2, ArcSin[Sqrt[1l - c*x]/Sqrt

(211,

rt[(cx(d + e*xx))/(c*d + e)]*EllipticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2]],

(2xe)/(c*xd + e)])/Sqrt[l - c”2*x72]))/e + (2xbxc*x"2*Sqrt[1 + c*x]*Sq

(2xe)/

(c*d + e)]*(Cos[ArcCsclc*x]/2] - Sin[ArcCsclc*x]/2]) " 3*(Cos[ArcCscc*x]/2]
+ Sin[ArcCsclc*x]/2]))/(Sqrt[1 - c*x]*(-1 + c™2%x72))))/Sqrt[d + exx]
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Maple [A] time = 0.272, size = 254, normalized size = 1.2

dc—e dc+e c—e

1 1 dc-d d)c—dc-
2; aVex+d+b \/ex+darccsc(cx)+2a\/—(€x+ )¢ c+e\/_(ex+ Je—dc—e EllipticF(\/ex+d dc

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*xx))/(exx+d) " (1/2),x)

[Out] 2/ex*(a*x(e*xx+d)~(1/2)+b*x((e*xx+d)~(1/2)*arccsc(c*x)+2/c* (- ((e*xx+d)*c-d*xc+e) /(
cxd-e)) " (1/2)*x (- ((exx+d) *c-d*c-e)/(c*xd+e)) "~ (1/2)*(EllipticF ((exx+d) ~(1/2)*(
c/(c*xd-e))~(1/2), ((c*xd-e)/(c*xd+e))~(1/2))-E1llipticPi((exx+d)~(1/2)*(c/(cxd-
e))~(1/2),1/c*x(c*xd-e)/d, (c/(c*xd+e) )~ (1/2)/(c/(cxd-e))~(1/2)))/((c™2* (exx+d)
"2-2%d*c” 2% (exx+d)+c"2xd"2-e72) /c"2/e"2/x72) " (1/2) /x/(c/ (c*d-e))~(1/2)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/(e*xx+d)~(1/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/(exx+d)~(1/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f a+ bacsc (cx) i
Vd + ex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(c*x))/(exx+d)**(1/2),x)

[Out] Integral((a + b*acsc(c*x))/sqrt(d + e*x), x)




Giac [F] time = 0., size = 0, normalized size = 0.

dx

f barccsc(cx) +a
Vex +d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/(e*xx+d)~(1/2),x, algorithm="giac")

[Out] integrate((b*arccsc(cxx) + a)/sqrt(exx + d), x)

267
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a+b csc™(cx) dx

3.61 | ——

Optimal. Leaf size=23

a+besc(cx) )
Unintegrable (—,
s xVd + ex

[Out] Unintegrable[(a + b*ArcCsclc*x])/(x*Sqrt[d + e*x]), x]

Rubi [A] time = 0.0722318, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, —————
integrand size

0., Rules used = {}

f a+ besc(cx) p
—dx
xvVd + ex

Verification is Not applicable to the result.
[In] Int[(a + bk*ArcCsclc*x])/(x*Sqrt[d + exx]),x]

[Out] Defer[Int] [(a + b*ArcCsc[c*x])/(x*Sqrt[d + exx]), x]
Rubi steps
a+besc(cx)

f a+besc(cx) = f
xVd + ex xVd + ex

Mathematica [A] time = 6.28854, size = 0, normalized size = 0.

b -1
a+bcsc(cx) I

xVd + ex

Verification is Not applicable to the result.

[In] Integratel[(a + bxArcCsclc*x])/(x*Sqrt[d + ex*xx]),x]

[Out] Integrate[(a + b*ArcCsclc*x])/(x*Sqrt[d + ex*x]), x]

Maple [A] time = 3.53, size = 0, normalized size = 0.

a + barcesc(cx) 1
f dx

X Vex+d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*xx))/x/(exx+d)~(1/2),x)

[Out] int((atb*arccsc(c*x))/x/(exx+d)~(1/2),x)
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x/(exx+d)~(1/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 0., size = 0, normalized size = 0.

Vex + d(barccsc (cx) + a) .

ex? + dx

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x/(exx+d)~(1/2),x, algorithm="fricas")

[Out] integral(sqrt(exx + d)*(b*arccsc(cxx) + a)/(e*x”"2 + d*x), x)

Sympy [A] time = 0., size = 0, normalized size = 0.

f a+ bacsc(cx) p
—Cdx
xVd + ex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(c*x))/x/(exx+d)**(1/2),%)

[Out] Integral((a + b*acsc(c*x))/(xxsqrt(d + e*x)), x)

Giac [A] time = 0., size = 0, normalized size = 0.

barccsc(cx) +a

Vex + dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x/(exx+d)~(1/2),x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)/(sqrt(e*xx + d)*x), x)
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a+b csc™(cx) dx

3.62 | T

Optimal. Leaf size=23

a+besc(cx) )
Unintegrable | ———, x
8 ( x2\d + ex

[Out] Unintegrable[(a + b*ArcCsclc*x])/(x"2*Sqrt[d + exx]), x]

Rubi [A] time = 0.079183, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, —————
integrand size

0., Rules used = {}

f a+ besc(cx) p
—dx
x2Vd + ex

Verification is Not applicable to the result.
[In] Int[(a + bxArcCsclc*x])/(x"2*Sqrt[d + ex*x]),x]

[Out] Defer[Int] [(a + b*ArcCsclc*x])/(x"2*Sqrt[d + ex*x]), x]
Rubi steps

a+besc(cx)

f a+besc(cx) = f .
x2\d + ex x2\d + ex

Mathematica [A] time = 8.75705, size = 0, normalized size = 0.

b -1
a+bcsc(cx) I

x2\d + ex

Verification is Not applicable to the result.

[In] Integratel[(a + bxArcCsclc*x])/(x"2*Sqrt[d + exx]),x]

[Out] Integrate[(a + b*ArcCsclc*x])/(x"2xSqrt[d + e*xx]), x]

Maple [A] time = 4.408, size = 0, normalized size = 0.

a + barcesc(cx) 1
f dx

x2 Vex+d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*x))/x"2/(e*xx+d)~(1/2),x)

[Out] int((atb*arccsc(c*x))/x"2/(exx+d)~(1/2),x%)
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x"2/(e*xx+d)~(1/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 0., size = 0, normalized size = 0.

Vex + d(barccsc (cx) + a) .

ex3 + dx? !

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x"2/(e*xx+d)”~(1/2),x, algorithm="fricas")

[Out] integral(sqrt(exx + d)*(b*arccsc(cxx) + a)/(e*x”~3 + d*x"2), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(c*x))/x**2/(e*xx+d)**(1/2),x)

[Out] Timed out

Giac [A] time = 0., size = 0, normalized size = 0.

barccsc (cx) +a

Vex + dx?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x"2/(e*xx+d)~(1/2),x, algorithm="giac")

[Out] integrate((b*arccsc(cxx) + a)/(sqrt(exx + d)*x"2), x)
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f x3 (a+b csel (cx))

(d+ex)3/2

3.63 X

Optimal. Leaf size=551

8bd2 V1 — 22 MEllipticF (silﬂ_1 ( 1_Cx) , i) 4bV1 - c?x2 (2c2d2 + ez) MEllipticF (sin_1 ( 1_Cx) =
cd+e V2 cdte) cd+e

c2edx41 - ﬁ\/d + ex 15c4e3x4/1 - ﬁ\/d + ex

[Out] (-4*b*Sqrt[d + e*x]*(1 - c™2*x72))/(15*c™3*e"2*Sqrt[1 - 1/(c™2*x"2)]1*x) + (
2%d"3*(a + bxArcCsclc*x]))/(e"4*Sqrt[d + exx]) + (6xd"2*Sqrt[d + exx]*(a +
b*ArcCscc*x]))/e”4 - (2%d*(d + exx)”~(3/2)*(a + bk*ArcCsclc*x]))/e”4 + (2x(d
+ exx) " (5/2)*(a + b*ArcCsclc*x]))/(5*e™4) + (32xb*d*Sqrt[d + exx]*Sqrt[l -
c™2xx"2]*E1lipticE[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(cxd + e)])/(16%c”
2xe”3*Sqrt[1 - 1/(c™2*x72) 1 *x*Sqrt [(cx(d + e*x))/(c*d + e)]) - (8xb*d~2*Sqr
t[(cx(d + exx))/(cxd + e)]*Sqrt[1l - c 2*x"2]*EllipticF[ArcSin[Sqrt[1 - c*x]
/Sqrt[2]], (2xe)/(cxd + e)])/(c™2xe"3xSqrt[1 - 1/(c™2*x72)]*x*Sqrt[d + e*x]
) — (4xb*x(2%c™2%d"2 + e72)*Sqrt[(c*(d + e*x))/(cxd + e)]*Sqrt[l - c™2*xx"2]*
EllipticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2%e)/(c*d + e)])/(15*xc~4*e”~3*Sqrt
[1 - 1/(c™2*x72) ]*x*Sqrt[d + exx]) - (64xb*d~3*Sqrt[(cx(d + e*xx))/(c*d + e)
1%Sqrt[1 - c™2*x"2]*EllipticPi[2, ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2*e)/(c*d
+ e)])/(5xcxe”4xSqrt[1 - 1/(c™2%x72)]1*x*Sqrt[d + e*xx])

Rubi [A] time = 2.47404, antiderivative size = 551, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 23, number of rules used = 15, integrand size = 21, D o T
integrand size

= 0.714, Rules used = {43, 5247, 12, 6721, 6742, 719, 419, 932, 168, 538, 537, 844, 424, 931,
1584}

+
eAVd + ex et et 5et

243 (a +b csc‘l(cx)) 64°Vd + ex (a +b csc‘l(cx)) 2d(d + ex)%? (a +b csc‘l(cx)) 2(d + ex)*? (a +b csc‘l(cx))
+

Antiderivative was successfully verified.

[In] Int[(x"3*(a + b*ArcCsclc*x]))/(d + e*x)~(3/2),x]

[Out] (-4*b*Sqrtld + exx]*(1 - c™2%x72))/(15%c”3*%e"2xSqrt[1 - 1/(c™2*x72)]*x) + (
2%d"3*(a + bxArcCsclc*x]))/(e”4*Sqrt[d + exx]) + (6%d"2*Sqrt[d + exx]*(a +
bxArcCsclc*x]))/e"4 - (2xd*x(d + e*x)~(3/2)x(a + b*ArcCsclc*x]))/e”4 + (2x(d
+ exx)”(5/2)*(a + b*ArcCsclc*x]))/(5*%e™4) + (32xb*d*Sqrt[d + e*x]*Sqrt[l -
c™2xx"2]*E1lipticE[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(cxd + e)])/(16%c”
2%e"3*Sqrt[1 - 1/(c™2%x72)1*x*Sqrt[(c*x(d + e*x))/(cxd + e)]) - (8*b*xd~2*Sqr
t[(c*x(d + exx))/(cxd + e)]*Sqrt[1 - c 2*x"2]*EllipticF[ArcSin[Sqrt[1 - c*x]
/Sqrt[2]1], (2*xe)/(c*d + e)])/(c 2*e”3*Sqrt[1 - 1/(c”2*x72)I*x*Sqrt[d + ex*x]
) - (4xb*x(2%c™2%d"2 + e72)*Sqrt[(c*(d + e*x))/(cxd + e)]*Sqrt[l - c™2*xx~2]*
EllipticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2%e)/(c*d + e)])/(15*c~4*e”3*Sqrt
[1 - 1/(c™2%x72) ] *x*Sqrt[d + exx]) - (64*bxd~3xSqrt[(c*x(d + e*x))/(c*xd + e)
1*Sqrt[1 - c™2*x"2]*EllipticPi[2, ArcSin[Sqrt[1l - c*x]/Sqrt([2]], (2*e)/(c*d
+ e)])/(b*xcxe”4xSqrt[1 - 1/(c™2xx72) ]*x*Sqrt[d + ex*x])

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) mx(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
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Q[7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5247

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*(u_), x_Symbol] :> With[{v = IntHide
[u, x]}, Dist[a + b*ArcCsclc*x], v, x] + Dist[b/c, Int[SimplifyIntegrand[v/
(x72xSqrt[1 - 1/(c™2*xx"2)]), x], x], x] /; InverseFunctionFreeQ[v, x]] /; F
reeQ[{a, b, c}, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 6721

Int[(u_)*((a_.) + (b_)*x(x_)"(n_))"(p_), x_Symbol] :> Dist[(b~IntPart [p]*(
a + b*x"n) “FracPart[p])/(x~ (n*FracPart[p])*(1 + a/(x"n*b)) FracPart[p]), In
t[uxx™ (nxp)*(1 + a/(x"n*b))"p, x], x] /; FreeQ[{a, b, p}t, x] && !'IntegerQ[
pl && ILtQ[n, O] && !'RationalFunctionQ[u, x] && IntegerQ[p + 1/2]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 719

Int[((d_) + (e_.)*(x_)) " (m_)/Sqrtl(a_) + (c_.)*(x_)"2], x_Symbol] :> Dist[(
2xaxRt [-(c/a), 2]*(d + e*xx) m*Sqrt[1 + (c*x72)/al)/(cxSqrtla + c*x™2]*((c*(
d + exx))/(cxd - axexRt[-(c/a), 2]))"m), Subst[Int[(1 + (2*a*e*Rt[-(c/a), 2
1*xx72) /(c*d - a*exRt[-(c/a), 2]))"m/Sqrt[l - x~2], x], x, Sqrt[(1 - Rt[-(c/
a), 21*x)/21]1, x] /; FreeQ[{a, c, d, e}, x] && NeQ[cxd"2 + a*e”2, 0] && EqQ
[m~2, 1/4]

Rule 419

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1*EllipticF[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*xd)])/(Sqrt[a]*Sqrt[c]*Rt
[-(d/c), 21), x] /; FreeQl{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ
[a, 0] && !(NegQ[b/al && SimplerSqrtQ[-(b/a), -(d/c)])

Rule 932

Int[1/(C(d_.) + (e_.)*(x_))*Sqrt[(f_.) + (g_.)*x(x_)]*Sqrtl[(a_) + (c_.)*(x_)
~2]), x_Symbol] :> With[{q = Rt[-(c/a), 21}, Dist[1/Sqrt[al, Int[1/((d + ex
x)*Sqrt [f + g*x]*Sqrt[1 - g*x]*Sqrt[1 + g*x]), x], x]] /; FreeQ[{a, c, d, e
, £, g}, x] && NeQlexf - dxg, 0] && NeQ[c*d™2 + a*e”2, 0] && GtQ[a, O]

Rule 168

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_
)1xSqrt(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
axd - bxx"2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£f*x72)/d, x]]*Sqrt[Simp[(d*g -
cxh)/d + (h*x~2)/d, x11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
, £, g, h}, x] && GtQ[(d*e - cxf)/d, 0]

Rule 538
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Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl[(c_) + (d_.)*x(x_)~"2]*Sqrtl(e_) + (f_.)*(x
)721), x_Symbol] :> Dist[Sqrtl[1 + (d*x~2)/c]l/Sqrtlc + d*x~2], Int[1/((a +
b*x~2)*Sqrt[1 + (d*x~2)/cl*Sqrtle + £*x~2]), x], x] /; FreeQ[{a, b, ¢, d, e
, T}, x] && 'GtQ[c, 0]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e ) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (c*xf)/(d*e)])/(a*xSqrt[c]l*Sqrtlel*Rt[-(d/c), 2]1), x] /; FreeQ[{a, b, c, d
, e, £}, x] && 'GtQ[d/c, 0] && GtQlc, O] && GtQle, 0] && '( !GtQ[f/e, O]
&% SimplerSqrtQ[-(f/e), -(d/c)])

Rule 844

Int[((d_.) + (e_D)*(x))"(m )*x((f_.) + (g_)*&))*((a) + (c_)*x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*x(a + c*xx"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + exx) mx(a + c*xx"2)7p, x], x] /; FreeQ[{a, c, 4,
e, f, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && !'IGtQ[m, O]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(8qrt[a]*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*xd)])/(Sqrtlc]*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] &% GtQ[a, O]

Rule 931

Int[((d_.) + (e_.)*(x_)) " (m_)/(Sqrt[(f_.) + (g_.)*x(x_)]1*Sqrtl(a_) + (c_.)*(
x_)72]), x_Symbol] :> Simp[(2*%e~2*(d + e*x)~(m - 2)*Sqrt[f + g*x]*Sqrtla +
c*xx”2])/(cxgx(2*m - 1)), x] - Dist[1/(cxgx(2*m - 1)), Int[((d + exx)"(m - 3
)*Simp [a*e 2% (dxg + 2xexfx(m - 2)) - c*d™3*g*(2xm - 1) + ex(ex(axexg*(2*m -
3)) + cxd*(2%exf - 3xd*xgx(2xm - 1)))*x + 2%e”2x(ckexf - 3kcxd*kg)*(m - 1)*x
"2, x]1)/(Sqrt[f + g*x]*Sqrtla + c*x~2]), x], x] /; FreeQ[{a, c, 4, e, f, g}
, x] && NeQlexf - dxg, 0] && NeQ[c*d™2 + axe”2, 0] && IntegerQ[2+m] && GeQ[
m, 2]

Rule 1584

Int[(u_)*(x_)"(m_.)*x((a_.)*x(x_)"(p_.) + (b_.)*x(x_)"(q_.))"(n_.), x_Symbol]
:> Int[uxx~(m + n*xp)*(a + b*x"(q - p))°n, x] /; FreeQ[{a, b, m, p, q}, xl]
&% IntegerQ[n] && PosQ[q - p]

Rubi steps
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Mathematica [C]

3 (a +b Csc‘l(cx))

(d + ex)3/?

a

ex
d

dx =
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24° (a +b Csc‘l(cx)) 6d°Vd + ex (a +b Csc‘l(cx)) 2d(d + ex)3? (a +b csc‘l(cx))
_+

+
e*Vd + ex et et

243 (a +b csc‘l(cx)) 64°Vd + ex (a +b csc‘l(cx)) 2d(d + ex)3? (a +b csc‘l(cx))
_|.

+
e*\d + ex et et

24° (a +b csc‘l(cx)) 6d°Vd + ex (a +b csc‘l(cx)) 2d(d + ex)3? (a +b csc‘l(cx))

+ - |

e*\d + ex et et

24° (a +b csc‘l(cx)) 6d°Vd + ex (a +b csc‘l(cx)) 2d(d + ex)3? (a +b csc‘l(cx))

+ - .

e\d + ex et et

+
e*\d + ex et et

24° (a +b Csc‘l(cx)) 6d°Vd + ex (a +b Csc‘l(cx)) 2d(d + ex)3? (a +b csc‘l(cx))
_+

4b\d + ex (1 -~ szz) 24° (a +besc (cx)) 6d°Vd + ex (a +besc! (cx)) 2d(d 4
+ + -
15302 [1 — -« e*vVd + ex et

4b\/d +ex ( —c xz) 24° (a +besc! (cx)) 6d°Vd + ex (a +besc! (cx)) 2d(d 4
+ + -
15c3e2. 1 = — e*vVd + ex et

T

4bVd +ex (1 - 2x2) 2d° (a+besc M ex))  6d?Vd +ex (a+bescMcx))  2d(d
+ —

+
1563621 — —— e*\d + ex et

il

4b\d + ex ( -~ 2x2) 24° (a +b csc‘l(cx)) 6d°Vd + ex (a +b csc‘l(cx)) 2d(d 4

+

- +
15c3e2[1 — e*\d + ex et

1

4b\d + ex ( —~ 2x2) 24° (a +besc! (cx)) 64%°Vd + ex (a +besc! (cx)) 2d(d +

+

= +
1532 [1 — S e*\d + ex et

3/2
1) B« (4,—%)514
d

M

time = 13.8299, size = 814, normalized size = 1.48

1 1 -1
32c,[1-——d 2cx{2e, [1- —9cd
2 d+ 2 Zczcscfl(cx)dz_32czcs<:’1(cx)d2+ ¢ 2x2 _Zszzcscfl(cx)_ CX( ¢ 2 X2 crese (CX)) 2
AxTe 3(‘1 ] 504 1563 502 1563 ¥
e’ p+e

(d+ex)3/2

eA(d + ex)32
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Antiderivative was successfully verified.

[In] Integrate[(x~3*(a + b*ArcCsclc*x]))/(d + exx)~(3/2),x]

[Out] (axd~4*(1 + (exx)/d)~(3/2)*Betal-((e*x)/d), 4, -1/2]1)/(e”4x(d + e*xx)~(3/2))
+ (bx(=((c™2%(e + d/x)"2*x" 2% ((32*cxd*xSqrt[1 - 1/(c”2*x72)])/(156%e~3) - (3
2%c”2%d"2*ArcCsc[c*x]) / (5%e~4) + (2%c™2%d"2xArcCsclc*x])/(e"3x(e + d/x)) -
(2%c™2xx"2xArcCsc[cxx] )/ (5xe™2) - (2xc*xx*x(2xexSqrt[1 - 1/(c™2%x72)] - 9*c*d
*ArcCsclc*x]))/(156%xe73)))/(d + e*xx)~(3/2)) - (2x(e + d/x)~(3/2)*(c*x)~(3/2)
*((2%(32%c™2xd"2*e + e73)*Sqrt[(c*d + cxexx)/(cxd + e)]*Sqrt[l - c™2*x"2]*E
1lipticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2*e)/(c*d + e)])/(Sqrt[l - 1/(c™2%
x72)]1*Sqrtle + d/x]*(c*x)~(3/2)) + (2%(48%c~3*d"3 + 8xc*xd*e”2)*Sqrt[(c*xd +
ckexx)/(cxd + e)]*Sqrt[1 - c 2*x"2]*EllipticPi[2, ArcSin[Sqrt[1l - c*x]/Sqrt
(211, (2%e)/(cxd + e)])/(Sqrt[l - 1/(c™2xx72)]*Sqrtle + d/x]I*(c*x)~(3/2)) -
(16*c*xd*exCos [2%ArcCsc[cxx]]*((cxd + ckxe*xx)*(-1 + c™2%x72) + c~2*xd*x*Sqrt[
(cxd + c*xexx)/(c*xd + e)]*Sqrt[1l - c™2*x"2]*EllipticF[ArcSin[Sqrt[1 - c*x]/S
qrt[2]1]1, (2%e)/(cxd + e)] - (cxx*(1 + cxx)*Sqrt[(e - ckexx)/(cxd + e)]*Sqrt
[(c*xd + c*exx)/(cxd - e)]*((c*d + e)*EllipticE[ArcSin[Sqrt[(c*d + c*xexx)/(c
xd - e)]], (cxd - e)/(cxd + e)] - exEllipticF[ArcSin[Sqrt[(cxd + cxex*x)/(c*
d - e)]], (cxd - e)/(cxd + e)]))/Sqrt[(ex(1 + c*x))/(-(c*xd) + e)] + cxexx*S
qrt[(cxd + cxe*xx)/(cxd + e)]*Sqrt[l - c 2*x"2]*EllipticPi[2, ArcSin[Sqrt[1
- c*x]/Sqrt[2]1], (2%e)/(cxd + e)]))/(Sqrt[1l - 1/(c”2*x"2)]*Sqrtl[e + d/x]*Sq
rtlexx]*(-2 + c¢™2%x72))))/(15*%e~4*(d + exx)~(3/2))))/c"4

Maple [A] time = 0.281, size = 890, normalized size = 1.6

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*(at+b*arccsc(c*x))/(exx+d)~(3/2),x)

[Out] 2/e"4x(a*x(1/5%(exx+d) ~(5/2)-(exx+d) ~(3/2) *d+3*d~2* (exx+d) ~(1/2)+d"3/ (e*x+d)
~(1/2))+b*(1/5*%arccsc(c*xx) * (exx+d) ~(5/2) —arccsc (c*xx) * (exx+d) ~(3/2) *d+3*arcc
sc(c*x)*d"2* (exx+d) ~(1/2)+arccsc(c*x) *d"3/ (exx+d) ~(1/2)+2/15/c~3*((c/(c*d-e
)) " (1/2)* (exx+d) " (5/2)*c"2-2* (c/ (cxd-e) ) " (1/2) x (exx+d) ~ (3/2) *c~2*d+24*d "~ 2% (
- ((exx+d) *c—dxc+e)/(c*xd-e) )~ (1/2) x (- ((exx+d) *c-d*c-e) / (cxd+e)) ~(1/2)*E1llipt
icF((exx+d) ~(1/2)*(c/(c*xd-e))~(1/2), ((cxd-e)/(c*xd+e)) " (1/2) ) *c™2+8* (- ((e*xx+
d) *c-dxc+e)/(cxd-e)) " (1/2) * (- ((exx+d) *c-d*c-e) /(c*xd+e) ) ~(1/2) *E1llipticE((ex*
x+d) " (1/2)*(c/(c*xd-e) )~ (1/2), ((cxd-e) /(c*xd+e)) " (1/2) ) xc~2*xd"2-48*d"2*x (- ((e*
x+d) *c—dxc+e) /(c*d-e) )~ (1/2) * (- ((exx+d) *c-d*c-e)/(cxd+e)) ~(1/2)*E1llipticPi(
(exx+d) ~(1/2)*(c/(c*d-e))~(1/2) ,1/cx(c*d-e) /d, (c/(cxd+e)) ~(1/2) / (c/(c*d-e))
“(1/2))*c”2+(c/(cxd-e) )~ (1/2) * (exx+d) " (1/2) *c~2*d"2-8* (- ((exx+d) *c-d*c+e) / (
cxd-e)) " (1/2) * (- ((exx+d) *c-d*c-e) /(c*d+e) )~ (1/2) *E1llipticF ((e*xx+d) ~(1/2) *(c
/(cxd-e))~(1/2), ((cxd-e)/(cxd+e)) ~(1/2) ) *c*xd*e+8* (- ((exx+d) *c—-d*c+e) /(c*d-e
))~(1/2) % (- ((e*x+d) *c-d*c-e) /(c*d+e) )~ (1/2) *E1lipticE((e*xx+d) ~(1/2) *(c/ (c*d
-e))~(1/2), ((cxd-e)/(cxd+e) )~ (1/2) ) *c*d*e+ (- ((e*x+d) *c—d*c+e) /(c*xd-e) )~ (1/2
)% (= ((e*xx+d) *c-d*c-e)/(cxd+e)) " (1/2)*EllipticF ((e*x+d) ~(1/2)*(c/(cxd-e)) (1
/2), ((cxd-e)/(c*xd+e))~(1/2))*e"2-(c/(c*d-e)) " (1/2)*(exx+d) ~(1/2)*e”2) /(c/(c
xd-e)) " (1/2) /x/ ((c™2* (exx+d) "2-2*d*c™2*x (exx+d)+c~2*xd"2-e72) /c"2/e"2/x72)" (1
/2)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccsc(c*x))/(e*xx+d)~(3/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccsc(c*x))/(e*xx+d)~(3/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*(atb*acsc(c*x))/(exx+d)**(3/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

(barcesc (cx) + a)x®
3
(ex +d)2

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x”3*(at+b*arccsc(c*x))/(e*x+d)~(3/2),x, algorithm="giac")

[Out] integrate((b*arccsc(cxx) + a)*x~3/(e*xx + d)~(3/2), x)



278

xz(a+l7csc_1(cx))
f (d+ex)3/2

Optimal. Leaf size=369

3.64 dx

(@160 wyrs s . 1 (V1= 2
20bd V1 - c2x* ch; EllipticF (sm ! ( \/;x) / ﬁ) 242 (a +besc! (cx)) B 4dd + ex (a +b csc‘l(cx))

2(d + e

3
3c2e2x4[1 - ﬁ\/d + ex e3Vd + ex ¢

[Out] (-2*%d"2*(a + b*ArcCsclc*x]))/(e"3*Sqrtld + exx]) - (4*d*Sqrt[d + exx]*(a +
bxArcCsclc*x]))/e”3 + (2x(d + exx)~(3/2)*(a + bxArcCsclc*x]))/(3*xe”3) - (4%
b*Sqrt[d + exx]*Sqrt[l - c™2*x"2]*EllipticE[ArcSin[Sqrt[1 - c*x]/Sqrt[2]],
(2xe)/(cxd + e)])/(3*c™2xe”2*xSqrt[1 - 1/(c™2*x72) 1 *x*Sqrt[(c*x(d + exx))/(c*

d + e)]) + (20%b*xd*Sqrt[(c*x(d + exx))/(cxd + e)]*Sqrt[l - c 2*x"2]*Elliptic
F[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(c*d + e)])/(3*%c™2xe"2*Sqrt[1 - 1/(c
"2%x72) ] *xxSqrt[d + e*xx]) + (32*%bxd”2*xSqrt[(c*x(d + exx))/(cxd + e)]*Sqrt[1

- ¢c72*x72]*EllipticPi[2, ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2%e)/(c*xd + e)])/(
3xckxe"3xSqrt[1 - 1/(c™2%x72)]*x*Sqrt[d + ex*x])

Rubi [A] time = 1.81351, antiderivative size = 369, normalized size of antiderivative =
1., number of steps used = 16, number of rules used = 13, integrand size = 21, n,umber—Ofn,ﬂes
integrand size

= 0.619, Rules used = {43, 5247, 12, 6721, 6742, 719, 419, 932, 168, 538, 537, 844, 424}

+

(d+ex) .
242 (a +b csc‘l(cx)) 4d\d + ex (a +b csc‘l(cx)) 2(d + ex)3? (a +b csc‘l(cx)) 32bdPV1 - 22|~ Cdf: I1 (2? S]
- + +

3 3
e3Vd + ex e 3e Bcedy ll—ﬁ\/g

Antiderivative was successfully verified.

[In] Int[(x"2%(a + b*ArcCsclc*x]))/(d + e*xx)~(3/2),x]

[Out] (-2*d"2%(a + bxArcCsc[c*x]))/(e"3*Sqrt[d + exx]) - (4xd*Sqrt[d + exx]*(a +
b*ArcCsclc*x]))/e”3 + (2x(d + e*x)”(3/2)*(a + b*ArcCsclc*x]))/(3*e”3) - (4%
bxSqrt[d + e*x]*Sqrt[1 - c™2*x"2]*EllipticE[ArcSin[Sqrt[1 - c*x]/Sqrt([2]],
(2xe)/(cxd + e)])/(3xc™2xe™2xSqrt [1 - 1/(c™2*x"2) 1 *x*Sqrt[(c*x(d + exx))/(c*

d + e)]) + (20xb*d*Sqrt[(c*x(d + exx))/(cxd + e)]*Sqrt[l - c 2*xx"2]*Elliptic
F[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2*e)/(cxd + e)])/(3xc”™2xe”2*xSqrt[1l - 1/(c
“2%x72) ] *xxSqrt[d + e*xx]) + (32*%bxd"2*xSqrt[(c*x(d + exx))/(cxd + e)]*Sqrt[1

- ¢c72*x"2]*EllipticPi[2, ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2%e)/(c*d + e)])/(
3xcke”3xSqrt[1 - 1/(c™2*x72)]*xxSqrt[d + exx])

Rule 43

Int[((a_.) + (b_D)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%x(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5247

Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.))*(u_), x_Symbol] :> With[{v = IntHide
[u, x]}, Dist[a + b*ArcCsclc*x], v, x] + Dist[b/c, Int[SimplifyIntegrand[v/
(x"2xSqrt[1 - 1/(c"2*x"2)]1), x], x], x] /; InverseFunctionFreeQ[v, x]] /; F
reeQ[{a, b, c}, x]

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 6721

Int[Cu_.)*((a_.) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[(b~IntPart [p]*(
a + bxx"n) “FracPart[p])/(x~ (n*FracPart[p])*(1 + a/(x"n*b)) FracPart[p]), In
t[uxx™ (nxp)*(1 + a/(x"n*b))"p, x], x] /; FreeQ[{a, b, p}t, x] && !'IntegerQl
pl && ILtQ[n, O] && !'RationalFunctionQ[u, x] && IntegerQ[p + 1/2]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 719

Int[((d_) + (e_.)*(x_))"(m_)/Sqrtl(a_) + (c_.)*(x_)"2], x_Symbol] :> Dist[(
2xaxRt [-(c/a), 2]*(d + e*xx) m*Sqrt[1 + (c*x72)/al)/(cxSqrtla + c*xx™2]*((c*(
d + exx))/(c*xd - axexRt[-(c/a), 2]))"m), Subst[Int[(1 + (2*axexRt[-(c/a), 2
1*x72) /(c*d - a*xexRt[-(c/a), 2]))"m/Sqrt[l - x~2], x], x, Sqrt[(1 - Rt[-(c/
a), 21*x)/21]1, x] /; FreeQ[{a, c, d, e}, x] && NeQ[cxd~2 + a*e”2, 0] && EqQ
(m~2, 1/4]

Rule 419

Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp [(1*E1lipticF[ArcSin[Rt[-(d/c), 2]*x], (b*xc)/(a*d)])/(Sqrt[al*Sqrt[c]*Rt
[-(d/c), 2]1), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ
[a, 0] && !(NegQ[b/al && SimplerSqrtQ[-(b/a), -(d/c)])

Rule 932

Int[1/(C(d_.) + (e_.)*(x_))*Sqrt[(f_.) + (g_.)*x(x_)]*Sqrtl[(a_) + (c_.)*(x_)
~2]), x_Symbol] :> With[{q = Rt[-(c/a), 2]}, Dist[1/Sqrtl[al, Int[1/((d + ex
x)*Sqrt [f + gxx]*Sqrtl[l - g*x]*Sqrt[l + g*x]), x], x]1] /; FreeQl{a, c, 4, e
, £, g}, x] && NeQl[exf - dxg, 0] && NeQ[c*d™2 + a*e”2, 0] && GtQ[a, O]

Rule 168

Int[1/(((a_.) + (b_.)*x(x_))*Sqrtl[(c_.) + (d_.)*x(x_)1*Sqrtl(e_.) + (f_.)*(x_
)I*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simpl[b*c -
axd - bxx"2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£f*x72)/d, x]]*Sqrt[Simp[(d*g -
c¥h)/d + (h*x"2)/d, x]1), x], x, Sqrtlc + d*xx]], x] /; FreeQ[{a, b, c, d, e
, £, g, h}, x] && GtQ[(d*e - cxf)/d, 0]

Rule 538

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)~"2]1*Sqrtl(e ) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d*x~2)/c]/Sqrtlc + d*x~2], Int[1/((a +
b*x"2)*Sqrt[1 + (d*x~2)/cl*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, T}, x] & 'GtQlc, 0]

Rule 537

Int[1/(((a_) + (b_.)*(x_)~2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (cxf)/(d*e)])/(a*Sqrt[cl*Sqrtle]*Rt[-(d/c), 2]1), x] /; FreeQ[{a, b, c, d
, e, T}, x] & & 'GtQ[d/c, 0] && GtQlc, 0] && GtQle, 0] && !'( !'GtQ[f/e, 0]



&& SimplerSqrtQ[-(f/e), -(d/c)])

Rule 844
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Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_.)*xx_))*((a_) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*(a + c*xx"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + exx) mx(a + c*xx"2)7p, x], x] /; FreeQ[{a, c, 4,
e, £, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && 'IGtQ[m, O]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrtlal*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (bxc)/(axd)])/(Sqrtlcl*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] &% GtQ[a, O]

Rubi steps

f x? (a +b csc‘l(cx))

(d + ex)%?

dx = -

b
242 (a +b csc‘l(cx)) 4d\d + ex (a +b csc‘l(cx)) 2(d + ex)32 (a +b csc‘l(cx))
e3Vd + ex e? 3¢3
2

2d% (a+besc(cx))  4dVd +ex (a+besel(ex))

2(d + ex)3? (a +b csc‘l(cx))

e3Vd + ex

e3

242 (a +b csc‘l(cx)) 4d\d + ex (a +b csc‘l(cx))

+

3e3

2(d + ex)32 (a +b csc‘l(cx)) (2‘

e3Vd + ex

e3

242 (a +b csc‘l(cx)) 4dVd + ex (a +b Csc‘l(cx))

—+

3e3 o

2(d + ex)¥? (a +b Csc‘l(cx)) (2i

e3Vd + ex

242 (a +b csc‘l(cx)) 4d\d + ex

83

+

3e3 o

(a +b csc‘l(cx)) 2(d + ex)32 (a +b csc‘l(cx)) (1‘

e3Vd + ex

e3

242 (a +b csc‘l(cx)) 4d\d + ex (a +b csc‘l(cx))

—+

3e3

2(d + ex)3? (a +b csc‘l(cx)) (1f

e3Vd + ex

e3

24> (a +b Csc‘l(cx)) 4d\d + ex (a +b csc‘l(cx))

+

3e3 -

2(d + ex)3? (a +b csc‘l(cx)) 16

e3Vd + ex

e3

24> (a +b csc‘l(cx)) 4d\d + ex (u +b csc‘l(cx))

+

3e3 o

2(d + ex)3? (u +b csc‘l(cx)) 4b

e3Vd + ex

83

24> (a +b csc‘l(cx)) 4d\d + ex (u +b Csc‘l(cx))

—+

3e3 -

2(d + ex)3? (u +b Csc‘l(cx)) 4b

e3Vd + ex

63

—+

3e3 -
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Mathematica [C] time = 13.6764, size = 750, normalized size = 2.03

2¢ cos(z cscl (cx)) c2dxV 1-c2x2, % EllipticF(sin_1 ( i};x ), c;:-e

oo [ed+cex . oof o 1 Vi-cx) 2e
and 3/2 10cdeV1—c4x: e ElhptlcF(sm ( N )’Ti#—e
2(cx) / (;+e) -

}

cx(cx+1)

e—cex

cd+e

J

J1- Czlxz (CX)S/Z‘ / nge

Antiderivative was successfully verified.

[In] Integrate[(x"2*(a + b*ArcCsclcxx]))/(d + e*x)~(3/2),x]

[Out] -((a*d™3*(1 + (e*x)/d)~(3/2)*Betal-((e*x)/d), 3, -1/2])/(e”3*(d + e*x)~(3/2

1)) + (b*x(=((c™2x(e + d/x)"2*x"2x((-4*Sqrt[1 - 1/(c”2*x~2)])/(3*e"2) + (16%
ckd*ArcCsc[c*x])/(3*xe”3) - (2xcxd*ArcCsclc*xx])/(e™2x(e + d/x)) - (2*ckx*Arc
Csclcxx])/(3*%e72)))/(d + e*x)~(3/2)) + (2x(e + d/x)~(3/2)*(cxx)~(3/2)*((10*
ckdxexSqrt [(cxd + cxexx)/(c*d + e)]*Sqrt[1l - ¢ 2%x"2]*EllipticF[ArcSin[Sqrt
[1 - c*x]/Sqrt[2]], (2*e)/(cxd + e)])/(Sqrt[l - 1/(c”2*x~2)]*Sqrtle + d/x]*
(c*xx)~(3/2)) + (2x(8*%c™2xd"2 + e72)*Sqrt[(c*d + cxexx)/(cxd + e)]*Sqrt[l -
c™2%x"2]*E1lipticPi[2, ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2*e)/(c*xd + e)])/(Sq
rt[1 - 1/(c™2%x72)]*Sqrt[e + d/x]*(c*x)~(3/2)) - (2*xexCos[2*ArcCsc[c*xx]]*((
ckd + ckexx)* (-1 + c72%x72) + c”2xd*x*Sqrt[(cxd + c*exx)/(cxd + e)]*Sqrt[1
- ¢c72*x72]*EllipticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2*e)/(cxd + e)] - (c*x
*(1 + cxx)*Sqrt[(e - cxexx)/(cxd + e)]*Sqrt[(cxd + ckxexx)/(c*xd - e)]*((c*d
+ e)*EllipticE[ArcSin[Sqrt[(c*d + cxe*xx)/(c*d - e)]], (c*xd - e)/(c*d + e)]
- exEllipticF[ArcSin[Sqrt[(cxd + c*exx)/(c*xd - e)]], (cxd - e)/(c*xd + e)]))
/Sqrt[(ex(1 + c*x))/(-(c*xd) + e)] + cxexx*Sqrt[(cxd + c*e*xx)/(cxd + e)]*Sqr
t[1l - c™2*x"2]*EllipticPi[2, ArcSin[Sqrt[l - c*x]/Sqrt([2]], (2*e)/(c*xd + e)
1))/(Sqrtl[1 - 1/(c™2*x"2)]1*Sqrt[e + d/x]*Sqrtlc*x]*(-2 + c™2*x72))))/(3*e”3
*x(d + e*x)”(3/2))))/c”3

Maple [A] time = 0.278, size = 441, normalized size = 1.2

1 d?
2 = a (1/3 (ex + d)?’/2 —2dVex+d- ) +b|1/3 (ex + d)3/2 arcesc (cx) — 2 arcesc (cx) dVex +d —

Vex +d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*(at+b*arccsc(c*x))/(exx+d)~(3/2),x)

[Out] 2/e”3x(a*x(1/3*(exx+d) ~(3/2)-2*d* (exx+d) ~(1/2)-d"2/ (exx+d) ~(1/2) ) +b* (1/3* (ex

x+d) " (3/2) *arccsc(c*x) -2*arccsc (c*xx) *d* (exx+d) ~(1/2) —arccsc(c*xx) *d~2/ (exx+d
)~ (1/2)-2/3/c”2x (4*d*E1lipticF ((exx+d) ~(1/2)*(c/(c*d-e))~(1/2), ((cxd-e)/ (c*
d+e))~(1/2))*c+EllipticE((exx+d)~(1/2)*(c/(c*xd-e))~(1/2),((cxd-e)/(c*d+e))”
(1/2) ) *c*d-8+d*E11lipticPi ((e*x+d)~(1/2)*(c/(c*d-e))~(1/2),1/c*(c*d-e)/d, (c/
(cxd+e))~(1/2)/(c/(c*xd-e))~(1/2))*c-EllipticF ((e*xx+d)~(1/2)*(c/(cxd-e))~(1/
2), ((cxd-e)/(cxd+e))~(1/2) ) *e+EllipticE((e*xx+d) ~(1/2)*(c/(cxd-e))~(1/2), ((c
*d-e)/(cxd+e) )~ (1/2)) *e)* (- ((e*xx+d) *c-d*c-e)/(cxd+e)) " (1/2) * (- ((exx+d) *c-d*

arccsc (c:

vex +
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cte)/(c*xd-e))~(1/2)/(c/(c*xd-e))~(1/2) /x/ ((c™2x (exx+d) "2-2xd*c”2* (e*xx+d) +c~2
*d~2-e72)/c"2/e"2/x"2)"(1/2)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccsc(c*x))/(e*xx+d)~(3/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccsc(c*x))/(e*xx+d)~(3/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*(atb*acsc(c*x))/(exx+d)**(3/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

(barcesc (cx) + a)x?
dx

3
(ex +d)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2x*(a+b*arccsc(c*x))/(e*x+d)~(3/2),x, algorithm="giac")

[Out] integrate((b*arccsc(cxx) + a)*x~2/(e*xx + d)~(3/2), x)
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x(a+JJCsc_1(cx))
f (d+ex)3/2

Optimal. Leaf size=238

3.65 X

(d+ex) e . - 1-cx 2e
_MWl—@ﬂ %ﬁ%EmmmFGml(v;)Q;ﬁ+2vwﬂm@+b%€%w»+2d@+b%€%wn_SMVT

1 e2 24/
czexwll—@\/d+ex e*Vd + ex

[Out] (2xdx(a + b*ArcCsclc*x]))/(e”2*Sqrt[d + exx]) + (2+Sqrt[d + exx]*(a + bxArc
Csclc*x]))/e”2 - (4xb*Sqrt[(c*x(d + exx))/(c*xd + e)]*Sqrt[1 - ¢ 2*x"2]*Ellip
ticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(cxd + e)])/(c"2*xexSqrt[1 - 1/(c”
2xx72) ] *x*xSqrt [d + exx]) - (8*b*xdxSqrt[(cx(d + e*x))/(c*d + e)]*Sqrt[l - c~
2xx"2]*E1lipticPi[2, ArcSin[Sqrt[l - c*x]/Sqrt[2]], (2*e)/(cxd + e)])/(cxe”
2xSqrt[1 - 1/(c™2xx72)]*x*Sqrt[d + ex*x])

Rubi [A] time = 1.57528, antiderivative size = 238, normalized size of antiderivative =

1., number of steps used = 11, number of rules used = 11, integrand size = 19, number of rules

= 0.579, Rules used = {43, 5247, 12, 6721, 6742, 719, 419, 932, 168, 538, 537}

integrand size

c(d+ex) . 1 V1l-cx 2
2Vd + ex (u -+ bcsc‘l(cx)) 2d (a + bcsc‘l(cx)) ) 8bd V1 - c?x? ﬁn (2} sin”! ( 7 ) |ﬁ) ) 4bV1 - a2y

+
2
¢ 24/ 1
e*Vd + ex cexy[1 - @\/d +ex c2e:

Antiderivative was successfully verified.

[In] Int[(x*x(a + bxArcCsclc*x]))/(d + ex*xx)~(3/2),x]

[Out] (2*xd*(a + bxArcCscl[c*x]))/(e"2+Sqrt[d + exx]) + (2xSqrt[d + exx]*(a + b*Arc
Csclc*xx]))/e™2 - (4xb*xSqrt[(c*x(d + exx))/(cxd + e)]*Sqrt[l - c™2*xx"2]*Ellip
ticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(c*d + e)])/(c™2*xexSqrt[1l - 1/(c”
2*%x72) ] *x*Sqrt[d + exx]) - (8xb*xd*Sqrt[(cx(d + e*x))/(c*d + e)]*Sqrt[l - c~
2%x"2]*E1lipticPi[2, ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2*e)/(c*d + e)])/(c*xe”
2x3qrt[1 - 1/(c™2*x72)]1*x*Sqrt[d + exx])

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5247

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*(u_), x_Symbol] :> With[{v = IntHide
[u, x]}, Dist[a + b*ArcCsclc*x], v, x] + Dist[b/c, Int[SimplifyIntegrand[v/
(x~2*Sqrt[1 - 1/(c"2*x"2)]1), x], x], x] /; InverseFunctionFreeQ[v, x]] /; F
reeQ[{a, b, c}, x]

Rule 12
Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match

Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 6721
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Int[(u_)*((a_.) + (b_)*x(x_)"(n_))"(p_), x_Symbol] :> Dist[(b~IntPart [p]*(
a + b*x"n) “FracPart[p])/(x~ (n*FracPart[p])*(1 + a/(x"n*b)) FracPart[p]), In
t[uxx™ (nxp)*(1 + a/(x"n*b))"p, xJ, x] /; FreeQ[{a, b, p}t, x] && !'IntegerQ[
pl && ILtQ[n, O] && !'RationalFunctionQ[u, x] && IntegerQ[p + 1/2]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 719

Int[((d_) + (e_.)*(x_)) " (m_)/Sqrtl(a_) + (c_.)*(x_)"2], x_Symbol] :> Dist[(
2xaxRt [-(c/a), 2]*(d + e*xx) m*Sqrt[1 + (c*x72)/al)/(cxSqrtla + c*x~2]*((c*(
d + exx))/(c*xd - a*xexRt[-(c/a), 2]))"m), Subst[Int[(1 + (2*axexRt[-(c/a), 2
1*xx72) /(c*d - a*exRt[-(c/a), 2]))"m/Sqrt[l - x~2], x], x, Sqrt[(1 - Rt[-(c/
a), 21*x)/21]1, x] /; FreeQ[{a, c, d, e}, x] && NeQ[cxd~2 + a*e”2, 0] && EqQ
[m~2, 1/4]

Rule 419

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp [(1*E1llipticF[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*xd)])/(Sqrtl[al*Sqrt[c]*Rt
[-(d/c), 21), x] /; FreeQl{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ
[a, 0] && !(NegQ[b/al && SimplerSqrtQ[-(b/a), -(d/c)])

Rule 932

Int[1/C((d_.) + (e_.)*x(x_))*Sqrt[(f_.) + (g_.)*(x_)]*Sqrtl(a_) + (c_.)*(x_)
~2]), x_Symbol] :> With[{q = Rt[-(c/a), 2]}, Dist[1/Sqrt[al, Int[1/((d + ex
x)*Sqrt [f + gxx]*Sqrt[1l - g*x]*Sqrt[l + g*x]), x], x]] /; FreeQl{a, c, d, e
, £, g}, x] && NeQ[exf - dxg, 0] && NeQ[c*d"2 + a*e”2, 0] && GtQ[a, O]

Rule 168

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_
)1xSqrt(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
axd - bxx"2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£f*x72)/d, x]]*Sqrt[Simp[(d*g -
cxh)/d + (h*x~2)/d, x11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
, £, g, h}, x] & GtQ[(d*e - cxf)/d, 0]

Rule 538

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d*x~2)/c]/Sqrtlc + d*x~2], Int[1/((a +
bxx"2)*Sqrt[1 + (d*x~2)/cl*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, T}, x] & 'GtQlc, 0]

Rule 537

Int[1/(((a_) + (b_.)*(x_)~2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (cxf)/(d*e)])/(a*Sqrt[cl*Sqrtle]*Rt[-(d/c), 2]1), x] /; FreeQ[{a, b, c, d
, e, T}, x] & & 'GtQ[d/c, 0] && GtQlc, 0] && GtQle, 0] && !'( !'GtQ[f/e, 0]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rubi steps
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2(2d+ex)

b [ dx

f X (a + bcsc‘l(cx)) 2d (a +b csc‘l(cx)) 2Vd + ex (a +b csc‘l(cx)) 2\ 1=y rex
+

dx =
@+ T aare 2 :
(2b) [ 2%y
2d (a +b csc‘l(cx)) 2Vd + ex (a +b csc‘l(cx)) 1- 532 Vi+ex
= +

e2\Vd + ex " e ce?
2d+ex
2d (u +b Csc‘l(cx)) 2Vd + ex (u +b Csc‘l(cx)) (2b V1 - c2x2) J iravioe dx

+ +
e2Vd + ex ¢ 21— -1 x
22

2d (a +b csc‘l(cx)) 2Vd + ex (a +b csc‘l(cx)) . (Zb V1 - szz) J (m T

+
e2\Vd + ex e 21— Ly
szz

5 1
2d (a +b csc‘l(cx)) 2Vd + ex (a +b csc‘l(cx)) (4bd 1- szz) J itaiae dx

+ +
e2Vd + ex e 21— = x
22

2d (a +b csc‘l(cx)) . 2Vd + ex (a +b csc‘l(cx)) (4bd Vi- szz) / xmmm
24/ e? 1
e?Vd + ex ce? /1_@3(
Vi-cx'

(d+
2d (a +b csc‘l(cx)) 2Vd + ex (a +Dbesce l(cx) 41’\/ ) VT = 2x2F (sm ( 7
- N 2
e2Vd +ex ¢ 2eq[1 - ﬁx\/d + ex

(d —1 (V1
(a +b csc_l(cx)) 2Vd + ex (a +b csc‘l(cx) 417\/ cldter) —V1 — 2x2F (sm 1 ( v_cx

2
e2\d + ex e c2e4|1 - ﬁx\/d-k—ex

c(d ex) Vi—cx'
(u+bcsc 1(cx)) 2Vd + ex (u+bcsc 1(cx) 417\/ VI - 2x2F (sm ( 7

IR 2
e2Vd + ex ¢ cze,/1 - Wde +ex

Mathematica [C] time = 1.73969, size = 226, normalized size = 0.95

e(cx+1) [e—cex cd+e cd+e
2b1l P = — (ElhptlcF(zsmh (,/—m\/dﬂx) ) 21'[( +1;isinh™ (,/—m\/dwx) i E)) a(2d+ex) N b ese1(cx)(2d-+ex)

1 c Vd+ex Vd+ex
x4 [1-55+/—
252 cd+e

2
Antiderivative was successfully verified.

[In] Integrate[(xx(a + bxArcCsclc*x]))/(d + e*x)~(3/2),x]

[Out] (2*((ax(2xd + e*x))/Sqrt[d + e*x] + (b*(2%d + exx)*ArcCsclc*x])/Sqrt[d + ex
x] - ((2+%I)*b*Sqrt[(ex(1 + cx*x))/(-(c*d) + e)]*Sqrtl(e - cxexx)/(cxd + e)]x
(EllipticF[I*ArcSinh[Sqrt[-(c/(c*d + e))]*Sqrt[d + exx]], (cxd + e)/(c*xd -

e)] - 2xEllipticPi[l + e/(c*d), IxArcSinh[Sqrt[-(c/(cxd + e))]*Sqrt[d + ex*x

11, (c*xd + e)/(c*xd - e)]1))/(c*xSqrt[-(c/(c*d + e))I*Sqrt[1l - 1/(c”2%x72)]*x)
))/e”2
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Maple [A] time = 0.276, size = 277, normalized size = 1.2

arccsc (cx) d 21 (ex+d)c—dc+e\/ (ex+d)yc—dc—

1 d
26—2 a(\/ex+d+m)+b Vex+darccsc(cx)+ﬁ+ = e o

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(at+b*arccsc(c*xx))/(exx+d)~(3/2),x)

[Out] 2/e”2*x(a*x((exx+d)~(1/2)+d/ (e*xx+d) ~(1/2))+b*x((exx+d) ~(1/2) *arccsc(c*x)+arccs
c(c*x)*d/ (exx+d) ~(1/2)+2/c* (- ((e*xx+d) *c-d*c+e) / (cxd-e) ) ~(1/2) * (- ((e*x+d) *c-
dxc-e)/(c*xd+e))~(1/2)*(EllipticF ((exx+d)~(1/2)*(c/(cxd-e))~(1/2), ((c*d-e)/(
cxd+e))~(1/2))-2xE1llipticPi((e*xx+d) ~(1/2)*(c/(c*d-e))~(1/2),1/c*(c*d-e)/d, (
c/(cxd+e))~(1/2)/(c/(cxd-e))~(1/2)) )/ ((c™2* (e*xx+d) ~2-2*d*c™2* (exx+d) +c~2*d"
2-e72)/c”2/e"2/x72)"(1/2)/x/(c/(c*xd-e))~(1/2)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*arccsc(c*x))/(exx+d)~(3/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*arccsc(c*x))/(exx+d)~(3/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*acsc(c*x))/(exx+d)**(3/2),%)

[Out] Timed out




Giac [F] time = 0., size = 0, normalized size = 0.

(barcesc (cx) + a)x
f 3 dx

(ex +d)2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*arccsc(c*x))/(e*x+d)~(3/2),x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)*x/(exx + d)~(3/2), x)

287
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3 66 f a+b csc™(cx) dx

(d+ex)3/2

Optimal. Leaf size=119

) c(d+ex) ceia—l [ Vi-ex) 2e _
4bV1 — x| —— H(ZSIH ( 7 )|Cd+e) 2(a+bcsc 1(cx))

cexwll—%\/djLex evd + ex

[Out] (-2*(a + b*ArcCsclc*x]))/(exSqrt[d + exx]) + (4*b*Sqrt[(cx(d + exx))/(cxd +
e)]*Sqrt[1 - c™2%x"2]*EllipticPi[2, ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(
cxd + e)])/(cxexSqrt[1 - 1/(c™2*x72)]*x*Sqrt[d + ex*x])

Rubi [A] time = 0.22537, antiderivative size = 119, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 18, e .

0.333, Rules used = {5227, 1574, 933, 168, 538, 537}

VI = 0252 |94 1 (5. it [ YAz ) 22 _
4bV1 - c2x% [ ——— H(Z/SID (\/5 )|Cd+6) 2(a+bcsc 1(cx))

cex,/l—ﬁx/d+ex evd + ex

integrand size

Antiderivative was successfully verified.

[In] Int[(a + bxArcCsclc*x])/(d + exx)~(3/2),x]

[Out] (-2*(a + b*ArcCsclc*x]))/(exSqrt[d + exx]) + (4*b*Sqrt[(cx(d + exx))/(cxd +
e)]*Sqrt[1 - c™2%x"2]*EllipticPi[2, ArcSin[Sqrt[1l - c*x]/Sqrt[2]], (2xe)/(
cxd + e)])/(cxexSqrt[1 - 1/(c™2*x72)]*x*Sqrt[d + ex*x])

Rule 5227

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*((d_.) + (e_.)*(x_))"(m_.), x_Symbol
1 :> Simp[((d + exx)"(m + 1)*(a + b*ArcCsclc*x]))/(ex(m + 1)), x] + Dist[b/
(cxex(m + 1)), Int[(d + exx)"(m + 1)/(x"2*Sqrt[1 - 1/(c”2*x"2)]1), x], x] /;
FreeQ[{a, b, ¢, d, e, m}, x] && NeQ[m, -1]

Rule 1574

Int[(x_ )" (m_.)*((a_.) + (c_.)*x(x_)"(mn2_.))"(p_)*((d) + (e_)*x(x_)"(n_.))"
(g_.), x_Symbol] :> Dist[(x~(2*n*FracPart[p])*(a + c/x”(2*n)) FracPart[p])/
(c + a*x™(2*n)) “FracPart([p], Int[x"(m - 2*n*p)*(d + e*x"n) g*x(c + a*xx™(2*n)
)7p, x1, x] /; FreeQ[{a, ¢, d, e, m, n, p, q}, x] && EqQ[mn2, -2*n] && !In
tegerQ[p] && !'IntegerQlq]l && PosQ[n]

Rule 933

Int[1/CC(d_.) + (e_.)*(x_))*Sqrt[(f_.) + (g_.)*(x_)]*Sqrtl(a_) + (c_.)*(x_)
~2]), x_Symbol] :> With[{q = Rt[-(c/a), 2]}, Dist[Sqrt[1 + (c*x72)/al/Sqrt[
a + c*xx72], Int[1/((d + e*x)*Sqrt[f + gxx]*Sqrt[l - g*x]*Sqrt[l + g*x]), x]
, x]1]1 /; FreeQ[{a, c, d, e, £, g}, x] && NeQ[exf - dxg, 0] && NeQ[cxd™2 + a
xe”2, 0] && 'GtQ[a, O]

Rule 168

Int[1/(((a_.) + (b_.)*x(x_))*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_
)I1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simpl[b*c -
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axd - bxx"2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£f*x72)/d, x]]*Sqrt[Simp[(d*g -
cxh)/d + (h*x"2)/d, x]11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
» £, g, h}, x] && GtQ[(d*e - cxf)/d, 0]

Rule 538

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl[(c_) + (d_.)*(x_)~"2]*Sqrtl(e ) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1l + (d*x~2)/c]/Sqrtlc + d*x~2], Int[1/((a +
b*x"2)*Sqrt[1 + (d*x~2)/c]l*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, £}, x] && !'GtQ[c, 0]

Rule 537

Int[1/(((a_) + (b_.)*(x_)~2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (cxf)/(d*e)])/(axSqrtlcl*Sqrtlel*Rt[-(d/c), 2]), x] /; FreeQl[{a, b, c, d
, e, £}, x] && 'GtQ[d/c, 0] && GtQ[c, 0] && GtQle, 0] && !'( !'GtQ[f/e, O]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rubi steps
(2b) [ ————1x
a+besc(cx) 2 (a +b csc‘l(cx)) 1—ﬂx 2+/d+ex
f (d + ex)3 e eVd + ex - ce

2 (a +b csc‘l(cx))

o) — s
¢ xVd+ex —Ci2+x2
evVd + ex ce /1_%3(

2 (a + bcsc‘l(cx)) (2b V1 - szz) J 1 dx

- _ _ xV1-cxV1+cxVd+ex
evVd + ex 21 2
(4b\/ - szz) Subst f dx, x, V1 —cx

2 (a + bcsc‘l(cx)) (1-22) V22 d+“’—e"
+
eVd + ex ce 1 -
C x

(4bw / M\/1 - c2x2) Subst f ! dx,x, V1 —cx
e (1-2V22 [1- (exz ]
c d+§

2 (a +b csc‘l(cx))

== +
evd + ex cewll—%x\/d+ex
(d+ _1(V1 2
) (a + bescem 1(cx) 4b,/c ) —V1 -2l (2 sin ( \/;x) I?ie)
evd + ex ce,/l—ﬁx\/d+ex

Mathematica [A] time = 0.20256, size = 124, normalized size = 1.04

_L — 22 c(d+ex) Coeo =1 [ Vl-cx i 2.2 -1
4bcxqf1 55 V1 —c?xfy [ —— H(Z,sm ( 7 )ch+e) 2(c x 1) (a+bcsc (cx))

e (czx2 - 1) Vd +ex

Antiderivative was successfully verified.
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[In] Integrate[(a + b*ArcCsclc*x])/(d + exx)~(3/2),x]

[Out] (-2*%(-1 + c™2*x"2)*(a + b*ArcCsclc*x]) + 4*xbxc*Sqrt[l - 1/(c™2*x"2)]*x*Sqrt
[(c*x(d + exx))/(cxd + e)]*Sqrt[l - c 2*x"2]*EllipticPi[2, ArcSin[Sqrt[l - ¢
*xx]/Sqrt[2]], (2xe)/(c*xd + e)])/(exSqrtld + exx]*(-1 + c~2%x72))

Maple [A] time = 0.27, size = 217, normalized size = 1.8

21 _a b _arccsc(cx)+2L _(ex+d)c—dc+e\/_(ex+(Jl)c—dc—eEHiptiCPi Vor+d c ’ﬂ
el vex+d Vex +d cdx dc—e dc+e Ndc—-e' d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*xx))/(exx+d)~(3/2),x)

[Out] 2/ex(-1/(exx+d)~(1/2)*a+b*(-1/(e*xx+d) " (1/2)*arccsc(c*x)+2/c/((c™2*(exx+d) "2
-2%d*c” 2% (exx+d) +c"2xd"2-e72) /c"2/e"2/x72) " (1/2) /x/d/ (c/ (cxd-e) )~ (1/2) * (- ((
exx+d)*c-dxc+e) /(c*d-e) )~ (1/2) * (- ((exx+d) *c-d*c-e)/(c*xd+e)) ~(1/2)*EllipticP
i((exx+d) ~(1/2)*(c/(cxd-e))~(1/2) ,1/cx(c*d-e)/d, (c/(cxd+e))~(1/2) /(c/(c*xd-e

))~(1/2))))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/(e*xx+d)~(3/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

Vex + d(barccsc (cx) + a)

e2x2 + 2 dex + d?

7

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/(e*xx+d)~(3/2),x, algorithm="fricas")

[Out] integral(sqrt(e*xx + d)*(b*arccsc(c*xx) + a)/(e”2*x"2 + 2xd*e*xx + d~2), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((a+b*acsc(cx*x))/(exx+d)*x(3/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.
barccsc (cx) +a

3
(ex +d)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/(e*xx+d)~(3/2),x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)/(exx + d)~(3/2), x)
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3 67 f a+b csc™(cx)

x(d+ex)3/2
Optimal. Leaf size=23

a+besc(cx) )

Unintegrable (W, X

[Out] Unintegrable[(a + b*ArcCsc[c*x])/(x*(d + e*x)~(3/2)), x]

Rubi [A] time = 0.0889813, antiderivative size = 0, normalized size of antiderivative
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, mtegrand size
0., Rules used = {}
a+ besc(cx)
[rrbecie,

x(d + ex)32

Verification is Not applicable to the result.
[In] Int[(a + bxArcCsclc*x])/(xx(d + exx)~(3/2)),x]

[Out] Defer[Int][(a + b*ArcCsclc*x])/(xx(d + e*x)~(3/2)), x]
Rubi steps

f a+besc(cx) = f a+besc(cx) N

x(d + ex)3/2 x(d + ex)3/2

Mathematica [A] time = 11.0698, size = 0, normalized size = 0.

b -1
fu+ csc(cx) P

x(d + ex)3/2

Verification is Not applicable to the result.

[In] Integrate[(a + b*ArcCsclcxx])/(xx(d + e*x)~(3/2)),x]

[Out] Integrate[(a + b*ArcCsclc*x])/(xx(d + e*xx)~(3/2)), x]

Maple [A] time = 4.336, size = 0, normalized size = 0.

f a+ barzcsc (cx) (ex + d)_g .

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*x))/x/(exx+d)~(3/2),x%)

[Out] int((atb*arccsc(c*x))/x/(exx+d)~(3/2),x)
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x/(exx+d)~(3/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 0., size = 0, normalized size = 0.

Vex + d(b arccsc (cx) + a)
, X

e2x3 + 2dex? + d?x

integral
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((at+b*arccsc(c*x))/x/(e*x+d)~(3/2),x, algorithm="fricas")

[Out] integral(sqrt(exx + d)*(b*arccsc(cxx) + a)/(e™2xx"3 + 2*d*e*x”2 + d72*x), x

)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(cxx))/x/(e*xx+d)**(3/2),x)

[Out] Timed out

Giac [A] time = 0., size = 0, normalized size = 0.

3

barccsc (cx) +a
f dx
(ex +d)2x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x/(exx+d)~(3/2),x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)/((e*xx + d)~(3/2)*x), x)
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3 68 f a+b csc™(cx)

x2(d+ex)3/2
Optimal. Leaf size=23

a+besc(cx) )

Unintegrable (W, X

[Out] Unintegrable[(a + b*ArcCsc[c*x])/(x"2*(d + e*x)~(3/2)), x]

Rubi [A] time = 0.0938657, antiderivative size = 0, normalized size of antiderivative
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, - — =
integrand size
0., Rules used = {}
f a+ besc(cx)

x2(d + ex)32

Verification is Not applicable to the result.
[In] Int[(a + bxArcCsclc*x])/(x"2%(d + exx)~(3/2)),x]

[Out] Defer[Int][(a + bxArcCsclc*x])/(x"2%(d + exx)~(3/2)), x]
Rubi steps

f a+besc(cx) = f a+besc(cx) i

x2(d + ex)3/? x2(d + ex)3/?

Mathematica [A] time = 13.9046, size = 0, normalized size = 0.

b -1
fu+ csc(cx) P

x2(d + ex)3/2

Verification is Not applicable to the result.

[In] Integrate[(a + b*ArcCsclcxx])/(x"2*%(d + e*x)~(3/2)),x]

[Out] Integrate[(a + b*ArcCsclc*x])/(x"2x(d + exx)~(3/2)), xI

Maple [A] time = 3.789, size = 0, normalized size = 0.

f a+ bar;zcsc (cx) (ex + d)_g i

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(cx*x))/x"2/(exx+d) " (3/2),x)

[Out] int((atb*arccsc(c*x))/x"2/(exx+d) "~ (3/2),x%)
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x"2/(e*xx+d)~(3/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 0., size = 0, normalized size = 0.

Vex + d(b arccsc (cx) + a)
X

e2x4 + 2dexd + d?x2 '

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x"2/(exx+d)~(3/2),x, algorithm="fricas")

[Out] integral(sqrt(exx + d)*(b*arccsc(cxx) + a)/(e”2xx"4 + 2%dxe*x”3 + d72*x72),

x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(cxx))/x**2/(exx+d)**(3/2),x)

[Out] Timed out

Giac [A] time = 0., size = 0, normalized size = 0.

barccsc (cx) +a
f dx

3
(ex + d)2x?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x"2/(e*xx+d)~(3/2),x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)/((exx + d)~(3/2)*x72), x)
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x3(a+l7csc_1(cx))
f (d+ex)>/?

Optimal. Leaf size=602

3.69 dx

A/ (d+ex) pyys s .1 (V1= 2
32bdV1 - 2224 Cdfex EllipticF (sm ( \/;x) / Cdie) 243 (a +besc! (cx)) 642 (a +b csc‘l(cx)) 6dVd + ex (a 4
+ —_ —_
3c2e3x4[1 - % Vd + ex 3eH(d + ex) e*Vd + ex ¢*

[Out] (-4*bxd~2%(1 - c72*x72))/(3*c*e”2*x(c™2*d"2 - e72)*Sqrt[1 - 1/(c™2*x72)]*x*S
grtld + e*xx]) + (2xd"3*(a + b*ArcCsclc*x]))/(3*xe”4x(d + exx)~(3/2)) - (6%d”
2% (a + b*ArcCsclc*x]))/(e”4*xSqrt[d + e*xx]) - (6*%dxSqrt[d + exx]*(a + b*ArcC
sclc*xx]))/e”4 + (2x(d + exx)”~(3/2)x(a + b*ArcCsclc*x]))/(3%xe™4) + (8xbkxd~2x*
Sqrt[d + exx]*Sqrt[l - c™2*x72]*EllipticE[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2
xe)/(c*xd + e)])/(3*e"3x(c™2xd"2 - e"2)*Sqrt[1 - 1/(c™2xx~2)1*x*Sqrt[(c*x(d +
exx))/(cxd + e)]) - (4*bx(2xc™2xd"2 - e”2)*Sqrt[d + exx]*Sqrt[l - c™2*x72]
xE1lipticE[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2*e)/(cxd + e)])/(3xc”™2xe"3*(c"2
*d"2 - e72)*Sqrt[1 - 1/(c™2xx72)1*x*Sqrt[(c*x(d + e*x))/(cxd + e)]) + (32*bx
dxSqrt [(c*x(d + e*xx))/(cxd + e)]*Sqrt[l - c™2*x"2]*EllipticF[ArcSin[Sqrt[1 -
c*x]/Sqrt[2]], (2%e)/(cxd + e)])/(3xc™2xe"3xSqrt[1 - 1/(c™2xx"2)]*x*Sqrt[d
+ exx]) + (64xb*d"2*Sqrt[(cx(d + exx))/(cxd + e)]*Sqrt[l - c™2*x"2]*Ellipt
icPi[2, ArcSin[Sqrt[1 - cx*x]/Sqrt[2]], (2xe)/(c*d + e)])/(3*cxe”4xSqrt[1l -
1/(c™2*%x~2) ] *x*Sqrt [d + exx])

Rubi [A] time = 2.89572, antiderivative size = 602, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 31, number of rules used = 18, integrand size = 21, e o e
integrand size

= 0.857, Rules used = {43, 5247, 12, 6721, 6742, 745, 21, 719, 424, 958, 932, 168, 538, 537,
835, 844, 419, 1651}

24° (a +b csc‘l(cx)) 6d> (a +bescl (cx)) 6dVd + ex (a +b Csc‘l(cx)) 2(d + ex)3? (a +b Csc‘l(cx))
—_ + —_

3e*(d + ex)32 AA + ex et 3et 3eelx \/;

Antiderivative was successfully verified.

[In] Int[(x"3*(a + b*ArcCsclc*x]))/(d + e*xx)~(5/2),x]

[Out] (-4*b*xd~2*x(1 - c™2%xx72))/(3*c*e”2*(c"2*xd"2 - e72)*Sqrt[1 - 1/(c™2*x"2)]*x*S
grt[d + e*xx]) + (2xd"3x(a + b*ArcCsclc*x]))/(3*xe"4*x(d + e*xx)~(3/2)) - (6%d”
2%(a + bxArcCsc[c*x]))/(e”4*Sqrt[d + e*x]) - (6%d*Sqrt[d + ex*x]*(a + b*ArcC
sclc*xx]))/e”™4 + (2x(d + exx)~(3/2)*(a + bxArcCsclc*x]))/(3*%e”4) + (8xb*xd~2x
Sqrt[d + exx]*Sqrt[l - c”2*x"2]*EllipticE[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2
xe)/(cxd + e)])/(3*e"3*(c™2%d"2 - e~ 2)*Sqrt[1 - 1/(c™2*x72)]*x*Sqrt[(c*x(d +
exx))/(cxd + e)]) - (4xb*x(2xc™2*%d"2 - e~ 2)*Sqrt[d + e*x]*Sqrt[l - c™2xx"2]
*E1lipticE[ArcSin[Sqrt[1 - c*x]/Sqrt[2]]1, (2%e)/(cxd + e)])/(3*c™2xe"3*(c"2
xd"2 - e72)*Sqrt[1 - 1/(c”™2xx72) ]*x*Sqrt[(cx(d + exx))/(cxd + e)]) + (32xbx
dxSqrt[(c*x(d + e*x))/(c*xd + e)]*Sqrt[l - c2*x"2]*EllipticF[ArcSin[Sqrt[1 -
cxx]/Sqrt[2]], (2*xe)/(cxd + e)])/(3*c™2xe”3*Sqrt[1 - 1/(c”2*x"2)]*x*Sqrt[d
+ exx]) + (64xbxd~2*xSqrt[(c*x(d + e*x))/(c*xd + e)]*Sqrt[l - c™2xx"2]*Ellipt
icPi[2, ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(c*d + e)])/(3*cxe~4xSqrt[1l -
1/(c™2*%x72) ] *x*Sqrt [d + exx])

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢, d, n},
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x] && NeQ[b*xc - axd, 0] && IGtQ[m, O] && ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4*n + 4, 0]) || LtQ[9*m + 5*x(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5247

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*(u_), x_Symbol] :> With[{v = IntHide
[u, x]}, Dist[a + b*ArcCsclc*x], v, x] + Dist[b/c, Int[SimplifyIntegrand[v/
(x"2xSqrt[1 - 1/(c"2*x"2)]1), x], x], x] /; InverseFunctionFreeQ[v, x]] /; F
reeQ[{a, b, c}, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 6721

Int[(u_.)*((a_.) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[(b~IntPart [p]*(
a + b*x"n) “FracPart[p])/(x~ (n*FracPart[p])*(1 + a/(x"n*b)) FracPart[p]), In
t[uxx™ (nxp)*(1 + a/(x"n*b))"p, x], x] /; FreeQl[{a, b, p}, x] && !'IntegerQ[
pl && ILtQ[n, O] && !'RationalFunctionQ[u, x] && IntegerQ[p + 1/2]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 745

Int[((d_) + (e_.)*(x_))"(m_)*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simpl[
(ex(d + exx)"(m + D)*x(a + c*xx"2)"(p + 1))/((m + 1)*(cxd”2 + a*e”2)), x] + D
istlc/((m + 1)*x(cxd”2 + a*e”2)), Int[(d + exx)"(m + 1)*Simp[d*x(m + 1) - ex(
m + 2%p + 3)*x, x]*(a + cxx"2)7p, x], x] /; FreeQ[{a, c, d, e, m, p}, x] &&
NeQ[c*d"2 + a*e”™2, 0] && NeQ[m, -1] && ((LtQ[m, -1] && IntQuadraticQ[a, O,
c, d, e, m, p, x]) || (SumSimplerQ[m, 1] && IntegerQ[pl) || ILtQ[Simplify[
m + 2xp + 3], 0])

Rule 21

Int[(u_.)*x((a_) + (b_.)*x(v_)) " (m_.)*((c_) + (d_.)*x(v_))"(n_.), x_Symbol] :>
Dist[(b/d) "m, Int[ux(c + d*v)~(m + n), x], x] /; FreeQ[{a, b, c, d, n}, x]
&& EqQ[bxc - a*d, 0] && IntegerQ[m] && ( !IntegerQ[n] || SimplerQ[c + d*x,
a + b*x])

Rule 719

Int[((d_) + (e_.)*(x_))"(m_)/Sqrtl(a_) + (c_.)*(x_)"2], x_Symbol] :> Dist[(
2*a*Rt [-(c/a), 2]*(d + e*x) m*Sqrt[1 + (c*x72)/al)/(c*Sqrtla + cxx~2]*((c*(
d + exx))/(c*xd - axexRt[-(c/a), 2]))"m), Subst[Int[(1 + (2*axexRt[-(c/a), 2
1%x72) /(c*d - a*exRt[-(c/a), 2]))"m/Sqrt[l - x~2], x], x, Sqrt[(1 - Rt[-(c/
a), 21*x)/211, x] /; FreeQ[{a, c, d, e}, x] && NeQ[cxd™2 + a*e”2, 0] && EqQ
[(m~2, 1/4]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl[(c_) + (d_.)*(x_)~2], x_Symbol] :> Simp[
(Sqrt[a]*EllipticE[ArcSin[Rt[-(d/c), 2]1*x], (bxc)/(a*d)])/(Sqrtlc]*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, 0]
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Rule 958

Int[((£_.) + (g_.)*(x_))"(m_)/C((d_.) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*x(x_)~
2]), x_Symbol] :> Int[ExpandIntegrand[1/(Sqrt[f + g*x]*Sqrtla + c*x72]), (f
+ gxx)~(n + 1/2)/(d + exx), x], x] /; FreeQl{a, c, d, e, £, g, x] && NeQ[
exf - dxg, 0] && NeQ[c*d™2 + a*e”2, 0] &% IntegerQ[n + 1/2]

Rule 932

Int[1/(C(d_.) + (e_.)*(x ))*Sqrt[(f_.) + (g_.)*x(x_)]xSqrtl[(a_) + (c_.)*(x_)
~2]), x_Symbol] :> With[{q = Rt[-(c/a), 21}, Dist[1/Sqrtl[al, Int[1/((d + ex
x)*xSqrt[f + g*x]*Sqrt[l - g*x]*Sqrt[1 + g*x]), x], x]] /; FreeQ[{a, c, 4, e
, T, g¥, x] && NeQlexf - dxg, 0] && NeQ[c*d™2 + axe”2, 0] && GtQ[a, O]

Rule 168

Int[1/(((a_.) + (b_.)*x(x_))*Sqrt[(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (f_.)*(x_
)I*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
axd - bxx"2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£f*x72)/d, x]]*Sqrt[Simp[(d*g -
cxh)/d + (h*x~2)/d, x11), x], x, Sqrtlc + d*x]]1, x] /; FreeQ[{a, b, ¢, d, e
, £, g, h}, x] && GtQ[(dxe - c*f)/d, 0]

Rule 538

Int[1/(((a_) + (b_.)*(x_)~2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d*x~2)/c]/Sqrtlc + d*x~2], Int[1/((a +
b*x~2)*Sqrt [1 + (d*x~2)/c]l*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, T}, x] && 'GtQlc, 0]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*x(x_)~"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (c*xf)/(d*e)])/(axSqrt[c]l*Sqrtlel*Rt[-(d/c), 2]), x] /; FreeQ[{a, b, c, d
, e, T}, x] && 'GtQ[d/c, 0] && GtQlc, 0] && GtQ[e, 0] && '( 'GtQ[f/e, O]

&& SimplerSqrtQ[-(f/e), -(d/c)])

Rule 835

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_.)x(x_))*((a_) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Simp[((exf - dxg)*(d + exx)"(m + 1)*x(a + c*xx"2)"(p + 1))/
((m + 1)*(cxd™2 + a*xe”2)), x] + Dist[1/((m + 1)*(c*d”2 + a*xe”2)), Int[(d +
exx) " (m + 1)*x(a + c*x72) p*xSimp[(ckd*f + akxexg)*x(m + 1) - cx(exf - d*g)*(m
+ 2%p + 3)*x, x], x], x] /; FreeQl{a, c, d, e, £, g, pr, x] && NeQ[c*d"2 +
axe”2, 0] && LtQ[m, -1] && (IntegerQ[m] || IntegerQ[p] || IntegersQ[2+*m, 2%
pl)

Rule 844

Int[((d_.) + (e_.)*(x_))"(m)*x((f_.) + (g_.)*x(x_))*((a_) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*x(a + c*xx"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + e*x)"m*(a + c*x~2)7p, x], x] /; FreeQ[{a, c, d,
e, £, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && 'IGtQ[m, O]

Rule 419

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp [(1*E1lipticF[ArcSin[Rt[-(d/c), 2]1*x], (bxc)/(a*xd)])/(Sqrtl[al*Sqrt[c]*Rt
[-(d/c), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ
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[a, 0] && !'(NegQ[b/a]l && SimplerSqrtQ[-(b/a), -(d/c)1)

Rule 1651

Int [(Pq_)*((d_ ) + (e_)*x(x_)) " (m_)*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :>
With[{Q = PolynomialQuotient[Pq, d + e*x, x], R = PolynomialRemainder [Pq,

d + e*xx, x]}, Simp[(e*R*x(d + exx)"(m + 1)*(a + c*x"2)"(p + 1))/((m + 1)*(c*
d"2 + axe”2)), x] + Dist[1/((m + 1)*(c*d"2 + a*e”2)), Int[(d + exx)"(m + 1)
x(a + c*xx72) "pxExpandToSum[(m + 1)*(c*xd™2 + a*e”2)*Q + cxd*Rx(m + 1) - cxex
Rx(m + 2xp + 3)*x, x], x], x]1] /; FreeQl[{a, c, d, e, p}, x] && PolyQ[Pq, x]
&& NeQ[c*d~2 + a*e”2, 0] && LtQ[m, -1]

Rubi steps
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x3 (a +b csc‘l(cx)) 24° (a +b Csc‘l(cx)) 6d> (a +besc (cx)) 6dVd + ex (a +b csc‘l(cx)) 2(d + ex)%?
(d + ex)>2 T 3etd+ex)2 AA + ex - et "
243 (a +b csc‘l(cx)) 62 (a +besc! (cx)) 6dVd + ex (a +b csc‘l(cx)) 2(d + ex)3?
T Betdrexp? AI 1 ex - oA +
24° (a +b csc‘l(cx)) 6d? (a +besc (cx)) 6dVd + ex (a +b csc‘l(cx)) 2(d + ex)3?
T Betdrexy? AI 1 ex - oA +
24° (a +b csc‘l(cx)) 6d> (a +besc (cx)) 6dVd + ex (a +b csc‘l(cx)) 2(d + ex)3?
T Betdrexp? AI 1 ex - oA +
24° (a +b csc‘l(cx)) 6d> (a +besc (cx)) 6dVd + ex (a +b csc‘l(cx)) 2(d + ex)3?
= - - +

=— +
n 32
3ce? (c2d2 - ez) AJ1- ﬁx\/d + ex 3et(d + ex)

=— +
n 32
3ce? (c2d2 — ez) N ﬁx\/d + ex 3et(d + ex)

3e4(d + ex)3/2

68bd? (1 — c2x?)

et\d + ex

et

24° (a +b csc‘l(cx)) 6d> (a +bescl (cx)) 6d\

- +
1 32
3ce? (czd2 — ez) AJ1- ﬁx\/d + ex 3et(d + ex)

68bd? (1 — c2x?)

e*\d + ex

24° (a +b Csc‘l(cx)) 6d> (a +besc! (cx)) 6d\

- +
1 32
3ce? (c2d2 — ez) AJ1- ﬁx\/d + ex 3et(d + ex)

4bd? (1 - szz)

e*\d + ex

24° (a +b csc‘l(cx)) 6d> (a +besc! (cx)) 6d\

3ce? (czal2 — ez) AJ1- ﬁx\/d + ex

4bd? (1 — szz)

+

3et(d + ex)3/2

e*\Vd + ex

2d% (a+bescM(cx)) 642 (a+besc(ex))  6d

- +
4 32
3ce? (c2d2 — ez) AJ1- ﬁx\/d +ex 3e(d + ex)

4hd? (1 - szz)

e*\d + ex

24° (a +b csc‘l(cx)) 642 (a +besc! (cx)) 6d\

4hd? (1 - c2x2)

e*\d + ex

24° (a +b csc‘l(cx)) 64> (a +b csc‘l(cx)) 6d\

et\d + ex
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Mathematica [C] time = 13.935, size = 887, normalized size = 1.47

e—cex | cd+cex
x(cx+1)4/ [(cd+£
Vi cd+e cd—e
ZCOS(ZCSC_l(CX)) dx,/MchzszllipticF sin~ 1 1-cx , 2e 2-
cd+e V2 [ cd+e

52
2( é +e) (cx)™2

a(%-+1)w28_%(4,—;)d4

eA(d + ex)d2

+

Antiderivative was successfully verified.

[In] Integrate[(x~3*(a + b*ArcCsclc*x]))/(d + exx)~(5/2),x]

[Out] (a*xd~4*(1 + (e*xx)/d)~(5/2)*Betal-((e*xx)/d), 4, -3/2])/(e"4x(d + exx)~(5/2))
+ (bx(=((c™3*(e + d/x) " 3*x"3*((-4*Sqrt[1 - 1/(c™2%x72)])/(3*xe*x(-(c~2*d"2)
+ e72)) + (32xckdxArcCsclc*x])/(3*xe”4) - (2xc*kdxArcCsclc*x])/(3*xe"2x(e + d/
x)72) - (2*cxx*xArcCsclc*x])/(3*%e73) - (2% (-2xc™2xd"2*exSqrt[1 - 1/(c™2%x72)
1 - 7xc™3*d"3*ArcCsc[cxx] + T*xc*xd*e 2xArcCsclc*x]))/(3*e”3*(-(c™2*xd"2) + e~
2)*x(e + d/x))))/(d + e*xx)7(5/2)) + (2x(e + d/x)~(5/2)*(c*x)~(5/2)* ((2%(8*c™
3xd~3%e - 8xcxd*e”3)*Sqrt[(ckd + cxexx)/(c*d + e)]*Sqrt[l - c™2xx"2]*Ellipt
icF[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2*e)/(cxd + e)])/(Sqrt[l - 1/(c"2*x~2)]
xSqrt e + d/x]*(cxx)~(3/2)) + (2%(16%xc™4*d"4 - 16%c™2xd"2*e”2 - e~4)*Sqrt [(
cxd + cxexx)/(cxd + e)]*Sqrt[1 - c™2xx"2]*EllipticPi[2, ArcSin[Sqrt[l - c*x
1/8qrt[2]1], (2*e)/(cxd + e)]1)/(Sqrt[1 - 1/(c”2*x"2)]*Sqrt[e + d/x]*(c*x)~(3
/2)) + (2%e”3*Cos[2*ArcCsclcxx]]*((c*d + ckxe*xx)*(-1 + c™2*x"2) + c”2*d*x*Sq
rt[(cxd + cxexx)/(c*d + e)]*Sqrt[1l - c™2%x"2]*EllipticF[ArcSin[Sqrt[1 - c*x
1/8qrt[2]], (2xe)/(cxd + e)] - (c*x*(1 + c*x)*Sqrt[(e - cxexx)/(c*d + e)]*S
grt[(c*d + c*exx)/(cxd - e)]*((c*d + e)*EllipticE[ArcSin[Sqrt[(c*d + c*xe*x)
/(cxd - e)]], (c*xd - e)/(c*xd + e)] - exEllipticF[ArcSin[Sqrt[(c*d + c*xexx)/
(cxd - e)]], (c*xd - e)/(c*xd + e)]))/Sqrt[(ex(1 + c*x))/(-(cxd) + e)] + cxex
x*xSqrt [(cxd + cxe*x)/(c*d + e)]*Sqrt[l - c™2xx"2]*EllipticPi[2, ArcSin[Sqrt
[1 - c*x]/Sqrt[2]], (2%e)/(cxd + e)]))/(Sqrt[l - 1/(c”2*x~2)]*Sqrtle + d/x]
*xSqrt [cxx]* (-2 + c™2%x72)))) /(3% (c*d - e)*e”4x(c*xd + e)*x(d + exx)~(5/2))))/

c"4

Maple [A] time = 0.288, size = 1077, normalized size = 1.8

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*(at+b*arccsc(c*x))/(exx+d)~(5/2),x)

[Out] 2/e"4x(ax(1/3*(exx+d)~(3/2)-3*d* (exx+d) ~(1/2)-3*d"2/ (exx+d) ~(1/2)+1/3*d"3/(
exx+d) " (3/2) ) +b*x(1/3* (e*xx+d) " (3/2) *arccsc (c*x) -3*arccsc (c*x) *d* (exx+d) ~(1/2
)-3*arccsc(c*x)*d"2/ (exx+d) ~(1/2)+1/3*arccsc(c*x) *d~3/ (exx+d) ~(3/2)+2/3/c~2
*((c/(c*xd-e)) " (1/2) *(exx+d) "2%c~3*%d"2-8* (- ((e*xx+d) *c-d*c+e) / (c*xd-e)) ~(1/2) *
(- ((exx+d)*c-d*c-e) /(cxd+e)) ~(1/2) *E1llipticF ((e*xx+d) ~(1/2)*(c/(c*d-e))~(1/2
), ((c*xd-e)/(c*xd+e)) ~(1/2)) * (exx+d) ~(1/2) *c~3*d"3+16% (- ((e*x+d) *c-d*c+e) / (c*
d-e))~(1/2)* (- ((e*x+d) *c-d*c-e) /(c*xd+e) )~ (1/2) *E1lipticPi ((e*xx+d) ~(1/2)*(c/
(cxd-e))~(1/2) ,1/c*(c*xd-e)/d, (c/(cxd+e)) " (1/2) /(c/(c*d-e)) ~(1/2) ) * (exx+d) " (
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1/2)*c~3*d"3-2*(c/(c*d-e) )~ (1/2) * (exx+d) *c~3*d"3+(c/ (cxd-e) )~ (1/2) *c~3*d~4+
7+ (- ((exx+d) *c—-d*c+e) /(c*xd-e) ) " (1/2) * (- ((exx+d) *c-d*c-e) / (c*d+e) ) ~(1/2) *E11l
ipticF((e*x+d)~(1/2)*(c/(c*d-e))~(1/2), ((c*d-e)/(c*kd+e)) " (1/2))*(e*xx+d) ~(1/
2) xc*xd*e” 2+ (- ((exx+d) *c—d*c+e) / (c*xd-e)) " (1/2) * (- ((exx+d) *c—d*c-e) / (c*d+e) )~
(1/2)*E1lipticE((e*xx+d) ~(1/2)*(c/(cxd-e))~(1/2), ((c*d-e)/(cxd+e)) ~(1/2)) (e
*x+d) ~(1/2) *c*d*e~2-16* (- ((e*xx+d) *c-d*c+e) / (cxd-e) ) ~(1/2) * (- ((exx+d) *c—d*c—
e)/(c*xd+e)) (1/2)*E1llipticPi((e*x+d)~(1/2)*(c/(c*d-e))~(1/2),1/c*(cxd-e)/d,
(c/(cxd+e))~(1/2)/(c/(cxd-e)) " (1/2)) *(exx+d) " (1/2) *cxd*e~2- (- ((e*xx+d) *c—d*c
+e)/(c*xd-e) )~ (1/2)* (- ((exx+d) *c-d*c-e)/(c*xd+e) )~ (1/2)*EllipticF ((exx+d) ~(1/
2)*(c/(c*xd-e))~(1/2), ((cxd-e)/(cxd+e)) ~(1/2) ) * (exx+d) ~(1/2) *e~3+ (- ((e*xx+d) *
c-dxc+e)/(c*xd-e) )~ (1/2) * (- ((exx+d) *c-d*c-e) /(c*xd+e)) ~(1/2) *E11lipticE((e*xx+d
)~ (1/2)*(c/(c*xd-e))~(1/2), ((cxd-e) /(c*xd+e)) ~(1/2) ) * (exx+d) ~(1/2)*e~3-(c/ (cx*
d-e))~(1/2)*cxd"2%e”2) /(cxd-e) /(c/(c*xd-e)) ~(1/2)/ (exx+d) ~(1/2) / (c*xd+e) /x/ ((
c" 2% (exx+d) "2-2*d*xc” 2% (exx+d)+c"2xd"2-e72) /c”"2/e"2/x"2) " (1/2)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccsc(c*x))/(e*xx+d)~(5/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

(bx3 arcesc (cx) + ax3)\/ex +d

X
e3x3 +3de2x? + 3d2ex +d3

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccsc(c*x))/(e*xx+d)~(5/2),x, algorithm="fricas")

[Out] integral((b*x~3*arccsc(c*x) + a*x"3)*sqrt(e*xx + d)/(e”3%x73 + 3xdxe”2xx"2 +
3*%d~2*%e*xx + d~3), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*(atb*acsc(c*x))/(exx+d)**(5/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

(barcesc (cx) + a)x®
5
(ex +d)2

dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccsc(c*x))/(e*xx+d)~(5/2),x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)*x~3/(exx + d)~(5/2), x)
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x2 (a+b csel (cx))
f (d+ex)>/?

Optimal. Leaf size=440

3.70 b

A/ (d+6x) 1aq1s,s . -1 (V1= 2
_4b 1 - c2x? %EHIPUCF (sm ( \/;x) , ﬁ) B 242 (a +b csc‘l(cx)) N 4d (a + bcsc‘l(cx)) N 2Vd + ex (a +b
c2e2x([1 - % Vd + ex 3¢3(d + ex)? eVd + ex ¢

[Out] (4xbxd*(1 - c™2*xx72))/(3*xc*kex(c™2%d"2 - e72)*Sqrt[1 - 1/(c™2*x"2)]*x*Sqrt[d
+ exx]) - (2%d"2x(a + bxArcCsclc*x]))/(3*xe”3*(d + e*x)~(3/2)) + (4*d*x(a +
bxArcCsclc*x]))/(e”3*Sqrt[d + exx]) + (2+Sqrtl[d + exx]*(a + bxArcCscl[c*x]))

/e~3 - (4xb*d*Sqrt[d + exx]*Sqrt[l - c~2*x"2]*EllipticE[ArcSin[Sqrt[1 - c*x
1/8qrt[2]1], (2*e)/(cxd + e)])/(3*xe”2*(c™2*%d"2 - e~ 2)*Sqrt[1 - 1/(c™2*x72)]*
xxSqrt[(cx(d + exx))/(cxd + e)]) - (4xb*xSqrt[(c*x(d + e*x))/(c*d + e)]*Sqrt[

1 - ¢c™2*x72]*EllipticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2*e)/(cxd + e)])/(c”
2xe”2*xSqrt[1 - 1/(c™2*x"2) ] *x*Sqrt[d + exx]) - (32xbxd*Sqrt[(cx(d + exx))/(

cxd + e)]xSqrt[1 - c~2*x"2]*EllipticPi[2, ArcSin[Sqrt[1l - c*x]/Sqrt[2]], (2
xe)/(c*xd + e)])/(3*cxe”3xSqrt[1 - 1/(c”2*x"2)]*x*Sqrt[d + ex*xx])

Rubi [A] time = 2.18477, antiderivative size = 440, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 25, number of rules used = 17, integrand size = 21, e o T
integrand size

= 0.81, Rules used = {43, 5247, 12, 6721, 6742, 745, 21, 719, 424, 958, 932, 168, 538, 537,
835, 844, 419}

242 (a +b csc‘l(cx)) 4d (a +b csc‘l(cx)) 2Vd + ex (a +b csc‘l(cx)) 4bd (1 —~ szz) 4bd
T 3ddreyr 34/ - 3 - [ 1 -
e ex e3Vd + ex e 3cex/1 — 5 (Czd2 — 62) Vd + ex

Antiderivative was successfully verified.

[In] Int[(x"2%(a + b*ArcCsclc*x]))/(d + ex*xx)~(5/2),x]

[Out] (4xbxd*(1 - c™2*%xx72))/(3*xc*kex(c™2+%d"2 - e72)*Sqrt[1 - 1/(c™2%x72)]*x*Sqrt[d
+ exx]) - (2%d"2*%(a + bxArcCsc[c*x]))/(3xe”3*(d + e*x)~(3/2)) + (4xd*(a +

b*ArcCsclc*x]))/(e"3*Sqrt[d + exx]) + (2%Sqrtl[d + exx]x*(a + bxArcCsc[c*x]))

/e”3 - (4xb*xdxSqrt[d + e*xx]*Sqrt[l - c 2*x"2]*EllipticE[ArcSin[Sqrt[1 - c*x
1/8qrt[2]1], (2xe)/(cxd + e)])/(3xe"2x(c™2%d"2 - e72)*Sqrt[1 - 1/(c™2*x"2)]*

x*¥Sqrt[(cx(d + e*xx))/(cxd + e)]) - (4xbxSqrt[(c*x(d + exx))/(c*d + e)]*Sqrt[

1 - ¢c™2xx"2]*EllipticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2%e)/(cxd + e)])/(c”
2xe”2*Sqrt[1 - 1/(c™2*x72) ] *x*Sqrt[d + exx]) - (32xbxd*Sqrt[(cx(d + exx))/(

ckd + e)]xSqrt[1l - c™2xx"2]*EllipticPi[2, ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2
xe)/(cxd + e)])/(3xcxe™3*Sqrt[1 - 1/(c™2*x"2)]*x*Sqrt[d + exx])

Rule 43

Int[((a_.) + (b_D)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] && ( !'IntegerQ[n] || (EqQlc, 0] && Le
QL7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5247

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*(u_), x_Symbol] :> With[{v = IntHide
[u, x]}, Dist[a + b*ArcCsc[c*x], v, x] + Dist[b/c, Int[SimplifyIntegrand[v/
(x72xSqrt[1 - 1/(c"2*x"2)]1), x], x], x] /; InverseFunctionFreeQ[v, x]] /; F
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reeQ[{a, b, c}, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 6721

Int[(u_)*((a_.) + (b_)*(x )" (@ ))"(p_), x_Symbol] :> Dist[(b~IntPart [p]*(
a + b*x"n) “FracPart[p])/(x~ (n*FracPart[p])*(1 + a/(x"n*b)) FracPart[p]), In
t[uxx™ (nxp)*(1 + a/(x"n*b))"p, x], x] /; FreeQ[{a, b, pt, x] && !'IntegerQl
pl && ILtQ[n, O] && !'RationalFunctionQ[u, x] && IntegerQ[p + 1/2]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 745

Int[((d_) + (e_.)*x(x_)) " (m_)*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[
(ex(d + exx)"(m + 1)x(a + cxx"2)"(p + 1))/((m + 1)*(cxd”2 + a*e”™2)), x] + D
istlc/((m + 1)*(c*d™2 + a*xe”2)), Int[(d + e*xx)"(m + 1)*Simp[d*(m + 1) - ex*(
m + 2xp + 3)*x, x]*(a + c*xx"2)7p, x], x] /; FreeQ[{a, c, d, e, m, p}, x] &&
NeQ[c*xd™2 + a*xe”2, 0] && NeQ[m, -1] && ((LtQ[m, -1] && IntQuadraticQ[a, O,
c, d, e, m, p, x]) || (SumSimplerQ[m, 1] && IntegerQ[pl) || ILtQ[Simplify[
m + 2xp + 3], 0])

Rule 21

Int[(u_D)*((a_) + (b_)*(w_ )) " (m_.)*((c_) + (d_)*(v_))"(n_.), x_Symbol] :>
Dist[(b/d)"m, Int[ux(c + d*v)"(m + n), x], x] /; FreeQ[{a, b, c, d, n}, x]
&& EqQ[bxc - axd, 0] && IntegerQ[m] && ( !'IntegerQ[n] || SimplerQ[c + dx*x,
a + bx*xx])

Rule 719

Int[((d)) + (e_.)*(x_)) " (m_)/Sqrtl(a_) + (c_.)*x(x_)"2], x_Symbol] :> Dist[(
2xaxRt [-(c/a), 2]*(d + e*xx) m*Sqrt[1 + (c*x72)/al)/(cxSqrtla + c*x~2]*((c*(
d + exx))/(c*xd - axexRt[-(c/a), 2]))"m), Subst[Int[(1 + (2*xaxexRt[-(c/a), 2
1*xx72) /(c*d - a*exRt[-(c/a), 2]))"m/Sqrt[l - x~2], x], x, Sqrt[(1 - Rt[-(c/
a), 21*x)/21]1, x] /; FreeQ[{a, c, d, e}, x] && NeQ[cxd~2 + a*e”2, 0] && EqQ
(m~2, 1/4]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrt[al*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*d)])/(Sqrtlcl*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, ¢, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ[a, O]

Rule 958

Int[((f_.) + (g_)*(x_))"(m_)/(((d_.) + (e_.)*x(x_))*Sqrtl(a_) + (c_.)*x(x_)"
2]), x_Symbol] :> Int[ExpandIntegrand[1/(Sqrt[f + g*x]*Sqrtla + c*x72]), (f
+ gxx)~(n + 1/2)/(d + exx), x], x] /; FreeQl{a, c, d, e, £, g, x] && NeQ[
exf - dxg, 0] && NeQ[c*d™2 + a*e”2, 0] &% IntegerQ[n + 1/2]

Rule 932
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Int[1/C((d_.) + (e_.)*(x_))*Sqrt[(f_.) + (g_.)*x(x_)]*Sqrtl(a_) + (c_.)*(x_)
~2]), x_Symbol] :> With[{q = Rt[-(c/a), 2]}, Dist[1/Sqrt[al, Int[1/((d + ex
x)*Sqrt[f + g*x]*Sqrt[1 - g*x]*Sqrt[1 + g*x]), x], x]] /; FreeQ[{a, c, d, e
, T, g¥, x] && NeQlexf - dxg, 0] && NeQ[cxd™2 + axe”2, 0] && GtQ[a, O]

Rule 168

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_
)I*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
axd - b*x"2, x]*Sqrt[Simp[(d*e - cxf)/d + (f*x72)/d, x]]1*Sqrt[Simp[(d*g -
cxh)/d + (h*x~2)/d, x11), x], x, Sqrtlc + d*x]]1, x] /; FreeQ[{a, b, ¢, d, e
, £, g, h}, x] && GtQ[(d*e - cx*f)/d, 0]

Rule 538

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*x(x_)~"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1l + (d*x~2)/c]l/Sqrtlc + d*x~2], Int[1/((a +
b*x~2)*Sqrt [1 + (d*x~2)/cl*Sqrtle + £*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, £}, x] & '6tQlc, 0]

Rule 537

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e ) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (c*xf)/(d*e)])/(axSqrt[c]l*Sqrtlel*Rt[-(d/c), 2]), x] /; FreeQ[{a, b, c, d
, e, T}, x] && 'GtQ[d/c, 0] && GtQlc, 0] && GtQle, O] && '( 'GtQ[f/e, O]
&% SimplerSqrtQ[-(f/e), -(d/c)])

Rule 835

Int[((d_.) + (e_.)*(x_)) (@ )*((f_.) + (g_.)*(x_))*((a_) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Simp[((exf - dxg)*(d + exx)"(m + 1)*(a + c*x"2)"(p + 1))/
((m + 1)*(c*xd™2 + axe”2)), x] + Dist[1/((m + 1)*(c*d”™2 + axe”2)), Int[(d +
exx) " (m + 1)x(a + c*x72) "p*Simp[(cxd*f + axexg)*(m + 1) - cx(exf - dxg)*(m
+ 2%p + 3)*x, x], x], x] /; FreeQ[{a, ¢, d, e, f, g, p}, x] && NeQ[cxd~2 +
axe”2, 0] &% LtQ[m, -1] && (IntegerQ[m] || IntegerQ[p] || IntegersQ[2+*m, 2%
pl)

Rule 844

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_.)*xx_))*((a_) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*x(a + c*xx"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + exx) mx(a + c*xx"2)7p, x], x] /; FreeQ[{a, c, 4,
e, f, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && !'IGtQ[m, O]

Rule 419

Int[1/(8qrtl(a_) + (b_.)*(x_)"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp [(1*E1lipticF [ArcSin[Rt[-(d/c), 2]1*x], (b*c)/(a*xd)])/(Sqrt[al*Sqrt[c]*Rt
[-(d/c), 21), x] /; FreeQl{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ
[a, 0] && !(NegQ[b/al && SimplerSqrtQ[-(b/a), -(d/c)])

Rubi steps
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x? (a +b csc‘l(cx))

dx =

(d + ex)5/?

24> (a +b csc‘l(cx)) 4d (a +b CSC_l(CX)) 2Vd + ex (a +b CSC_l(CX))
- + +

307

2(8d2

363\/;

3e3(d + ex)32

e3Vd + ex

e3

1

2b) [
J

242 (a +b csc‘l(cx)) 4d (a +b csc‘l(cx)) 2Vd + ex (a +b csc‘l(cx))
=- + +

3e3(d + ex)3/2

e3Vd + ex

e3

242 (a +b csc‘l(cx)) 4d (11 +b csc‘l(cx)) 2Vd +ex (11 +b csc‘l(cx)) (Zb‘/:
= - + + +

3e3(d + ex)3/2

e3Vd + ex

e3

242 (a +b csc‘l(cx)) 4d (11 +b csc‘l(cx)) 2Vd + ex (11 +b csc‘l(cx)) (Zb‘/:
- + + +

3e3(d + ex)3/2

e3Vd + ex

e3

242 (a +b csc‘l(cx)) 4d (a +b csc‘l(cx)) 2Vd + ex (a +b csc‘l(cx)) (16bd2‘ﬁ
- + +

3e3(d + ex)3/2

12bd (1 - c2x?)

e3Vd + ex

e3

242 (a +b csc‘l(cx)) 4d (a +bescl (cx)) 2d

ce (czd2 - ez) A1 - ﬁx\/d + ex

12bd (1 - c2x?)

3e3(d + ex)3/2

+

e3Vd + ex

242 (a +b csc‘l(cx)) 4d (a +bescl (cx)) 2d

ce (c2d2 - ez) A1 - %x\/d + ex

4bd (1 - szz)

3e3(d + ex)3/2

+

e3Vd + ex

24> (a +b csc‘l(cx)) 4d (a +b Csc‘l(cx)) 2ve
+ JE—

= - 3 32
3ce (c2d2 - ez) AJ1- ﬁx\/d + ex 3e(d + ex)

4bd (1 - szz)

e3Vd + ex

24> (a +b csc‘l(cx)) 4d (a +b csc‘l(cx)) 2ve

= - 3 32
3ce (czdz — ez) AJ1- ﬁx\/d + ex 3e(d + ex)

4bd (1 - szz)

4+ —

e3Vd + ex

2d% (a+besc M cx))  4d(a+bescMex))  2Ve

= - 3 32
3ce (c2d2 - 62) AJ1- ﬁx\/d +ex 3e°(d + ex)

4bd (1 - szz)

e3Vd + ex

2d% (a+besc M cx))  4d(a+bescMex))  2Ve

= - 3 32
3ce (02d2 - 62) AJ1- ﬁx\/d +ex 3e°(d + ex)

e3Vd + ex
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Mathematica [C] time = 13.7893, size = 856, normalized size = 1.95

5/2 2(3621126—363), [ % Vl—czszlliptic

3 : 2(% +@) (cx)?2
2 -1 2 2 -1 ’ 1 d
5(d 3 4%“‘@'1 2csc’1(cx) 1écscfl(cx) 4(—26 csc™ (ex)d —C€1'1—ﬂd+26 csc (cx)) s ’1_52? ';+e(cx
‘ (3+) 362(62—C2d2)+ A 2(:2_242)(4 i V
39(§+e) 3e (E —cod )(;H’)
b|- _
(d+ex)5/2

Antiderivative was successfully verified.

[In] Integrate[(x"2*(a + b*ArcCsclc*x]))/(d + exx)~(5/2),x]

[Out] -((axd™3*(1 + (exx)/d)~(5/2)*Betal[-((e*x)/d), 3, -3/2])/(e”3*(d + exx)~(5/2

))) + (bx(=((c™3*(e + d/x) 3*x"3*((4d*xc*xd*Sqrt[1 - 1/(c™2%x"2)])/(3*xe"2x(-(c
~2%d”72) + e72)) - (16%ArcCsclc*x])/(3*%e~3) + (2*%ArcCsclc*x])/(3*%ex(e + d/x)
~2) + (4*x(-(cxd*exSqrt[l - 1/(c”2%xx72)]) - 2*c~2*d"2xArcCsclc*x] + 2%e”2xAr
cCsclc*x]))/(Bxe™ 2% (= (c™2*%d"2) + e"2)*(e + d/x))))/(d + exx)~(5/2)) - (2x(e
+ d/x) " (5/2)*(cxx) " (5/2) % (2% (3*c™2xd"2%e - 3*e”3)*Sqrt[(cxd + c*xexx)/(c*d
+ e)]*Sqrt[1 - c¢"2*x"2]*EllipticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2*e)/(c*
d + e)])/(Sqrtll - 1/(c™2*x"2)]*Sqrtle + d/x]*(c*x)~(3/2)) + (2%x(8xc~3*d"3

- 9xc*xd*xe”2) *Sqrt [(cxd + cxe*x)/(cxd + e)]*Sqrt[l - c™2*x"2]*EllipticPil[2,
ArcSin[Sqrt[1 - cxx]/Sqrt[2]], (2%e)/(cxd + e)])/(Sqrtl[l - 1/(c”2%x"2)]1*Sqr
tle + d/x]*(c*xx)~(3/2)) + (2%cxd*exCos[2xArcCscc*x]]*((c*d + ckxexx)*(-1 +

cT2xx72) + c”2*dxx*Sqrt[(cxd + cxe*xx)/(cxd + e)]*Sqrt[l - c™2*x"2]*Elliptic
F[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2*%e)/(cxd + e)] - (cxx*(1 + cxx)*Sqrt[(e

- cxe*x)/(cxd + e)]*Sqrt[(cxd + cxexx)/(c*d - e)]*((cxd + e)*EllipticE[ArcS
in[Sqrt[(cxd + cxe*x)/(c*d - e)]], (c*d - e)/(c*d + e)] - exEllipticF[ArcSi
n[Sqrt[(cxd + c*exx)/(c*xd - e)]], (c*d - e)/(c*xd + e)]1))/Sqrt[(ex(1 + c*x))
/(=(c*xd) + e)] + ckxexx*Sqrt[(cxd + c*xe*xx)/(c*d + e)]*Sqrt[l - c™2xx"2]*E1li
pticPi[2, ArcSin[Sqrt[1 - c*x]/Sqrtl[2]], (2%e)/(c*d + e)]))/(Sqrt[1l - 1/(c”
2xx72)]*Sqrtle + d/x]*Sqrtlc*x]*(-2 + c™2%x72))))/(3*x(c*xd - e)*e”3*x(cxd + e
)x(d + exx)7(5/2))))/c”3

Maple [B] time = 0.289, size = 1038, normalized size = 2.4

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*(at+b*arccsc(c*x))/(e*xx+d)~(5/2),x)

[Out] 2/e"3x(ax((exx+d) " (1/2)+2xd/ (exx+d) ~(1/2)-1/3%d"2/ (exx+d) ~(3/2) ) +b* ((exx+d)

~(1/2) *arccsc(c*xx)+2*arccsc(c*x) *d/ (e*xx+d) ~(1/2)-1/3*arccsc(c*x) *d~2/ (e*xx+d
)~ (3/2)-2/3/c*x((c/(c*xd-e)) ~(1/2) * (e*xx+d) "2*c™2xd-4* (- ((exx+d) *c—-d*c+e) / (cxd
-e)) " (1/2)*x (- ((e*xx+d) *c-d*c-e)/(c*d+e)) " (1/2) *EllipticF ((e*x+d) ~(1/2)*(c/(c
*d-e)) " (1/2), ((cxd-e)/(cxd+e) )~ (1/2)) *(e*xx+d) " (1/2) *c~2*xd"2+8%* (- ((e*x+d) *c—
dxc+e) /(c*xd-e) )~ (1/2)*x (- ((exx+d) *c-d*c-e)/(cxd+e)) ~(1/2)*E1llipticPi ((e*xx+d)
~(1/2)*(c/(cxd-e))~(1/2) ,1/c*(c*xd-e) /d, (c/(cxd+e) )~ (1/2) /(c/(c*d-e))~(1/2))
* (exx+d) ~(1/2) xc™2*xd"2+ (- ((e*xx+d) *c-dxc+e) / (c*d-e) ) ~(1/2) * (- ((exx+d) *c-d*c-
e)/(cxd+e))~(1/2)*E1llipticE((exx+d) ~(1/2)*(c/(c*d-e))~(1/2), ((cxd-e)/(cxd+e
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)) T (1/2))* (exx+d) ~(1/2) *c~2*xd"2-2* (c/ (c*d-e) ) ~(1/2) * (e*xx+d) xc~2*d"2- (- ((e*x
+d)*xc-d*c+e) /(cxd-e) )~ (1/2) * (- ((exx+d) *c-d*c-e) / (cxd+e) ) ~(1/2)*EllipticF ((e
*xx+d) " (1/2)*(c/(cxd-e) )~ (1/2), ((c*d-e) /(c*xd+e)) " (1/2) ) * (exx+d) " (1/2) *c*d*e+
(= ((exx+d)*c-d*xc+e) /(cxd-e)) ~(1/2) * (- ((exx+d) *c-d*c-e) /(c*xd+e) )~ (1/2)*xEllip
ticE((e*xx+d) ~(1/2)*(c/(c*d-e))~(1/2), ((cxd-e)/(c*xd+e)) ~(1/2) ) *(exx+d) ~(1/2)
*cxdxe+(c/(cxd-e) )~ (1/2) *c™2*d"3+3* (- ((e*x+d) *c—-d*c+e) / (cxd-e) ) ~(1/2)*x(-((e
*xx+d) *c-d*c-e)/(c*xd+e)) ~(1/2)*E1lipticF ((exx+d) ~(1/2)*(c/(cxd-e))~(1/2), ((c
*d-e)/(c*xd+e)) " (1/2)) *(exx+d) " (1/2) *e"2-8* (- ((e*x+d) *c-d*c+e) / (cxd-e) )~ (1/2
)* (= ((e*xx+d)*c-dxc-e)/(c*d+e)) " (1/2)*E1lipticPi ((e*x+d) ~(1/2)*(c/(c*d-e) )~ (
1/2),1/c*(cxd-e)/d, (c/(c*xd+e))~(1/2)/(c/(c*xd-e)) ~(1/2) ) *x(exx+d) ~(1/2) *e~2-(
c/(cxd-e))~(1/2)*d*e~2) /(cxd-e)/(c/(c*xd-e)) ~(1/2)/(e*xx+d) ~(1/2) / (cxd+e) /x/(
(c™2* (exx+d) "2-2*d*c™2* (exx+d) +c~2%d"2-e72) /c"2/e"2/x72) " (1/2)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccsc(c*x))/(e*xx+d)~(5/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

(bx2 arcesc (cx) + axz)\/ex +d

X
e3x3 +3de2x? + 3d%ex +d3 7

integral
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x~2*(at+b*arccsc(cxx))/(exx+d)~(5/2),x, algorithm="fricas")

[Out] integral ((bxx~2*arccsc(c*x) + axx"2)*sqrt(e*xx + d)/(e”3*x"3 + 3*d*e”2*x"2 +
3xd"2%e*x + d73), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*(a+b*acsc(c*x))/(exx+d)**(5/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

(barcesc (cx) + a)x?
5
(ex +d)2

dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccsc(c*x))/(e*xx+d)~(5/2),x, algorithm="giac")

[Out] integrate((b*arccsc(cxx) + a)*x~2/(exx + d)~(5/2), x)
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x(a+bcsc(ex)
3711 | ( — ) g
(d+ex)>/
Optimal. Leaf size=314
2 (a +b csc‘l(cx)) 2d (a +b csc‘l(cx)) 4b (1 - szz) 4bV1 - 2x2Vd + exE (sin_l (%

[Out] (-4*b*x(1 - c™2%x72))/(3*c*x(c™2+%d"2 - e"2)*Sqrt[1 - 1/(c™2xx72)]*x*Sqrt[d +
exx]) + (2xd*(a + bxArcCsclc*x]))/(3xe”2x(d + exx)~(3/2)) - (2x(a + bxArcCs
clexx]))/(e™2xSqrt[d + e*x]) + (4*xbxSqrt[d + exx]*Sqrt[l - c™2*xx"2]*Ellipti
cE[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(c*d + e)])/(3xex(c™2*d"2 - e~2)*Sq

rt[1 - 1/(c™2%x72) ] *x*Sqrt[(c*x(d + e*x))/(cxd + e)]) + (8xb*Sqrt[(cx(d + ex
x))/(cxd + e)]*Sqrt[1 - c 2*x"2]*EllipticPi[2, ArcSin[Sqrt[1 - c*x]/Sqrt[2]

1, (2%e)/(cxd + e)])/(3*xc*kxe”2*Sqrt[1 - 1/(c™2*x"2)]*x*Sqrt[d + exx])

Rubi [A] time = 2.00082, antiderivative size = 314, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 19, number of rules used = 14, integrand size = 19, /e
integrand size

= 0.737, Rules used = {43, 5247, 12, 6721, 6742, 745, 21, 719, 424, 958, 932, 168, 538, 537}

2 (a +b csc‘l(cx)) 2d (a +b CSC_l(CX)) 4b (1 - szz) 4bV1 - 2x2Vd + exE (sm_1 (

- + - +

+ - +
R 2 312
e2Vd + ex 3e%(d + ex) Bexy/1 - % (czd2 - ez) Vd + ex Bex4[1 - % (czd2 - ez) w/ﬂ
ceXx ceXx Ca

V2

I 2 372 |
e2Vd + ex 3¢%(d + ex) Bexq/1 - % (czd2 - ez) Vd + ex Bex4[1 - % (czd2 - ez) @
ceXx ceX Ca

Antiderivative was successfully verified.

[In] Int[(x*x(a + bxArcCsclc*x]))/(d + exx)~(5/2),x]

[Out] (—4*b*x(1 - c™2xx72))/(3*c*(c™2*%d"2 - e72)*Sqrt[1 - 1/(c”2*x72)]*x*Sqrt[d +
exx]) + (2xd*(a + bxArcCsclc*x]))/(3*xe”2x(d + exx)~(3/2)) - (2x(a + bxArcCs
clexx]))/(e™2xSqrt[d + e*x]) + (4*xbxSqrt[d + exx]*Sqrt[l - c™2*xx"2]*Ellipti
cE[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(c*d + e)])/(3xex(c™2*d"2 - e~2)*Sq

rt[1 - 1/(c™2%x72) 1 *x*Sqrt [(c*(d + exx))/(c*xd + e)]) + (8*b*Sqrt[(c*(d + ex
x))/(c*xd + e)]*Sqrt[1 - c™2%x"2]*E1llipticPi[2, ArcSin[Sqrt[1 - c*x]/Sqrt[2]

1, (2xe)/(cxd + e)])/(3*cxe”2*Sqrt[1 - 1/(c™2*x"2)]*x*Sqrt[d + exx])

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5247

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*(u_), x_Symbol] :> With[{v = IntHide
[u, x]}, Dist[a + b*ArcCsclc*x], v, x] + Dist[b/c, Int[SimplifyIntegrand[v/
(x~2xSqrt[1 - 1/(c"2*x"2)]1), x], x], x] /; InverseFunctionFreeQ[v, x]] /; F
reeQ[{a, b, c}, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]
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Rule 6721

Int[(u_)*((a_.) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[(b~IntPart [p]*(
a + b*x"n) “FracPart[p])/(x~ (n*FracPart[p])*(1 + a/(x"n*b)) FracPart[p]), In
t[uxx™ (nxp)*(1 + a/(x"n*b))"p, x], x] /; FreeQl[{a, b, p}, x] && !'IntegerQ[
pl && ILtQ[n, O] && !'RationalFunctionQ[u, x] && IntegerQ[p + 1/2]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 745

Int[((d_) + (e_.)*(x )) " (m )*((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :> Simp[
(ex(d + exx)"(m + DI*x(a + cxx"2)"(p + 1))/((m + 1)*(cxd”2 + a*e”™2)), x] + D
istlc/((m + 1)*(c*d™2 + a*xe”2)), Int[(d + e*xx) " (m + 1)*Simp[d*(m + 1) - ex*(
m + 2xp + 3)*x, x]*(a + c*xx"2)7p, x], x] /; FreeQ[{a, c, d, e, m, p}, x] &&
NeQ[c*d™2 + axe™2, 0] && NeQ[m, -1] && ((LtQ[m, -1] && IntQuadraticQ[a, O,
c, d, e, m, p, x]) || (SumSimplerQ[m, 1] && IntegerQ[pl) || ILtQ[Simplify[
m + 2*p + 3], 0])

Rule 21

Int[(u_.)*((a ) + (b_.)*x(v_)) " (m_.)*((c_) + (d_.)*x(v_))"(n_.), x_Symbol] :>
Dist[(b/d)"m, Int[u*(c + d*v)"(m + n), x], x] /; FreeQl{a, b, ¢, d, n}, x]
&& EqQ[b*xc - axd, 0] && IntegerQ[m] && ( !IntegerQ[n] || SimplerQ[c + d*x,
a + b*x])

Rule 719

Int[((d_) + (e_.)*(x_))"(m_)/Sqrtl(a_) + (c_.)*(x_)"2], x_Symbol] :> Dist[(
2*a*Rt [-(c/a), 2]*(d + e*x) m*Sqrt[1 + (c*x72)/al)/(c*Sqrtla + cxx~2]*((c*(
d + exx))/(c*d - a*exRt[-(c/a), 2]))"m), Subst[Int[(1 + (2*ax*exRt[-(c/a), 2
1%x72) /(c*d - axexRt[-(c/a), 2]))"m/Sqrt[l - x~2], x], x, Sqrt[(1 - Rt[-(c/
a), 21*x)/211, x] /; FreeQ[{a, c, d, e}, x] && NeQ[cxd™2 + a*e”2, 0] && EqQ
(m~2, 1/4]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl[(c_) + (d_.)*(x_)~2], x_Symbol] :> Simp[
(Sqrt[a]*EllipticE[ArcSin[Rt[-(d/c), 2]1*x], (bxc)/(a*d)])/(Sqrtlc]*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, 0]

Rule 958

Int [((£_.) + (g_)*(&x_))"(_)/((@d_.) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*(x_)"
2]), x_Symbol] :> Int[ExpandIntegrand[1/(Sqrt[f + g*x]*Sqrtl[a + c*x72]), (f
+ g*xx)"(n + 1/2)/(d + exx), x], x] /; FreeQl{a, c, d, e, £, g}, x] && NeQ[
exf - dxg, 0] && NeQ[c*d™2 + axe”2, 0] && IntegerQ[n + 1/2]

Rule 932

Int[1/C((d_.) + (e_.)*x(x_))*Sqrt[(f_.) + (g_.)*(x_)]1*Sqrtl(a_) + (c_.)*(x_)
~2]), x_Symbol] :> With[{q = Rt[-(c/a), 2]}, Dist[1/Sqrtl[al, Int[1/((d + ex
x)*Sqrt[f + gxx]*Sqrt[1 - g*x]*Sqrt[1l + g*x]), x], x]] /; FreeQ[{a, c, d, e
, T, g¥, x] && NeQ[exf - dxg, 0] && NeQ[c*d™2 + axe”2, 0] && GtQ[a, O]

Rule 168
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Int[1/(((a_.) + (b_.)*x(x_))*Sqrt[(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (f_.)*(x_
)I1xSqrt(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
axd - bxx"2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£*x72)/d, x]]*Sqrt[Simp[(d*g -
cxh)/d + (h*x~2)/d, x11), x], x, Sqrtlc + d*x]1, x] /; FreeQ[{a, b, ¢, d, e
, £, g, h}, x] && GtQ[(dxe - c*f)/d, 0]

Rule 538

Int[1/(((a_) + (b_.)*(x_)~2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1l + (d*x~2)/c]l/Sqrtlc + d*x~2], Int[1/((a +
b*x~2)*Sqrt[1 + (d*x~2)/c]*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, T}, x] && 'GtQlc, 0]

Rule 537

Int[1/(((a_) + (b_.)*x(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]1*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (c*xf)/(d*e)])/(axSqrt[c]l*Sqrtlel*Rt[-(d/c), 2]), x] /; FreeQ[{a, b, c, d
, e, f}, x] && 'GtQ[d/c, 0] && GtQ[c, 0] && GtQle, 0] && !'( !GtQ[f/e, 0]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rubi steps
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2(-2d-3ex)

bJ

dx
f x (a +b csc‘l(cx)) 2d (a +b csc‘l(cx)) 2 (a +b csc‘l(cx)) 362, [1- 55 2 (d+ex) 2
= +

dx = _
(d + ex)>2 * 3e2(d + ex)32 2\d + ex c
—2d-3ex
@2b) [ —=—"—dx
2d (11 +b csc‘l(cx)) 2 (a +b csc‘l(cx)) |1z e
= - +
3e2(d + ex)32 2\d + ex 3ce?

—2d-3ex

_ 2d (a +b csc‘l(cx)) 2 (a +b csc‘l(cx)) (Zb V- szz) f H(d+exPN1—c2x2 dx

+
2 32
3e?(d + ex) e2Vd + ex 3ce2. /1 — %x

3e 2d

V1 =22 (= _
2d (a +b csc‘l(cx)) 2 (a +b csc‘l(cx)) (2b 1-cx ) J ( e N2 x(dren) 2L
= - +
2 32
3e*(d + ex) e2\Vd + ex 3ce2. 1 - CZ%X

> 1 —
o 2d (a +b Csc‘l(cx)) 2 (a +b csc‘l(cx)) (4bd 1- c2x2) J eI 2R dx (Zb 1-

2 372
3e*(d + ex) e2Vd + ex 3ce2 1 - ﬁx

4b (1 - szz) 2d (a +b csc‘l(cx)) 2 (a +b csc‘l(cx)) (4bd V1 -c
= — —+ — —
c(c2d? - e?) \1 - S xVd +ex 3¢2(d + ex)2 e2Vd + ex
4b (1 - szz) 2d (a +b csc‘l(cx)) 2 (a +b csc‘l(cx)) (417 V1 -c2

- +
2 32 I
c (czdz - ez) NI ﬁx\/d +ex 3e%(d + ex) e2Vd + ex 3c

4b (1 - szz) 2d (a +b csc‘l(cx)) 2 (a +b csc‘l(cx)) (4b V1 -c

= - +
2 32 ™
3c (c2d2 - ez) NI ﬁx\/d +ex 3e%(d + ex) e2Vd + ex

4b (l - c2x2) 2d (a +b csc‘l(cx)) 2 (a +b csc‘l(cx)) 4bVd + e:
3¢ (c2d2 - ez) N ﬁx\/d + ex 3e2(d + ex)3/2 e2\d + ex p (c2

4h (1 - szz) 2d (a +b Csc‘l(cx)) 2 (a +b csc‘l(cx)) 4bVd +e:
2 372
3¢ (c2d2 —e2) \J1- ﬁx\/d +ex 3e?(d + ex) e2Vd + ex . (c2

4b (1 - c2x2) 2d (u +b csc‘l(cx)) 2 (a + bcsc‘l(cx)) 4bvd + e:
n

+ —
2 3/2 ,
- ﬁx, 1+ ex 3e?(d + ex) e2Vd + ex 3e (CA

Mathematica [C] time = 1.64907, size = 345, normalized size = 1.1

e(cx+1) [e—cex . . .. -1 c cd+e .. -1 c cd+e
1\ o—od A/ oo (—CdElllpthF (l sinh (1,—E Vd+€X),E) + cdE (lSlIlh (1’—m Vd+€X)|E) + 2
1
3c2de?x4[1 - 53

4ib, /-

c
cd+e

Antiderivative was successfully verified.

[In] Integrate[(x*(a + b*ArcCsclc*x]))/(d + e*x)~(5/2),x]
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[Out] (4xbxcxSqrtl[l - 1/(c™2*x72)]*x)/(3*x(c”2%d"2 - e72)*Sqrtld + exx]) - (2*a*x(2
*d + 3xexx))/(3xe”2x(d + exx)"(3/2)) - (2*%bx(2*%d + 3*exx)*ArcCsclcxx])/(3*e

“2%(d + exx)”(3/2)) + (((4%I)/3)*b*Sqrt[-(c/(cxd + e))]*Sqrt[(ex(1l + c*x))/
(=(c*xd) + e)]*Sqrtl[(e - cxe*xx)/(cxd + e)]*(c*d*EllipticE[I*ArcSinh[Sqrt[-(c
/(cxd + e))]*Sqrtld + e*xx]], (cxd + e)/(cxd - e)] - c*d*EllipticF[I*ArcSinh
[Sqrt[-(c/(c*d + e))]*Sqrt[d + e*xx]], (cxd + e)/(cxd - e)] + 2*(c*d + e)*El
lipticPi[1 + e/(cxd), I*ArcSinh[Sqrt[-(c/(c*d + e))]*Sqrtl[d + exx]], (cxd +
e)/(cxd - e)]))/(c™2xd*e”2xSqrt [1 - 1/(c™2%x72)]*x)

Maple [B] time = 0.286, size = 913, normalized size = 2.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(atb*arccsc(c*x))/(exx+d) "~ (5/2),x%)

[Out] 2/e”2*x(ax(-1/(exx+d)~(1/2)+1/3*d/ (e*xx+d) ~(3/2) ) +b*x(-1/(e*xx+d) ~(1/2) *arccsc(
cxx)+1/3*arccsc(c*xx) *d/ (exx+d) ~(3/2)+2/3/c*((c/(c*d-e)) " (1/2) * (exx+d) "2%c”~2
*d+2* (- ((exx+d) *c-d*c+e)/(cxd-e)) ~(1/2) * (- ((e*xx+d) *c-d*c-e) /(cxd+e) ) ~(1/2) *
EllipticPi((exx+d)~(1/2)*(c/(c*d-e))~(1/2),1/c*(cxd-e)/d, (c/(c*xd+e))~(1/2)/
(c/(c*xd-e))~(1/2)) *(e*xx+d) ~(1/2) *c~2xd~2- (- ((exx+d) *c-d*c+e) / (cxd-e) )~ (1/2)
* (- ((exx+d) *c-d*c-e)/(cxd+e)) ~(1/2)*E1llipticF ((e*xx+d) ~(1/2)*(c/(c*d-e)) ~(1/
2), ((cxd-e)/(cxd+e)) " (1/2) ) *x(exx+d) ~(1/2) *c~2*d"2+ (- ((e*x+d) *c-d*c+e) / (c*xd-
e))~(1/2) * (- ((e*x+d) *c-d*c-e) /(c*d+e) )~ (1/2)*E1lipticE((e*xx+d) ~(1/2)*(c/ (c*
d-e))~(1/2), ((cxd-e)/(c*xd+e)) " (1/2)) *(exx+d) ~(1/2) *c~2xd~2-2* (c/ (c*xd-e)) ~ (1
/2)* (e*xx+d) *c™2xd"2- (- ((e*xx+d) *c-d*c+e) / (cxd-e) )~ (1/2) * (- ((e*x+d) *c-d*c-e)/
(cxd+e))~(1/2)*EllipticF ((exx+d)~(1/2)*(c/(cxd-e))~(1/2),((c*d-e)/(cxd+e))”
(1/2))*(exx+d) " (1/2) *cxd*e+ (- ((exx+d) *c—-d*c+e) / (c*d-e) )~ (1/2) * (- ((exx+d) *c-
dxc-e)/(c*d+e))~(1/2)*EllipticE((e*xx+d) ~(1/2)*(c/(c*xd-e))~(1/2), ((c*xd-e)/(c
xd+e)) " (1/2) ) *x(exx+d) ~(1/2) *cxd*e+(c/(cxd-e)) " (1/2) *c~2*d"3-2x (- ((e*x+d) *c-
dxc+e)/(cxd-e) )~ (1/2)* (- ((exx+d) *c-d*c-e) /(c*d+e) )~ (1/2)*E11lipticPi ((exx+d)
~(1/2)*(c/(cxd-e))~(1/2) ,1/c*x(c*d-e) /d, (c/(c*xd+e) )~ (1/2)/(c/(c*d-e) )~ (1/2))
* (exx+d) " (1/2)*e™2-(c/(c*xd-e) )~ (1/2) *d*e~2) / (c*d-e) / (e*xx+d) " (1/2) / (c*d+e) / (
c/(c*xd-e))~(1/2)/d/x/ ((c"2*x (exx+d) "2-2*d*c™2* (e*xx+d) +c"2*xd"2-e72) /c"2/e"2/x
~2)°(1/2)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*arccsc(c*x))/(exx+d)~(5/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

(bx arccsc (cx) + ax)Vex + d

e3x3 + 3de2x? + 3d2ex + d3’

integral

Verification of antiderivative is not currently implemented for this CAS.



316

[In] integrate(x*(at+b*arccsc(c*x))/(e*xx+d)~(56/2),x, algorithm="fricas")

[Out] integral ((bxx*arccsc(c*x) + a*x)*sqrt(e*xx + d)/(e”3*x"3 + 3*d*e”2*x"2 + 3xd

“2%exx + d73), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*acsc(c*x))/(exx+d)**(5/2),%)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (barcesc (cx) + a)x
dx

5
(ex +d)2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*arccsc(cx*x))/(exx+d)~(5/2),x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)*x/(exx + d)~(5/2), x)
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379 f a+b csc™(cx) dx

(d+ex)>2

Optimal. Leaf size=298

) (a + bcsc‘l(cx)) 4be (1 _ szz) 4bV1 — c2x2\d + exE (sin_1 ( gx) IC{%) 4bV1 -2
- +

+ —_
312
3e(d + ex) Bcdx/1 - % (c2d2 - ez) Vd + ex 3dx4/1 - ﬁ czd2 ,/ ddrey)
cx cd+e

[Out] (4xbxex(1 - c”2%x72))/(3*cxd*(c™2+%d"2 - e”2)*Sqrt[1 - 1/(c”2%x72)]*x*Sqrt[d
+ exx]) - (2x(a + b*ArcCsclc*xx]))/(3*ex(d + e*x)”(3/2)) - (4*b*Sqrt[d + ex
x]*Sqrt[1 - c™2*xx"2]*EllipticE[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(cxd +
e)])/(3xd*x(c™2*d"2 - e”2)*Sqrt[1 - 1/(c™2*x"2)]*x*xSqrt[(cx(d + e*x))/(c*d +
e)]) + (4xb*xSqrt[(cx(d + e*x))/(cxd + e)]*Sqrt[l - c™2*x"2]*EllipticPi[2,
ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(c*d + e)])/(3*cxdxexSqrt[1 - 1/(c™2*x
~2) ] *x*Sqrt[d + ex*x])

Rubi [A] time = 0.408926, antiderivative size = 298, normalized size of antiderivative =

1., number of steps used = 12, number of rules used = 11, integrand size = 18, number of rules

= 0.611, Rules used = {56227, 1574, 958, 745, 21, 719, 424, 933, 168, 538, 537}

integrand size

) (a + bcsc‘l(cx)) 4Abe (1 _ szz) 4bV1 - 2x2\d + exE (sin_1 ( 1/_;3() ICj—ie) 4bV1 - c?
- +

+ —_
312
3e(d +ex) Bedxf1 - % (czd2 - ez) Vd + ex 3dx4/1 - ﬁ c2d2 w/ o)
cex cd+e

Antiderivative was successfully verified.

[In] Int[(a + b*ArcCsclc*x])/(d + ex*xx)~(5/2),x]

[Out] (4xbxex(1 - c™2*%x72))/(3*xc*kd*x(c™2*%d"2 - e”2)*Sqrt[1 - 1/(c™2*x72)]*x*Sqrt [d
+ exx]) - (2x(a + b*ArcCsclcxx]))/(3xex(d + e*x)~(3/2)) - (4*b*Sqrtld + ex
x]*Sqrt[1 - c™2*x"2]*EllipticE[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2%e)/(cxd +
e)])/(3*d*x(c™2xd"2 - e"2)*Sqrt[1 - 1/(c™2*x"2)I*x*Sqrt[(cx(d + e*x))/(cxd +

e)]) + (4xbxSqrt[(c*x(d + exx))/(cxd + e)]*Sqrt[l - c 2*x"2]*EllipticPil[2,
ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2%e)/(c*d + e)])/(3xc*d*xexSqrt[1 - 1/(c™2x*x
~2)]*xxSqrt[d + exx])

Rule 5227

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*((d_.) + (e_.)*(x_))"(m_.), x_Symbol
] > Simp[((d + exx)"(m + 1)*(a + b*ArcCsclc*x]))/(ex(m + 1)), x] + Dist[b/
(cxex(m + 1)), Int[(d + exx)"(m + 1)/(x"2*Sqrt[1 - 1/(c”2*x"2)]1), x], x] /;
FreeQ[{a, b, c, d, e, m}, x] && NeQ[m, -1]

Rule 1574

Int[(x )" (m_.)*((a_.) + (c_.)*x(x_)"(mn2_.))"(p_)*((d) + (e_)*x(x_)"(n_.))"
(q_.), x_Symbol] :> Dist[(x”(2*n*FracPart[p]l)*(a + c/x”(2*n)) FracPart[p])/
(c + a*x™(2*n)) “FracPart([p], Int[x"(m - 2*n*p)*(d + e*x"n) g*x(c + a*xx™(2*n)
)°p, x1, x] /; FreeQ[{a, ¢, d, e, m, n, p, q}, x] && EqQ[mn2, -2*n] && !In
tegerQ[p] && !'IntegerQlq]l && PosQ[n]

Rule 958

Int[((£_.) + (g_)*(x_))"(_)/(((d_.) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*(x_)"
2]), x_Symbol] :> Int[ExpandIntegrand[1/(Sqrt[f + g*x]*Sqrtla + c*x72]), (f
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+ g*xx)"(n + 1/2)/(d + exx), x], x] /; FreeQl{a, c, d, e, £, g}, x] && NeQ[
exf - dxg, 0] && NeQ[c*d™2 + axe”2, 0] && IntegerQ[n + 1/2]

Rule 745

Int[((d_) + (e_.)*x(x_)) " (m_)*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[
(ex(d + exx)"(m + Dx(a + c*xx"2)"(p + 1))/((m + 1)*(c*d™2 + a*xe”2)), x] + D
istlc/((m + 1)*(c*d™2 + a*xe”2)), Int[(d + e*xx) " (m + 1)*Simp[d*(m + 1) - ex*(
m + 2xp + 3)*x, x]*(a + c*xx"2)7p, x], x] /; FreeQ[{a, c, 4, e, m, p}, x] &&
NeQ[c*xd™2 + a*xe™2, 0] && NeQ[m, -1] && ((LtQ[m, -1] && IntQuadraticQ[a, O,
c, d, e, m, p, x]) || (SumSimplerQ[m, 1] && IntegerQ[pl) || ILtQ[Simplify[
m + 2*%p + 3], 0])

Rule 21

Int[(u_)*((a_) + (b_)*x(v_)) " (m_.)*((c_) + (d_.)*x(v_))"(n_.), x_Symbol] :>
Dist[(b/d) "m, Int[ux(c + d*v)~(m + n), x], x] /; FreeQ[{a, b, c, d, n}, x]
&& EqQ[bxc - axd, 0] && IntegerQ[m] && ( !'IntegerQ[n] || SimplerQ[c + dx*x,
a + bx*x])

Rule 719

Int[((d_) + (e_.)*(x_))"(m_)/Sqrtl(a_) + (c_.)*(x_)"2], x_Symbol] :> Dist[(
2xaxRt [-(c/a), 2]*(d + e*xx) m*Sqrt[1 + (c*x72)/al)/(cxSqrtla + c*xx™2]*((c*(
d + exx))/(c*xd - a*xexRt[-(c/a), 2]))"m), Subst[Int[(1 + (2*xaxexRt[-(c/a), 2
1*x72) /(c*d - axexRt[-(c/a), 2]))"m/Sqrt[l - x~2], x], x, Sqrt[(1 - Rt[-(c/
a), 21*x)/2]1], x] /; FreeQ[{a, c, d, e}, x] && NeQ[cxd™2 + a*e”2, 0] && EqQ
(m~2, 1/4]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrt[al*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*d)])/(Sqrtlcl*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, ¢, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ[a, O]

Rule 933

Int[1/C((d_.) + (e_.)*x(x_))*Sqrt[(f_.) + (g_.)*(x_)]1*Sqrtl(a_) + (c_.)*(x_)
~2]), x_Symbol] :> With[{q = Rt[-(c/a), 2]}, Dist[Sqrt[1l + (c*x72)/al/Sqrt[
a + c*xx72], Int[1/((d + e*x)*Sqrt[f + gxx]*Sqrt[l - g*x]*Sqrt[l + g*x]), x]
, x]1 /; FreeQ[{a, c, d, e, £, g}, x] && NeQ[exf - dxg, 0] && NeQ[c*d"2 + a
xe”2, 0] & !'GtQ[a, O]

Rule 168

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_
)I*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simpl[b*c -
axd - bxx"2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£f*x72)/d, x]]*Sqrt[Simp[(d*g -
c¥h)/d + (h*x~2)/d, x]1), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
, £, g, h}, x] && GtQ[(d*e - cx*f)/d, 0]

Rule 538

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*x(x_)"2]1*Sqrtl(e ) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d*x~2)/c]/Sqrtlc + d*x~2], Int[1/((a +
b*x"2)*Sqrt[1 + (d*x~2)/c]l*Sqrtle + f*x72]), x], x] /; FreeQ[{a, b, c, d, e
, T}, x] && 'GtQ[c, O]

Rule 537
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Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e ) + (f_.)*(x
_)721), x_Symbol] :> Simp[(1*E1lipticPil[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (c*f)/(dxe)])/(axSqre[cl*Sqre[e]*Rt[-(d/c), 21), x] /; FreeQl{a, b, c, d

, e, T}, x] &
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rubi steps
1
(2b) f —dx
a+ besc(cx) 2 (a +b csc‘l(cx)) \ ll—ﬁxz(dﬂzx)wz
f d+ex)2 T Be(d+exp2 30

2 (a +b csc‘l(cx))

1GtQ[d/c, 0] && GtQlc, 0] && GtQle, 0] &&

(Zb,/—lz +x2)f;
‘ x(d+ex)3/2 I_Cl2+x2

1( 1GtQ[f/e, 0]

dx

3e(d + ex)3?

3ce,/1 - ﬁx

oz +2) f|-—— =t —— dx
2 (1,1 +0b CSC_I(CX)) ‘ d(d-+ex)3/? —Clz+x2 dxVd+ex, [—Clz+x2

e(d + ex)32

2 (a +b csc‘l(cx))

3ceq/1 = ﬁx

2byJ- + xz) S (2b,/—l N x2) o
( c? f(d+ex)3/2 ,_CLZ‘*'XZ 2 fxm (__Ciz.;.‘

3e(d + ex)3?

3Cd1/1 - ﬁx

4be (1 - szz)

2 (a +b csc‘l(cx))

3cdeq[1 - ﬁx

d ex

) B 32
3cd (czd2 - 62) Jl—?x\/d.p—ex 3e(d + ex)

4be (1 - szz)

2 (a +b csc‘l(cx))

4b -1 +x2) _ iy,

( 2 fm ,—_C%erz
3cd(d2— ;)1/1 s

ooy T ) e

) B 3/2
3cd (2 = ) (L - mpxvArex AT )

4be (1 - szz)

2 (a +b csc‘l(cx))

(45\/ C(defj)Vl - szz) Subst f

B [ - 32
3cd (c2d2 _ e2) 1- ﬁx, [T+ ex 3e(d + ex)

4be (1 - szz)

2(a+ bescl(e)  AVT+exvT—E (sin” (

Bedeq(1 — -
C

\/;
ﬁ

i - 372
3ed (c2d2 - ¢2) \/1_? Witex Ged+en

3d (22 - ¢2) \J1 - %x\ﬁ
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Mathematica [B] time = 13.5131, size = 725, normalized size = 2.43

2e cos(2 csc_l(cx)) czdel—czxzwlellipticF sin~1{ Y1 ,i
cd+e V2 ) cd+e

o o] eV V) 2 )
2(cx)5/ 2(; +e) -

) cx(cx+1)4/ e;;f: 4/ crj;—fgx ((cd+

1 32 |d
1-—5—(cx —+e
CZXZ( ) x

cd

3e(cd—e)(cd+e)(d+ex)>/?

Antiderivative was successfully verified.

[In] Integrate[(a + bxArcCsclc*x])/(d + exx)~(5/2),x]

[Out] (-2xa)/(3*ex(d + e*x)~(3/2)) + (b*(-((c"3x(e + d/x)"3*x"3*((-4*Sqrt[1 - 1/(

c™2xx72)]) / (3xckd*x(c™2%d"2 - e72)) + (2xArcCsclc*x])/(3*c™2xd"2*e) + (2%e*A
rcCsclexx])/(3xc™2xd"2* (e + d/x)"2) - (4x(-(c*d*exSqrt[1l - 1/(c™2%x72)]) +
c"2*%d"2xArcCscc*x] - e 2*ArcCsclc*x]))/(3*%c™2xd"2%(c™2%d"2 - e"2)*(e + d/x
))))/(d + exx)7(56/2)) + (2x(e + d/x)7(5/2)*(c*x)~(5/2) * ((2*cxd*Sqrt [(cxd +
cxexx)/(cxd + e)]*Sqrt[1l - c 2*x"2]*EllipticPi[2, ArcSin[Sqrt[1 - c*x]/Sqrt
[2]11, (2xe)/(cxd + e)])/(Sqrtl[l - 1/(c™2*x72)]*Sqrtle + d/x]*(c*x)~(3/2)) -
(2%e*xCos [2xArcCsc[c*xx] ] *((cxd + cxexx)* (-1 + c™2%x72) + c”2xd*x*Sqrt[(c*d
+ cxexx)/(cxd + e)]*Sqrt[1 - c™2*x"2]*EllipticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2
11, (2%e)/(c*xd + e)] - (cxx*x(1 + c*x)*Sqrt[(e - cxexx)/(cxd + e)]*Sqrt[(c*d
+ cxexx)/(cxd - e)]*((cxd + e)*EllipticE[ArcSin[Sqrt[(cxd + c*e*x)/(cxd -
e)]], (cxd - e)/(cxd + e)] - exEllipticF[ArcSin[Sqrt[(c*d + cxexx)/(cxd - e
)11, (cxd - e)/(cxd + e)]))/Sqrt[(ex(1 + c*x))/(-(cxd) + e)] + cxexx*Sqrt [(
ckd + ckxexx)/(cxd + e)]*Sqrt[l - c”2*x"2]*EllipticPi[2, ArcSin[Sqrt[l - c*x
1/8qrt[2]], (2xe)/(cxd + e)]))/(c*xd*Sqrt[1l - 1/(c”™2*x~2)]1*Sqrt[e + d/x]*Sqr
tlokx]* (-2 + c™2%x72))))/(3*(cxd - e)*ex(c*d + e)*(d + exx)~(5/2))))/c

Maple [B] time = 0.279, size = 886, normalized size = 3.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*x))/(exx+d)~(5/2),x)

[Out] 2/ex(-1/3%a/(exx+d) "~ (3/2)+b*x(-1/3/ (exx+d) ~(3/2)*arccsc(c*x)-2/3/c*((c/(cxd-

e))~(1/2) * (exx+d) ~2%c~2*d- (- ((e*x+d) *c-d*c+e) / (c*d-e) )~ (1/2) * (- ((exx+d) *c-d
xc-e)/(c*xd+e) )~ (1/2)*E1llipticPi((e*xx+d) ~(1/2)*(c/(c*d-e))~(1/2),1/c*(c*d-e)
/d, (c/(cxd+e))~(1/2)/(c/(c*xd-e)) " (1/2))*(exx+d) " (1/2) *c~2*d"2- (- ((e*xx+d) *c—
dxc+e) /(c*xd-e) )~ (1/2)*x (- ((exx+d) *c-d*c-e)/(c*xd+e)) ~(1/2)*EllipticF ((exx+d)~
(1/2)*(c/(c*xd-e))~(1/2), ((cxd-e)/(c*xd+e)) ~(1/2)) * (exx+d) ~(1/2) *c~2xd~2+ (- ((
exx+d) *c-d*xc+e) / (cxd-e)) ~(1/2) * (- ((exx+d) xc-d*c-e) /(c*xd+e) ) ~(1/2)*E1llipticE
((exx+d) " (1/2)*(c/(c*xd-e)) ~(1/2), ((c*d-e) /(cxd+e) )~ (1/2) ) * (e*xx+d) ~(1/2)*c~2
*d"2-2%(c/(c*xd-e) )~ (1/2) * (exx+d) *c~2*xd"2- (- ((e*x+d) *c—-d*xc+e) / (cxd-e) ) ~(1/2)
*x (- ((exx+d) *c-d*c-e)/(cxd+e)) ~(1/2)*E1llipticF ((e*x+d) ~(1/2)*(c/(cxd-e)) ~(1/
2), ((c*xd-e)/(cxd+e) )~ (1/2) ) *(exx+d) " (1/2) *c*xd*e+ (- ((exx+d) *c-d*c+e) / (c*xd-e)
)~ (1/2)* (= ((exx+d) *c-d*c-e) / (c*d+e)) ~(1/2) *E1llipticE((e*x+d) ~(1/2)*(c/ (c*d-
e))~(1/2), ((c*xd-e)/(c*xd+e)) " (1/2) ) *x (exx+d) ~(1/2) *c*d*e+(c/(c*xd-e) )~ (1/2)*c”
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2%d"3+ (- ((e*xx+d) *c-d*c+e) / (c*xd-e) )~ (1/2) *x (- ((exx+d) *c-d*c-e) / (cxd+e) )~ (1/2)
*E1lipticPi((e*x+d)~(1/2)*(c/(c*d-e))~(1/2),1/c*x(cxd-e)/d, (c/(c*xd+e)) " (1/2)
/(c/(cxd-e))~(1/2) ) *(exx+d) ~(1/2)*e"2-(c/(cxd-e)) " (1/2) *d*e”2) /(cxd-e) / (e*xx
+d) " (1/2)/(cxd+e)/(c/(cxd-e))~(1/2)/d"2/x/ ((c™2* (e*xx+d) ~2-2*%d*c~2* (e*xx+d) +c
~2xd"2-e72)/c"2/e"2/x72)"(1/2)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arccsc(c*x))/(e*x+d)~(5/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/(e*xx+d)~(5/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(c*x))/(e*xx+d)**(5/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

barccsc(cx) +a
— dx

(ex +d)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/(e*x+d)~(5/2),x, algorithm="giac")

[Out] integrate((b*arccsc(cxx) + a)/(exx + d)~(5/2), x)
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373 f a+b csc™(cx)

x(d+ex)°/?
Optimal. Leaf size=23

a+besc(cx) )

Unintegrable (W, X

[Out] Unintegrable[(a + b*ArcCsc[c*x])/(x*(d + e*x)~(5/2)), x]

Rubi [A] time = 0.0881453, antiderivative size = 0, normalized size of antiderivative
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, mtegrand size
0., Rules used = {}
a+ besc(cx)
[rrbecie,

x(d + ex)°?

Verification is Not applicable to the result.
[In] Int[(a + bxArcCsclc*x])/(xx(d + exx)~(5/2)),x]

[Out] Defer[Int][(a + b*ArcCsclc*x])/(xx(d + e*xx)~(5/2)), x]
Rubi steps

f a+besc(cx) = f a+besc(cx) N

x(d + ex)>2 x(d + ex)>2

Mathematica [A] time = 25.1508, size = 0, normalized size = 0.

b -1
fu+ csc(cx) P

x(d + ex)52

Verification is Not applicable to the result.

[In] Integrate[(a + b*ArcCsclcxx])/(xx(d + e*x)~(5/2)),x]

[Out] Integrate[(a + b*ArcCsclc*x])/(xx(d + e*xx)~(5/2)), x]

Maple [A] time = 3.867, size = 0, normalized size = 0.

f a+ barzcsc (cx) (ex + d)_; .

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*x))/x/(exx+d)~(5/2),x%)

[Out] int((atb*arccsc(c*x))/x/(exx+d)~(5/2),x)
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x/(exx+d)~(5/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 0., size = 0, normalized size = 0.

Vex + d(b arccsc (cx) + a)

e3x4 + 3de2x® + 3d%ex? + d3x’

integral
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((at+b*arccsc(c*x))/x/(e*x+d)~(5/2),x, algorithm="fricas")

[Out] integral(sqrt(exx + d)*(b*arccsc(cxx) + a)/(e"3*x"4 + 3*kd*xe”2xx"3 + 3*d"2xe

*x72 + d73%x), X)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(cxx))/x/(exx+d)**(5/2),x)

[Out] Timed out

Giac [A] time = 0., size = 0, normalized size = 0.

5

barccsc (cx) +a
f dx
(ex +d)2x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x/(exx+d)~(5/2),x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)/((exx + d)~(5/2)*x), x)
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3 74 f a+b csc™(cx)

x2(d+ex)>2
Optimal. Leaf size=23

a+besc(cx) )

Unintegrable (W, X

[Out] Unintegrable[(a + b*ArcCsc[c*x])/(x"2*(d + e*x)~(5/2)), x]

Rubi [A] time = 0.101364, antiderivative size = 0, normalized size of antiderivative
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, - — =
integrand size
0., Rules used = {}
f a+ besc(cx)

x2(d + ex)>2

Verification is Not applicable to the result.
[In] Int[(a + bxArcCsclc*x])/(x"2%(d + exx)~(5/2)),x]

[Out] Defer[Int][(a + bxArcCsclc*x])/(x"2%(d + exx)~(5/2)), x]
Rubi steps

f a+besc(cx) = f a+besc(cx) i

x2(d + ex)>/? x2(d + ex)>/?

Mathematica [A] time = 25.371, size = 0, normalized size = 0.

b -1
fu+ csc(cx) P

x2(d + ex)°2

Verification is Not applicable to the result.

[In] Integrate[(a + b*ArcCsclcxx])/(x"2*%(d + exx)~(5/2)),x]

[Out] Integrate[(a + b*ArcCsclc*x])/(x"2x(d + exx)~(5/2)), x]

Maple [A] time = 4.704, size = 0, normalized size = 0.

f a+ bar;zcsc (cx) (ex + d)_; i

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arccsc(cx*x))/x"2/(exx+d) " (5/2),x)

[Out] int((atb*arccsc(c*x))/x"2/(exx+d)~(5/2) ,%)
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x"2/(e*xx+d)~(5/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 0., size = 0, normalized size = 0.

Vex + d(b arccsc (cx) + a)

e3x5 + 3 de2x* + 3 d%exd + d3x2’

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x"2/(exx+d)~(5/2),x, algorithm="fricas")

[Out] integral(sqrt(exx + d)*(b*arccsc(cxx) + a)/(e”3*x"5 + 3kd*xe”2*xx"4 + 3*d"2xe
*x73 + d73*x72), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*acsc(cxx))/x**2/(exx+d)**(5/2),x)

[Out] Timed out

Giac [A] time = 0., size = 0, normalized size = 0.

barccsc (cx) +a
f dx

5
(ex + d)2x?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/x"2/(e*xx+d)~(5/2),x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)/((exx + d)~(5/2)*x72), x)
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3.75 f a+b csc™(cx) dx

(d+ex)”/2

Optimal. Leaf size=540

(@46X) rye e .1 (V1= 2
4bV1 - c2x2 | = —EllipticF (sm ! ( ﬁcx) , ﬁ) 2 (a+besc(cx) ) 4be (1 - ) )
- 572
15dx4/1 - % (czal2 — ez) Vd + ex Se(d + ex) Scd?x4[1 — ﬁ (czcl2 — ez) Vd + ex 15x\

[Out] (4xbxex(1 - c™2*x72))/(15*%ckd*(c™2*xd"2 - e72)*Sqrt[1 - 1/(c™2*x"2)]1*x*(d +
e*xx)7(3/2)) + (16%b*xckex(1l - c™2%x72))/(16%(c”™2*d"2 - e72)"2xSqrt[1 - 1/(c”
2xx72) ] *x*Sqrt [d + exx]) + (4xbkxex(1l - c™2%x72))/(5*cxd™2*(c™2xd"2 - e72)*S
grt[1 - 1/(c™2*xx72)]*x*Sqrt[d + exx]) - (2*(a + b*ArcCsclc*x]))/(6xex(d + e
*x)7(5/2)) - (4xbx(7*c™2+%d"2 - 3*e”2)*Sqrt[d + e*x]*Sqrt[l - c™2xx"2]*Ellip
ticE[ArcSin[Sqrt[1 - c*xx]/Sqrt[2]], (2xe)/(cxd + e)])/(16%(c™2*d"3 - d*e”2)
“2xSqrt[1 - 1/(c™2*x72) ] *x*xSqrt[(c*(d + exx))/(cxd + e)]) + (4xb*Sqrt[(cx(d
+ exx))/(cxd + e)]*Sqrt[l - c”2*x"2]*EllipticF[ArcSin[Sqrt[1 - c*x]/Sqrt[2
11, (2%e)/(c*xd + e)])/(15xdx(c™2*d"2 - e~2)*Sqrt[1 - 1/(c”2*x72)]*x*Sqrt[d
+ exx]) + (4xb*Sqrtl[(cx(d + exx))/(c*d + e)]*Sqrt[l - c™2xx"2]*EllipticPil[2
, ArcSin[Sqrt[1 - cxx]/Sqrt[2]], (2xe)/(cxd + e)])/(Bxcxd™2*exSqrt[1 - 1/(c
~“2*xx72) ] *xxSqrt [d + exx])

Rubi [A] time = 0.751693, antiderivative size = 637, normalized size of antiderivative =
1.18, number of steps used = 19, number of rules used = 14, integrand size = 18, n,umber—()fn_ﬂes
integrand size

= 0.778, Rules used = {56227, 1574, 958, 745, 835, 844, 719, 424, 419, 21, 933, 168, 538, 537}

2 (a +b csc‘l(cx)) 16bce (1 - szz) 4be (1 -~ szz) 4be (1 —
- +

i +
5/2 2 —-—
5e(d + ex) 15¢ /1 _ 21 . (c2d2 _ ez) Vd+ex 5cd2xi/1- % (c2d2 - ez) Vd+ex  15cdx4/1- 212 (czd2
2y 2x ceX

Antiderivative was successfully verified.

[In] Int[(a + bxArcCsclc*x])/(d + ex*xx)~(7/2),x]

[Out] (4xbxex(1 - c™2*xx72))/(15*c*xd*(c™2xd"2 - e72)*Sqrt[1l - 1/(c™2*x"2)]*x*(d +
e*xx) " (3/2)) + (16xbxckxe*x(1 - c¢™2*x72))/(15%(c™2*d"2 - e72)"2*Sqrt[1 - 1/(c”
2%x72) 1*x*Sqrt [d + exx]) + (4xb¥xex(1 - c™2*x72))/(5*cxd™2*(c™2*d"2 - e72)*S
grt[1 - 1/(c™2*x72)I*x*Sqrt[d + e*x]) - (2x(a + b*ArcCsclc*x]))/(5*xex(d + e
*x)7(5/2)) - (16%b*c™2xSqrt[d + e*x]*Sqrt[1 - c™2xx"2]*EllipticE[ArcSin[Sqr
t[1 - c*x]/Sqrt[2]], (2%e)/(c*xd + e)])/(15x(c™2%d"2 - e72)72xSqrt[1 - 1/(c”
2xx72) ] *xx*xSqrt [(cx(d + e*xx))/(cxd + e)]) - (4*b*xSqrt[d + e*x]*Sqrt[l - c~2x
x"2]*E1lipticE[ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(cxd + e)]1)/(5xd"2x(c"2
*d"2 - e72)*Sqrt[1 - 1/(c™2*x"2)]*x*Sqrt[(cx(d + e*x))/(c*d + e)]) + (4xb*S
qrt[(c*x(d + exx))/(cxd + e)]*Sqrt[l - c 2*x"2]*EllipticF[ArcSin[Sqrt[1 - cx
x]/8qrt[2]], (2xe)/(cxd + e)])/(16xd*(c™2%xd"2 - e72)*Sqrt[1 - 1/(c™2*x"2)]*
x*xSqrt[d + exx]) + (4xb*Sqrt[(cx(d + exx))/(cxd + e)]*Sqrt[l - c™2*x"2]*Ell
ipticPi[2, ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(c*d + e)])/(5*cxd™2*e*Sqrt
[1 - 1/(c™2*x72) ] *x*Sqrt[d + exx])

Rule 5227

Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))*((d_.) + (e_.)*(x_))"(m_.), x_Symbol
1 > Simp[((d + e*xx)"(m + 1)*(a + bxArcCsclc*x]))/(ex(m + 1)), x] + Dist[b/
(cxex(m + 1)), Int[(d + exx)"(m + 1)/(x"2*Sqrt[1 - 1/(c™2*x"2)]1), x], x] /;
FreeQ[{a, b, c, d, e, m}, x] && NeQ[m, -1]
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Rule 1574

Int[(x_ )" (m_.)*((a_.) + (c_.)*x(x_)"(mn2_.)) " (p_)*((d_) + (e_.)*x(x_)"(n_.))"
(q_.), x_Symbol] :> Dist[(x~(2*n*FracPart[p])*(a + c/x"(2*n)) FracPart[p])/
(c + axx™(2*n)) “FracPart[p], Int[x"(m - 2*n*p)*(d + e*xx"n) “g*(c + a*x™(2xn)
)7p, x], x] /; FreeQ[{a, c, d, e, m, n, p, q}, x] && EqQ[mn2, -2*n] && !'In
tegerQ[p] && !IntegerQ[q] && PosQ[n]

Rule 958

Int[((£f_.) + (g_)*x D))" (n )/(((d_.) + (e_.)*x(x_))*Sqrt[(a_) + (c_.)*x(x_)"~
2]), x_Symbol] :> Int[ExpandIntegrand[1/(Sqrt[f + g*x]*Sqrtla + c*x72]), (f
+ g¥x)"(n + 1/2)/(d + exx), x], x] /; FreeQ[{a, c, d, e, £, g}, x] && NeQ[
exf - dxg, 0] && NeQ[c*d™2 + axe”2, 0] && IntegerQ[n + 1/2]

Rule 745

Int[((d)) + (e_)*x(x_))"(m_ )*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[
(ex(d + exx)"(m + D)x(a + cxx"2)"(p + 1))/((m + 1)*(cxd”2 + a*e”™2)), x] + D
istlc/((m + 1)*(c*d™2 + axe”2)), Int[(d + e*x)"(m + 1)*Simp[d*(m + 1) - ex*(
m + 2xp + 3)*x, x]*(a + c*xx"2)7p, x], x] /; FreeQ[{a, c, d, e, m, p}, x] &&
NeQ[c*xd™2 + a*xe”2, 0] && NeQ[m, -1] && ((LtQ[m, -1] && IntQuadraticQ[a, O,
c, d, e, m, p, xJ) || (SumSimplerQ[m, 1] &% IntegerQ[pl) || ILtQ[Simplifyl[
m + 2xp + 3], 0])

Rule 835

Int[((d_.) + (e_D)*(x_))"(m_)*x((f_.) + (g_)*(x_))*((a_) + (c_)*(x_)"2)"(p
_.), x_Symbol] :> Simp[((exf - dxg)*(d + exx)"(m + 1)*x(a + c*xx"2)"(p + 1))/
(m + 1)*(cxd™2 + axe™2)), x] + Dist[1/((m + 1)*(c*d™2 + a*xe”2)), Int[(d +
exx) " (m + 1)*(a + c*xx72) pxSimp[(cxd*xf + axe*xg)*(m + 1) - cx(exf - dxg)*(m
+ 2%p + 3)*x, x], x], x] /; FreeQ[{a, c, d, e, £, g, pt, x] && NeQ[c*d"2 +
axe”2, 0] && LtQ[m, -1] && (IntegerQ[m] || IntegerQ[p] || IntegersQ[2+*m, 2x
pl)

Rule 844

Int[((d_.) + (e_)*(x_))"(m_)*x((f_.) + (g_)*(x_))*((a_) + (c_)*(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*(a + c*xx"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + exx) mx(a + c*xx"2)7p, x], x] /; FreeQ[{a, c, 4,
e, £, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && 'IGtQ[m, O]

Rule 719

Int[((d_) + (e_.)*(x_))"(m_)/Sqrtl(a_) + (c_.)*(x_)"2], x_Symbol] :> Dist[(
2xaxRt [-(c/a), 2]*(d + e*xx) m*Sqrt[1 + (c*x72)/al)/(cxSqrtla + c*xx™2]*((c*(
d + exx))/(cxd - axexRt[-(c/a), 2]))"m), Subst[Int[(1 + (2*a*e*Rt[-(c/a), 2
1*xx72) /(c*d - a*exRt[-(c/a), 2]))"m/Sqrt[l - x~2], x], x, Sqrt[(1 - Rt[-(c/
a), 21*x)/21]1, x] /; FreeQ[{a, c, d, e}, x] && NeQ[cxd"2 + a*e”2, 0] && EqQ
[m~2, 1/4]

Rule 424

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl[(c_) + (d_.)*(x_)~"2], x_Symbol] :> Simp[
(Sqrt[al*EllipticE[ArcSin[Rt[-(d/c), 2]*x], (b*c)/(a*d)])/(Sqrtlc]*Rt[-(d/c
), 21), x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Rule 419
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Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)~"2]), x_Symbol] :> S
imp[(1*EllipticF[ArcSin[Rt[-(d/c), 2]1*x], (bx*c)/(a*d)])/(Sqrtl[al*Sqrt[c]*Rt
[-(d/c), 21), x] /; FreeQl{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ
[a, 0] && !(NegQ[b/al && SimplerSqrtQ[-(b/a), -(d/c)])

Rule 21

Int[(u_.)*((a_) + (b_.)*x(v_)) " (m_.)*((c_) + (d_.)*x(v_))"(n_.), x_Symbol] :>
Dist[(b/d)"m, Int[u*x(c + d*v)"(m + n), x], x] /; FreeQl{a, b, ¢, 4, n}, x]
&& EqQ[bxc - a*d, 0] && IntegerQ[m] && ( 'IntegerQ[n] || SimplerQ[c + dx*x,
a + bxx])

Rule 933

Int[1/(C(d_.) + (e_.)*(x ))*Sqrt[(f_.) + (g_.)*(x_)]xSqrtl[(a_) + (c_.)*(x_)
~2]), x_Symbol] :> With[{q = Rt[-(c/a), 2]}, Dist[Sqrt[1l + (c*x72)/al/Sqrtl[
a + cxx72], Int[1/((d + exx)*Sqrt[f + gxx]*Sqrt[l - g*x]*Sqrt[l + g*x]), x]
, x]1 /; FreeQ[{a, c, d, e, f, g}, x] && NeQ[exf - dxg, 0] && NeQ[cxd"2 + a
xe~2, 0] && 'GtQ[a, O]

Rule 168

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_
)I*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
axd - bxx~2, x]*Sqrt[Simp[(d*e - c*xf)/d + (£*x~2)/d, x]]1*Sqrt[Simp[(dxg -
c¥h)/d + (h*x~2)/d, x11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, 4, e
, £, g, h}, x] && GtQ[(dxe - cx*f)/d, 0]

Rule 538

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*3qrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1l + (d*x~2)/c]l/Sqrtlc + d*x~2], Int[1/((a +
bxx~2)*Sqrt[1 + (d*x~2)/c]*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, T+, x] && 1GtQlc, O]

Rule 537

Int[1/(((a) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)~21%Sqrtl(e ) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1*EllipticPi[(b*c)/(a*d), ArcSin[Rt[-(d/c), 2]*x
1, (cxf)/(d*e)])/(a*xSqrt[cl*Sqrtle]l*Rt[-(d/c), 21), x] /; FreeQ[{a, b, ¢, d
, e, T}, x] && 'GtQ[d/c, 0] && GtQlc, 0] && GtQ[e, 0] && !'( 'GtQ[f/e, O]
&& SimplerSqrtQ[-(f/e), -(d/c)])

Rubi steps
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2b) [ ———
a+besc(cx) i 2 (a +b csc‘l(cx)) |1z P dex)
I e

(d + ex)”/2
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! dx

Se(d +ex)52 5ce

T o) f— s
‘ x(d+ex)5/2 —Ciz+x2
1
Sceqf1 - 22X

1 2 e e 1
20 -5 + 2] [ |- - +
2 (ﬂ +b CSC_l(CX)) d(d+ex)>2, I—Clz+x2 d2(d+ex)3/2 /—Clz+x2 d2de+ex\/:

52
5e(d + ex) Sce \/1_? N
ceXx
(2b,/—l2 N x2) [— 1 (ZbM) [— 1
2 (a +b csc‘l(cx)) ‘ (d+ex)32, | —Ciz+x2 ¢ (d+ex)5/2 /_ciz.

= — + + -
5cd |1 - EwEy

52
Se(d + ex) 502 /1 B % X
ceX
4be (1 - c?x? 4be (1 - 2x? 2(a+besc?!
e i) (

15cd (c2d2 - ez) AJ1- ﬁx(d +ex)32  5ed? (c2d2 _ ez) h— ﬁxm 5e(d + ex)’

2 (a +b csc‘l(cx))
Se(d +ex)52

4be (1 - szz)

15¢d (c2d2 - 62) AJ1- ﬁx(d + ex)3/2

16bce (1 - szz) 4be

+
15 (02d2 - ez)z \J1- ﬁx\/d +ex 5cd? (02d2 — 2

+

4be (1 - szz) 16bce (1 - szz) 4be
= + +

B 2
15cd (czd2 - ez) AJ1- ﬁx(d +ex)¥2 15 (chz - ez) \J1- ﬁx\/d +ex b5ed? (02d2 — €2

_ 4be (1 - szz)
15¢d (czd2 - ez) A1 - ﬁx(d + ex)32

4be (1 - szz)

15¢d (c2d2 - 62) AJ1- ﬁx(d + ex)3/2

16bce (1 - szz) 4be

+
15 (c2d2 - 82)2 \1- ﬁx\/d +ex 5cd? (C2d2 — ¢2

+

16bce (1 - szz) 4be

+
15 (02d2 - ez)z \J1- ﬁx\/d +ex 5cd? (02d2 — 2

+
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Mathematica [A] time = 14.053, size = 1002, normalized size = 1.86

2(3e3—752d2e) cos(Z csc™l (cx))

2(525126—63) %Vl—czszllipticF(sin_l( 1/_;“\’),%) 2(353d3+582d) %Vl—czxzn(zsin_l( Ecx)l 26)

+
1 d 3/2 1 d 3/2
1—ﬂﬂ§+e(cx) / Jl—gﬂ;ﬂf(cx) /

7/2
2( f—( +€) (cx)’12

Warning: Unable to verify antiderivative.

[In] Integrate[(a + bxArcCsclc*x])/(d + exx)~(7/2),x]

[Out] (-2*a)/(5*xex(d + exx)~(5/2)) + (b*x(-((c™4*(e + d/x) "4*x"4x((4x(-T*c™2xd"2 +
3xe”2)xSqrt[1 - 1/(c™2*x72)])/(15%c™2xd" 2% (- (c"2*d"2) + e72)72) + (2*ArcCs
clexx])/(Bxc™3*%d"3%e) - (2xe”2*xArcCsclc*xx])/(5xc™3*d"3*(e + d/x)73) - (2x(2
xckdxe”2*xSqrt[1 - 1/(c™2*x"2)] - 9*c~2*d"2%e*xArcCsc[c*x] + 9*e~3*ArcCsc[c*x
1))/ (15%c™3%d"3*%(c"2+%d"2 - e"2)*(e + d/x)72) - (2%(-16%c~3*d"3*exSqrt[1 - 1
/(c™2xx72)] + 8*xcxd*xe”3*Sqrt[1 - 1/(c™2%xx72)] + 9*c~4*d"4*ArcCsclcxx] - 18%
c"2xd"2*%e"2*ArcCsc[c*xx] + 9%e~4*ArcCsclc*x]))/(156xc™3%d"3*(c™2%xd"2 - e72)72
(e + d/x))))/(d + exx)”(7/2)) + (2+¥(e + d/x)7(7/2)*(c*x)~(7/2)*((2%(c™2*d"~
2xe — e73)xSqrt[(c*d + c*xexx)/(c*d + e)]*Sqrt[l - c™2xx"2]*EllipticF[ArcSin
[Sqrt[1 - c*x]/Sqrt[2]], (2xe)/(cxd + e)1)/(Sqrt[l - 1/(c™2xx"2)]*Sqrtle +
d/x]*(c*x)~(3/2)) + (2%(3*c™3*%d"3 + cxd*e”2)*Sqrt[(cxd + c*e*xx)/(cxd + e)]x
Sqrt[1 - c™2#x"2]*EllipticPi[2, ArcSin[Sqrt[1 - c*x]/Sqrt[2]], (2*e)/(cxd +
e)])/(Sqrt[1l - 1/(c”2*x"2)]*Sqrtle + d/x]*(c*x)~(3/2)) + (2%(-T*c~2*xd"2x*e
+ 3%e73)*Cos [2xArcCsc[c*x]]*x((cxd + cxe*xx)* (-1 + c™2*x72) + c”™2xd*x*Sqrt[(c
xd + cxe*xx)/(cxd + e)]*Sqrt[l - c™2*x"2]*EllipticF[ArcSin[Sqrt[1 - c*x]/Sqr
t[2]], (2%e)/(cxd + e)] - (cxx*x(1 + c*xx)*Sqrt[(e - c*exx)/(cxd + e)]*Sqrt[(
cxd + cxexx)/(cxd - e)]*((cxd + e)*EllipticE[ArcSin[Sqrt[(cxd + c*e*x)/(cxd
- e)]], (cxd - e)/(cxd + e)] - exEllipticF[ArcSin[Sqrt[(cxd + c*xex*x)/(cxd
- e)l]l, (cxd - e)/(cxd + e)]1))/Sqrt[(ex(1 + c*x))/(-(cxd) + e)] + cxe*x*Sqr
t[(c*xd + c*xexx)/(cxd + e)]*Sqrt[l - c 2*x"2]*EllipticPi[2, ArcSin[Sqrt[1 -
c*xx]/Sqrt[2]], (2*xe)/(c*d + e)]))/(cxd*Sqrt[1 - 1/(c™2*x"2)]*Sqrtle + d/x]*
Sqrtlexx]* (-2 + ¢72%x72))))/(16*xcxd*(cxd - e) 2xex(cxd + e) 2x(d + exx)~(7/
2))))/c

Maple [B] time = 0.296, size = 1640, normalized size = 3.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsc(c*xx))/(exx+d)~(7/2),x)

[Out] 2/ex(-1/5*a/(exx+d)~(5/2)+b*x(-1/5/(e*xx+d) " (5/2)*arccsc(c*x)-2/15/c*x(7*(c/(c
*d-e)) " (1/2) *(e*xx+d) “3*c~4*d~3-3* (- ((e*x+d) *c-d*c+e) / (cxd-e) ) ~(1/2) * (- ((e*x
+d) *c-dxc-e)/(c*xd+e) )~ (1/2)*E1llipticPi ((e*xx+d) ~(1/2)*(c/(c*d-e))~(1/2),1/cx
(cxd-e)/d, (c/(c*xd+e)) ~(1/2)/(c/(c*xd-e))~(1/2) ) *x(exx+d) ~(3/2) *c~4*d~4-6x* (- ((
exx+d) *c-dxc+e) /(cxd-e)) ~(1/2) * (- ((e*x+d) *c-d*c-e) / (c*d+e)) ~(1/2)*EllipticF
((exx+d) " (1/2)*(c/(c*xd-e) )~ (1/2), ((c*xd-e) / (c*xd+e) ) " (1/2) ) * (e*xx+d) " (3/2) *c™4
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*d~4+7* (- ((exx+d) xc—-d*c+e) / (cxd-e) )~ (1/2) * (- ((exx+d) *c-d*c-e) / (cxd+e) ) ~(1/2
)*E1lipticE((exx+d) ~(1/2)*(c/(cxd-e))~(1/2),((c*d-e)/(c*xd+e))~(1/2))*(exx+d
)" (3/2)*%c”4%d"4-13*%(c/ (cxd-e) )~ (1/2) * (exx+d) "2*xc~4*d"4-7* (- ((exx+d) *c—-d*c+e
)/ (c*d-e))~(1/2)*x (- ((exx+d) *c-d*c-e)/(cxd+e)) ~(1/2) *E1llipticF ((e*x+d) ~(1/2)
*x(c/(cxd-e))~(1/2), ((cxd-e) /(c*xd+e) )~ (1/2) ) * (e*xx+d) ~(3/2) *c~3*d"3xe+7* (- ((e
xx+d) *c—d*c+e) /(cxd-e) )~ (1/2) * (- ((exx+d) *c-d*c-e) /(c*xd+e)) " (1/2) *E11lipticE(
(exx+d) " (1/2)*(c/(cxd-e))~(1/2), ((cxd-e)/(cxd+e)) " (1/2) ) * (exx+d) ~(3/2) *c~3*
d"3*e-3*(c/(cxd-e) )~ (1/2) % (e*x+d) "3*xc~2xd*e"2+5x (c/ (c*d-e)) ~(1/2) * (exx+d) *c
“4xd"5+6%* (- ((exx+d) *c-d*c+e) /(c*d-e) ) ~(1/2) * (- ((exx+d) *c-d*c-e) /(c*d+e) )~ (1
/2)*E1lipticPi((e*xx+d) ~(1/2)*(c/(c*d-e))~(1/2),1/cx(cxd-e)/d, (c/(cxd+e)) (1
/2)/(c/(c*xd-e))~(1/2) ) *x(exx+d) ~(3/2) *c™2*%d"2*e~ 2+2* (- ((exx+d) *c-d*c+e) / (c*d
-e)) " (1/2)* (- ((exx+d) *c-d*c-e) /(c*d+e)) ~(1/2) *E1lipticF ((e*xx+d) ~(1/2)*(c/(c
*d-e)) " (1/2), ((cxd-e)/(cxd+e) )~ (1/2)) *(e*xx+d) ~(3/2) *c~2*xd"2xe~2-3* (- ((e*x+d
)*c—dx*c+e)/(cxd-e)) " (1/2)* (- ((exx+d) *c-d*c-e) /(cxd+e)) ~(1/2)*E1llipticE((e*x
+d) " (1/2)*(c/(cxd-e))~(1/2), ((c*d-e)/(c*xd+e) )~ (1/2) ) *x (exx+d) = (3/2) *c~2%d 2%
e~ 2+5*x(c/ (c*xd-e)) " (1/2) * (exx+d) "2*xc~2xd"2*xe 2+ (c/ (c*xd-e) ) ~(1/2) *c™4*d~6+3*(
- ((exx+d) *c-d*c+e) /(c*xd-e)) ~(1/2) * (- ((exx+d) *c-d*c-e) /(c*xd+e) ) ~(1/2) *Ellipt
icF((e*xx+d) ~(1/2)*(c/(c*d-e)) " (1/2), ((cxd-e) /(c*xd+e)) ~(1/2) ) *(exx+d) ~(3/2)*
cxd*xe”3-3* (- ((e*x+d) *c—d*xc+e) /(cxd-e)) " (1/2) * (- ((e*xx+d) *c—d*c-e) / (c*d+e)) ~(
1/2)*E1lipticE((e*x+d)~(1/2)*(c/(cxd-e))~(1/2), ((c*xd-e)/(cxd+e))~(1/2))*(ex
x+d) ~(3/2) *cxd*e~3-8% (c/ (c*xd-e)) ~(1/2) *x (exx+d) *c~2%d"~3*e~2-3* (- ((exx+d) *c-d
xc+e) /(cxd-e)) " (1/2) * (- ((e*xx+d) *c-d*c-e) /(cxd+e)) ~(1/2)*E1lipticPi((exx+d)~
(1/2)*(c/(c*d-e))~(1/2) ,1/cx(c*xd-e)/d, (c/(c*xd+e)) " (1/2)/(c/(cxd-e))~(1/2) ) *
(exx+d) "~ (3/2)*e"4-2*x(c/(cxd-e) )~ (1/2)*c™2+xd"4*e"2+3*(c/ (cxd-e) ) ~(1/2) * (e*xx+
d) *d*e”4+(c/(cxd-e) )~ (1/2)*d"2%e"4) / (c*xd-e) / (exx+d) ~(3/2) / (c*d+e) / (c™2*xd"2-
e”2)/(c/(c*xd-e))~(1/2)/d"3/x/ ((c™2* (e*x+d) "2-2*d*c”~2* (exx+d)+c~2*d"2-e"2) /c
~2/e”72/x72)"(1/2)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/(e*xx+d)~(7/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/(e*xx+d)~(7/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((a+b*acsc(cx*x))/(exx+d)*x(7/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.
barccsc (cx) +a

7
(ex +d)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsc(c*x))/(e*xx+d)~(7/2),x, algorithm="giac")

[Out] integrate((b*arccsc(c*x) + a)/(exx + d)~(7/2), x)
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3.76 f x* (d + ex2) (a +b csc‘l(cx)) dx

Optimal. Leaf size=206

1 1 bxtVc2x? — 1 (42c2d +25¢)  bx?Vc2a2 -1 (42c%d + 25¢) bX(4
—dx® (a + bcsc‘l(cx)) + —ex’ (a +b csc‘l(cx)) + + +
5 7 840c3Vc2x? 560c°Vc2x?

[Out] (b*x(42*c™2*d + 26%e)*x”2xSqrt[-1 + c~2*x72])/(560*c~5%Sqrt [c™2*x72]) + (b*(

42%c”2+d + 25%e)*x"4xSqrt[-1 + c72xx72])/(840%c”3*Sqrt[c™2*x"2]) + (b*e*x”6

*Sqrt [-1 + ¢™2xx72])/(42*c*Sqrt [c™2*x"2]) + (d*x"5*(a + bxArcCsclc*x]))/5 +
(exx”7x(a + bxArcCsclc*x]))/7 + (b*(42%c”2xd + 25%e)*x*ArcTanh[(c*x)/Sqrt[

-1 + ¢c™2*%x72]])/(560*c~6*3qrt [c™2*x~2])

Rubi [A] time = 0.125028, antiderivative size = 206, normalized size of antiderivative

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 19, e

0.368, Rules used = {14, 5239, 12, 459, 321, 217, 206}

integrand size

1 1 bx*Vc2x2 -1 (42c2d + 256) bx®Vc2x2 -1 (4_2c2d + 256) bx (4
—dx® (a + bcsc‘l(cx)) + —ex’ (a +b Csc‘l(cx)) + + +
5 7 840c3Vc2x? 560c°Vc2x?

Antiderivative was successfully verified.

[In] Int[x~4*(d + e*xx~2)*(a + bxArcCsclc*x]),x]

[Out] (b*x(42*%c™2*d + 26%e)*x”2xSqrt[-1 + c”2*xx72])/(5660*c~5*Sqrt [c™2*x72]) + (b*(

42xc”2*xd + 2b%e)*x~4*Sqrt[-1 + c72%x72])/(840%c”3*Sqrt [c"2*x"2]) + (b*exx"6
xSqrt[-1 + c™2*xx72])/(42*%cxSqrt [c™2*x72]) + (d*x"5*(a + b*ArcCsclc*x]))/5 +
(exx”7*x(a + bxArcCsclc*x]))/7 + (b*(42*%c™2*d + 26%e)*x*